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GEOMETRIC  FIGURES  IN  AFFINE  SPACE* 

Bt  Domina  Ebuld  Spencer 

In  the  past  forty  years  Study’s  “Geometrie  der  Dynamen”  has  not  received 
the  attention  it  deserves.  It  is  a  study  of  systems  of  free  and  attached  vectors 
which  occur  so  frequently  in  physical  problems.  If  the  tensor  coordinatization 
of  these  geometric  figures  can  be  found  it  will  make  a  contribution  to  geometry 
and  applied  mathematics  comparable  with  that  made  by  vector  analysis. 

In  order  to  find  the  tensor  coordinatization  of  the  figures  of  Study  one  must 
determine  their  place  in  the  structure  of  geometry.  A  cursory  survey  of  the 
“Geometrie  der  Dynamen”  shows  that,  although  Study  worked  in  metric  space, 
his  figures  are  inherently  afiUne.  Thus  an  investigation  of  the  geometric  figures 
of  affine  space  is  desirable  and  should  lead  to  a  more  basic  understanding  of 
Study’s  work.  Since  his  figures  are  all  obtained  as  combinations  of  points  and 
planes  a  similar  procedure  is  indicated  here.  Insofar  as  iK)ssible  the  tensor 
notation  introduced  by  Schouten  and  Struik  in  their  “Einfilhrung  in  die  neueren 
Methoden  der  Differentialgeometrie”  will  be  used.** 

In  the  present  paper,  the  geometric  figures  represented  by  tensors  of  valence 
one  are  discussed.  Figures  represented  by  tensors  of  valence  two  are  formed 
by  simple  combinations  of  these.  The  paper  develops  several  geometric  figures 
that  have  not  been  discussed  previously.  Among  the  combinations  are  found 
the  affine  ancestors  of  all  the  figures  of  Study. 

Elements  of  Projective  Space 

Figures  in  projective  space  are  those  geometric  figures  that  have  invariant 
properties  under  projective  transformations.  Of  particular  interest  will  be  the 
point,  the  line,  and  the  plane.  It  is  convenient  to  let  Greek  indices  run  through 
the  range  0, 1,  2,  3,  and  Latin  indices  take  on  the  values  1,  2,  3. 

A  point  is  represented  by  a  contravariant  pseudotensor  2*  whose  law  of  trans¬ 
formation  is 

(1)  2‘'  =  ta;V. 

A  —  I  Al'  I  0,  T  any  scalar  ^  0. 

*  Presented  at  the  Summer  Meetings  of  the  American  Mathematical  Society  at  Pough* 
keepeie,  N.  Y.  in  September,  1942.  The  paper  is  an  abstract  of  part  of  a  doctorate  thesis 
which  was  accepted  by  the  Massachusetts  Institute  of  Technology  in  May  1942,  "A  Tensor 
Interpretation  of  Study’s  Oeometrie  der  Dynamen.*’  The  author  gratefully  acknowledges 
the  valuable  suggestions  of  Prof.  D.  J.  Struik. 

**  H.  Grassmann,  Ausdehnungslehre,  1854. 

J.  A.  Schouten  and  D.  J.  Struik,  Einfilhrung  in  die  neuren  Methoden  der  Differential¬ 
geometrie.  Nordhoff,  Groningen,  1935. 

D.  E.  Spencer,  On  the  Geometry  of  Motion.  M.  I.  T.,  S.  M.  Thesis,  1940. 

D.  J.  Struik,  On  Freb  and  Attached  Figures  in  Affine  and  Metric  Space.  To  be  published 
in  Recueil  Mathematique  de  Moscou. 

E.  Study,  Geometrie  der  Dynamen,  Leipzig,  1903,  Teubner,  603  pp. 
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As  the  principle  of  duality  of  projective  geometry  would  indicate,  a  plane  is 
represented  by  a  covariant  pseudotensor  Hx  whose  law  of  transformation  is 

(2)  fix'  =“  xAx'fix. 

A  line  may  be  defined  in  terms  of  either  two  points  or  two  planes.  If  it  is  de¬ 
fined  by  two  distinct  points  f*  and  ,  its  tensor  representation  is  where 

(3)  =  f ‘y*  =  -  *y 

and  the  law  of  transformation  is 

(4) 

This  tensor  also  satisfies  the  PlQcker  identity: 

(5)  »  0. 

If  the  line  is  defined  in  terms  of  two  planes  fi,  and  h,  its  tensor  representation 
is  ^«x,  where 

(6)  Ptk  — 

and  the  law  of  transformation  is 

(7)  Pt>\'  =  T*Al>Ax>Poi. 

The  Pliicker  identity  is  now  written 

(8)  P[aP,„]  *  0. 

In  order  to  properly  associate  these  two  representations  of  a  line,  the  E  pseudo-  ^ 
tensor  is  introduced.  It  can  be  defined  as  follows: 

(9)  E^'"'  “0  if  any  pair  of  indices  are  equal, 

''=1  if  xXfip  is  an 

even  permutation  of  0,  1,  2,  3 
»  —  1  if  kkfiv  is  an  odd  permutation  of 
.  0,  1,  2,  3. 

(10)  EmXp,  =  0  if  any  pair  of  indices  are  equal 

,  =  1  if  xXfiv  is  an  even  permutation 

of  0,  1,  2,  3 
=  —  1  if  kXiiv  is  an  odd  permutation 

of  0,  1,  2,  3. 

This  permits  a  one-to-one  correspondence  between  contravariant  and  covariant 
co-ordinates  of  a  line  by  the  equations 

pr^  -  E^p^ 

pA  -  E^pr. 


(11) 
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From  Projective  to  Affine  Space 

Consider  the  projective  space  of  the  previous  section,  and  in  it  single  out  a 
plane  t,  called  the  improper  plane  (but  any  other  preferred  plane  would  do 
equally  well)  and  represented  by  a\ ,  ITius  there  is  singled  out  a  point  on  every 
line  not  in  x  and  a  line  on  every  plane  not  coinciding  with  x.  It  will  be  con¬ 
venient  to  call  points  and  lines  in  x,  as  well  as  planes  whose  support  is  ax  ,  im¬ 
proper  and  all  others  proper. 

Since  geometry  of  projective  three-space  with  an  improper  plane  is  isomorphic 
with  affine  geometry,  lines  intersecting  in  a  point  of  x  will  be  called  parallel,  and 
planes  intersecting  in  a  line  of  x  will  likewise  be  parallel.  Now,  since  every  line 
or  plane  not  contained  in  x  has  a  preferred  point  or  line,  it  is  possible  to  distinguish 
between  the  two  directions  along  a  line  and  the  two  sides  of  a  plane. 

It  will  be  convenient  to  introduce  a  normalization  by  assigning  to  the  im¬ 
proper  plane — or  “plane  at  infinity” — an  absolute  covector  a\.  The  common 
way  of  doing  this  is  to  select  for  ox  the  coordinate  plane  (1, 0,0,0)  and  to  con¬ 
sider  only  those  transformations  of  the  coordinate  system  in  which  ax  preserves 
these  coordinates.  Then  to  every  contra  variant  vector  x*  can  be  assigned  a 
weight  x®, 

(12)  x‘o.  =  X®. 

A  system  of  four  homogeneous  coordinates  in  affine  space  is  set  up  when  an 
origin  and  three  unit  points  are  chosen.  These  form  a  coordinate  tetrahedron. 
In  the  plane  at  infinity  there  is  a  system  of  three  homogeneous  coordinates  form¬ 
ing  a  coordinate  triangle.  Therefore  a  point  in  the  plane  at  infinity  can  be 
represented  either  by  four  coordinates  of  affine  space  x*  or  by  three  coordinates 
v*  in  the  plane  at  infinity.  A  point  not  in  the  plane  at  infinity  has  only  one 
coordinate  expression  x‘.  Obviously  there  is  a  linear  relation  between  the  co¬ 
ordinates  x‘  and  V*  in  the  plane  at  infinity,  such  that  =  a:‘(«>’),  which  may  be 
written 

(13)  x‘  =  BW. 

In  places  where  no  ambiguity  can  arise,  we  can  replace  v*  by  x',  in  this  way  in¬ 
dicating  that  both  x*  and  x*  are  different  ways  of  expressing  the  same  geometrical 
entity. 

If  the  unit  points  of  the  coordinate  tetrahedron  and  the  coordinate  triangle 
in  the  plane  at  infinity  are  made  to  correspond,  then  the  matrix  B'i  is  written 

0  10  0 

(14)  a;  =  0  0  1  0 

0  0  0  1. 

A  plane  which  does  not  coincide  with  the  plane  at  infinity  intersects  the  plane 
at  infinity  in  a  line.  All  parallel  planes  intersect  the  plane  at  infinity  in  the 
same  line.  A  free  plane  may  thus  be  associated  with  this  line  in  the  plane  at 
infinity,  or 
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Afiine  Figures  Represented  by  Contrsvsriant  Tensors  of  Valence  One 

Affine  figures  are  those  gemometrical  figures  which  are  invariant  under  affine 
transformations.  Consider  first  such  figures  represented  by  contravariant 
tensors. 

A  weighted  point  is  represented  by  a  contravariant  tensor  x*  which  transforms 
by  the  law 

(16)  x*'  *  AHV,  A  =  I  AJ'  I  pi  0. 

If  the  point  lies  in  the  improper  plane, 

(17)  x'o.  =  X*  =  0, 

and  the  weight  x"  must  be  zero.  The  support  of  a  point  is  an  unpolarized,  un¬ 
normalized  point  £*,  and  we  can  distinguish  between  points  of  different  weight 
and  the  same  support  by  the  weight  |  x"  |  and  the  polarization  or  sign  of  the 
weight.  A  proper  point  is  represented  by 

(18)  x‘  =  (x®,  x‘,  X*,  X*),  X®  0. 

If  two  weighted  points  x*  and  p*  have  the  same  support, 

(19)  X*  -  Ty\ 

Two  weighted  points  are  identical  if,  and  only  if,  r  i. 

An  improper  point  has  x®  «  0  in  (18).  Its  support  is  the  unpolarized  and 
unnormalized  direction  i*.  Another  way  of  considering  the  improper  point 
is  to  look  at  the  tensor  as  a  free  affi,ne  vector.  This  is  a  free  direction  with  ^ 
polarization  and  normalization.  The  coordinates  of  the  free  vector  v*  may  be  » 
defined  as  the  difference  of  two  proper  points  of  equal  weight,  x"  and  y*,  or 

(20)  i/'-x'-y*,  ifx®-y®. 

Since  we  can  distinguish  between  the  order  in  which  these  points  are  taken,  an 
inner  affine  polarization  is  defined.  There  is  an  inner  affine  normalization  factor 
X  by  which  two  free  affine  vectors  v*  and  w*,  having  the  same  support,  can  be 
compared: 

(21)  '  V*  -  \w*. 

Multiplication  of  a  proper  or  improper  point  by  a  scalar  a  gives  another  point 
of  the  same  support,  with  normalization  factor  |  o- 1  times  the  original  one.  If 
O’  is  negative,  the  polarization  is  also  reversed. 

Addition  of  proper  points  and  free  affine  vectors  satisfies  the  commutative, 
associative,  and  distributive  laws.  If  a  set  of  proper  points  all  have  the  same 
polarization,  the  construction  is  the  familiar  one  of  finding  the  center  of  gravity 
of  the  weighted  points  and  replacing  them  by  a  point  of  weight  equal  to  the  sum 
of  the  component  weights  at  the  center  of  gravity.  When  points  of  both  po¬ 
larizations  are  included,  the  construction  has  no  particular  mechanical  analogue. 

The  addition  of  free  affine  vectors  may  be  effected  geometrically  by  the  famil¬ 
iar  parallelogram  construction,  and  always  gives  another  free  affine  vector 
or  the  null  point,  x*  ■  0. 
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Affine  Figures  Represented  by  Covarunt  Tensors  of  Valence  One 

A  plane  is  represented  by  a  covariant  tensor  u>\  which  transforms  by  the  law 

(22)  vf\t  *=  Ax»t^^  A  =  I  Ax»  I  ^  0. 

If  the  plane  is  an  improper  one, 

(23)  w\  =  u)o*0:0:0. 

Then  the  support  of  the  plane  is  an  unpolarized  and  unnormalized  plane  and 
we  can  distinguish  between  planes  of  different  normalizations  and  the  same 
supp>ort.  If  UN)  =  0,  the  plane  passes  through  the  origin  of  coordinates. 

A  proper  plane  is  represented  by 

(24)  tTX  =  Wo'IVi’.Vh’.tDt  UN)  p*  0. 

The  improper  plane  has  wj  a  0.  Two  proper  planes  having  the  same  support 
can  be  compared  by 

(25)  =  TVx, 

where  |  r  |  is  the  inner  affine  normalizing  factor  of  the  two  proper  planes.  The 
proper  plane  has  an  outer  polarization  (the  two  sides  may  be  distinguished), 
since  if  ax  is  an  improper  plane, 

(26)  u>(xo,j  a(xu>,] . 

Two  improper  planes  (with  necessarily  the  same  support  dx)  can  be  compared  by 

(27)  UN)  =  TtN) ,  Wi  —  Vi  =  0, 

where  |  r  |  is  the  inner  affine  normalization  factor  of  the  two  improper  planes 
and  may  be  thought  of  as  a  weighted  affine  area. 

The  free  affine  plane  was  introduced  in  an  earlier  paragraph.  Its  tensor 
representation  is  '^Wi .  The  support  of  this  figure  is  an  unpolarized  and  un¬ 
normalized  free  plane  tc,- .  In  addition,  it  has  polarization  and  normalization. 
As  with  the  proper  plane,  there  is  an  outer  affine  polarization  by  which  the  two 
sides  of  the  plane  may  be  distinguished.  Likewise  there  is  an  inner  affine 
normalization  factor  which  may  be  thought  of  as  a  weighted  affine  area. 

Multiplication  of  a  proper,  improper,  or  free  plane  by  a  scalar  a  multiplies 
the  weighted  affine  area  by  a  scalar  |  ^  | .  Also,  if  <r  is  negative,  the  polarization 
is  reversed. 

Addition  of  proper,  improper,  and  free  planes  satisfies  the  familiar  commuta¬ 
tive,  associative,  and  distributive  laws. 

Combination  of  Tensors  of  Valence  One 

One  way  of  discovering  bivalent  geometric  figures  with  interesting  properties 
is  to  take  pairs  of  the  figures  represented  by  tensors  of  valence  one  and  combine 
them.  There  is  quite  a  variety  of  combinations.  With  two  contravariant 
tensors  of  valence  one,  the  simplest  combination  is  obtained  by  taking  the 
altemating  prodiict  of  the  two  tensors: 
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Similarly  with  covariant  tensors  of  valence  one, 

q,\  —  . 

If  one  tensor  is  contravariant  and  the  other  covariant,  the  simplest  nontrivial 
combination  is  found  by  taking  a  direct  product, 

p\  =  X*Mx  . 

Besides  multiplication,  one  may  use  addition  to  produce  still  other  figures  having 
properties  that  are  different  from  those  of  the  original  ones. 

Figures  in  Affine  Space  Represented  by  Contravariant  Alternating  Tensors 

of  Valence  Two 

In  this  section,  contravariant  alternating  tensors  of  valence  two  obtained  in 
the  above  manner  will  be  considered. 

It  is  convenient  to  introduce  the  following  notation: 

A  figure  defined  in  terms  of  two  contravariant  figures  of  valence  one  will  be 
said  to  be 

proper  if  made  up  of  two  proper  elements, 

semi-proper  if  made  up  of  one  proper  element  and  one  improper  element, 
improper  if  made  up  of  two  improper  elements. 

Consider  those  figures  whose  tensor  representation  is  an  alternating  contra¬ 
variant  tensor  of  valence  two  that  satisfies  PlUcker’s  relation.*  Their  tensor 
representation  is  a  “bi vector.” 

The  proper  figure*  determined  by  a  pair  of  distinct  proper  points  x*  and  y* 
is  defined  by  the  equation, 

(28)  p^  =  xV\  p'V'  «  0. 

This  equation  represents  a  line  with  polarization  and  normalization.  The 
support  of  the  figure*  is  the  unpolarized  and  unnormalized  line, 

(29)  =  -p^,  p‘V''  “  0. 

The  restriction  on  this  figure*  is  that  p*‘  ^  0  unless  p**  degenerates  into  the 
null  figure*,  p**  s  0.  For  if  p*’  =  0  then  either,  one  of  the  points  in  terms  of 
which  it  is  defined  is  improper,  or  they  are  coincident;  and  both  of  these  cases 
are  disallowed  by  the  above  definition  of  the  figure  of  two  proper  points.* 

Inner  polarization  (oi^er  of  points  on  the  support  or  direction  along  it)  is 
defined,  since 

(30)  p*^  p^  but  p*^  =  -p^. 

To  find  the  meaning  of  the  normalization  of  the  figure  of  two  proper  points* 
we  redefine  p"*  in  terms  of  another  pair  of  points  lying  on  the  support. 
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The  points  X*  and  F*  may  be  written  in  terms  of  x*  and  y‘, 

=  ox*  +  by* 

(32) 

r  =  cx*  +  dy*. 

Substitution  of  (32)  in  (31)  gives, 

p**  =  acx*‘x^*  +  adx^*y^^  +  6cp**x^*  +  hdy^*y^^ 
—  (ad  —  6c)x*‘p^'. 


If  od  —  6c  =  1,  the  figure*  defined  by  x*  and  y*  and  that  defined  by  X*  and  Y* 
are  identical.  Any  pair  of  points  on  the  support  for  which  this  is  true  are  said 
to  be  of  equal  separation  and  determine  the  same  proper  figure*.  The  separations 
of  pairs  of  points  on  different  lines  cannot  be  compared.  If  the  pairs  of  points 
are  of  different  separation  (ad  —  6c  =  X  ^  1)  but  of  the  same  polarization 

(34)  p*"  =  =  XxV’ 

and  X  is  the  inner  afl^ne  normalization  factor  of  p*^.  If  X  =  0  the  null  figure* 
is  obtained.  All  null  figures  of  two  proper  points  are  said  to  be  equivalent. 

Hence  the  figure  of  two  proper  points*  is  unchanged  if  it  is  defined  by  any 
ordered  pair  of  proper  points  on  its  support.  If  the  separation  of  the  points 
on  the  support  is  changed,  the  figure*  is  multiplied  by  a  scalar.  Multiplication 
by  a  scalar  reverses  the  polarization  and  changes  the  normalization  if  the  scalar 
is  negative. 

From  the  geometric  point  of  view,  another  way  of  obtaining  a  geometrical 
figure  is  to  consider  the  combination  of  a  proper  point  x*  and  a  free  vector  v\ 
This  figure*  is  defined  by  the  equation  ' 

(35)  p*^  =  p“"p^'  -  0. 

As  with  the  definition  of  the  figure  of  two  proper  f)oints,*  the  tensor  p*^  has  inner 
polarization  and  normalization.  Its  polarization  is  the  same  as  that  of  the  free 
vector  v\  It  is  independent  of  the  proper  point  x*  as  long  as  x*  remains  on  the 
support.  The  inner  affine  normalization  of  p*^  and  v*  are  identical. 

The  tensor  representations  of  the  figures  of  two  proper  points*  and  of  a  proper 
point  and  a  free  vector*  are  identical.  Both  have  line  support  and  inner  polariza¬ 
tion  and  normalization.  There  may  be  some  question  as  to  whether  they  should 
be  considered  as  distinct  geometrical  figures.  From  this  point  of  view,  they 
should  since  they  are  defined  in  terms  of  different  geometrical  elements.  The 
analogous  covariant  figures  are  utterly  distinct.  If  the  method  were  not  to  dis¬ 
tinguish  these  figures,  several  other  more  important  distinctions  might  be  lost  in 
the  subsequent  development. 

The  remaining  figure*  of  this  tjrpe  is  determined  by  two  free  affine  vectors  as> 
follows. 


(36) 


0. 
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This  represents  a  polarized  and  normalized  free  plane,  whose  support  is  the  plane 
direction  The  polarization  is  an  inner  one  (sense  of  rotation)  in  the  free 
plane.  This  is  determined  by  the  order  in  which  the  free  affine  vectors  are  com¬ 
bined  since, 

(37)  p"  -  -p*. 

The  same  tensor  representation  is  obtained  if  any  other  pair  of  free  affine  vectors, 
contained  in  the  support  p*’  are  chosen,  subjected  to  conditions  similar  to  those 
of  Eq.  (33)  with  od  —  6c  =*  1.  If  we  multiply  either  v*  or  w*  by  a  constant  <r, 
then  is  multiplied  by  a.  The  normalization  of  the  figure  of  two  free  vectors* 
is  then  determined  by  the  affine  area  of  the  parallelogram  defined  by  v*  and  tv*. 

Proper,  semi-proper,  and  improper  figures  defined  in  terms  of  points'  whose 
supports  intersect  satisfy  the  usual  commutative,  associative,  and  distributive 
laws  of  addition. 

Now  take  up  figure*  whose  tensor  representation  is  an  alternating  contra- 
variant  tensor  of  valence  two,  that  does  not  in  general  satisfy  Plficker’s  relation. 

The  general  sum  of  figures  defined  in  terms  of  points'  is  a  figure  of  the  foregoing 
type.*  The  generalized  sum  of  the  figures  defined  in  terms  of  two  proper  points* 
and  two  free  vectors*  is  a  proper  figure  of  this  type.*  The  generalized  sum  of 
semi-proper  and  improper  figures  of  points'  is  a  semi-proper  figure  of  this  type.* 

In  the  special  case  in  which  *=  0  while  p*‘  ^  0  the  proper  and  semi¬ 

proper  figures*  degenerate  into  proper  and  semi-proper  figures  of  points.'  In  the 
second  special  case  in  which  p**  k  0,  the  proper  and  semi-proper  figures*  de¬ 
generate  into  figures  of  two  free  vectors.* 

A  figure  represented  by  p*^  can  be  decomposed  with  respect  to  a  given  proper  ' 
point  X*  into  a  proper  figure  of  two  points*  whose  support  contains  x*  and  an 
improper  figure  of  two  free  vectors*  r**.  Then 

(38)  .  , 

where  =  x*V'  r**  =  Since  the  point  x*  is  given,  can  be  found 


as  follows. 


(39) 


ac'y*  -  y'x* 


P  +  y** 


and  if  the  weight  of  y*  is  arbitrarily  chosen  equal  to  that  of  x* 


(40) 
or  since 


(41) 


r 
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Therefore  one  component*  of  the  decomposition  with  respect  to  x*  is 
(42)  q'^  =  x‘'/> 


J*1X) 
X  p 


The  other  component*  of  the  decomposition  with  respect  to  x*  is 
(43)  =  p«^ 

2r 


This  proper  figure*  defines  a  field  of  such  pairs  of  a  proper  and  an  improper 
rhabdel,  one  pair  of  which  is  associated  with  every  proper  point.  The  semi- 
improper  figure*  can  be  decomposed  in  a  strictly  similar  manner. 

Sums  of  proper  and  semi-proper  figures*  of  this  type  are  again  proper  or  semi¬ 
proper  figures*  of  the  same  type.  They  are  added  when  their  decompositions 
with  respect  to  any  proper  point  are  added.  When  a  figure  of  this  type*  is 
multiplied  by  a  scalar  the  affine  normalization  of  the  proper,  semi-proper,  or 
improper  figures  of  points^  are  multiplied  by  a  constant.  Thus,  there  is  no 
new  geometric  construction  which  need  be  introduced  here  and  only  one  method 
of  addition.  Addition  of  figures  of  this  type*  satisfies  the  commutative,  associar 
tive,  and  distributive  laws. 


Figures  in  Aflfine  Space  Represented  by  Covariant  Alternating  Tensors 
of  Valence  Two 

In  this  section  the  covariant  alternating  tensors  of  valence  two  obtained  in  a 
similar  manner  will  be  considered.  Since  the  principle  of  duality  is  no  longer 
valid  in  affine  space,  there  is  no  reason  to  expect  parallelism  between  this  section 
and  the  previous  one.  There  are  three  covariant  figures  of  valence  one  in 
afifine  space,  the  proper  plane,  the  improper  plane,  and  the  free  plane.  Taking 
alternating  products  of  pairs  of  these  there  are  six  possible  covariant  figures  of 
valence  two.  That  formed  by  two  improper  planes  is  identically  zero,  while 
those  formed  by  one  improper  plane  and  one  proper  plane  or  free  plane  are  not 
distinct.  This  leaves  four  covariant  figures  to  be  discussed. 

It  is  convenient  to  introduce  the  following  notation: 

A  figure  defined  in  terms  of  two  covariant  figures  of  valence  one  will  be  said 
to  be 

proper  if  made  up  of  two  proper  elements 

free  if  made  up  of  two  free  elements 

semi-attached  if  made  up  of  one  proper  element  and  one  free  element 

semi-free  if  made  up  of  one  improper  element  and  one  free  element. 

Consider  figures*  whose  tensor  representation  is  an  alternating  covariant 
tensor  of  valence  two  that  satisfies  Phicker’s  relation. 

A  proper  figure  of  two  planes*  is  determined  by  a  pair  of  distinct,  non-parallel, 
proper  planes  u\  and  vx  and  is  defined  by  the  equation 


(44) 


Pa  =  , 


P[<xP«i*i  =  0. 
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The  support  of  the  figure*  is  the  unpolarized  and  unnormalized  line, 

(45)  p,K  =  —P)uL,  PiaP^]  *  0. 

The  restrictions  on  the  proper  figure  of  two  planes*  are  first  that  unless 

Pa  degenerates  into  the  null  figure*  pa  ^  0.  For  if  p,^  s  0  then  the  planes  are 
parallel,  improper,  or  coincident  and  these  cases  are  all  disallowed  by  the  above 
definition.  The  second  restriction  is  that  pi,  ^  0,  for  if  pi,  ^  0,  then  either  both 
planes  pass  through  the  origin  and  are  coincident  or  both  planes  are  free.  These 
situations  are  also  disallowed  by  the  definition. 

Outer  polarization  (order  of  planes  intersecting  in  the  support  or  direction 
about  it)  is  defined,  since 

(46)  Pa  Px.  but  Pa  *=  -px. . 

To  find  the  meaning  of  the  normalization  of  the  proper  figure  of  two  planes* 
we  redefine  pa  in  terms  of  another  pair  of  distinct,  non-parallel,  proper  planes 
which  intersect  in  the  support  ^a , 

(47)  Pa  =  f/f.Fxi  . 


The  conditions  that  a  plane  Ut  lie  on  a  line  determined  by  u«  and  v,  are 


(48) 


[/,  =  au,  -h  bv, 
Vt  *=  cUt  +  dvt . 


Substitution  of  (48)  in  (47)  gives. 

Pa  =  acui^]  +  adui^]  +  tcvi.Uxj  +  bdvij^xi 

(49) 

^  (ad  -  bc)uiAM  . 

If  ad  —  be  —  1,  the  proper  figure*  defined  by  u,  and  v,  and  that  defined  by 
Ut  and  V,  are  identical.  Any  pair  of  planes  for  which  this  is  true  are  said  to  be 
of  equal  opening  and  determine  the  same  proper  figure.*  The  opening  of  pairs 
of  planes  intersecting  in  different  lines  cannot  be  compared.  If  the  pairs  of 
planes  are  of  different  openings  (ad  —  be  ^  \  ^  1)  but  of  the  same  polarization 

i 

(50)  Pa  =  =  XU(^] 

and  X  is  the  outer  normalization  factor  of  pa  •  If  X  0  the  null  figure*  is  ob¬ 
tained.  All  null  figures  of  planes*  are  said  to  be  equivalent. 

Hence  a  proper  figure  of  two  planes’  is  unchanged  if  it  is  defined  by  any 
ordered  pair  of  planes  of  equal  opening  intersecting  in  its  support.  If  the 
opening  is  changed,  the  proper  figure  of  two  planes'  is  multiplied  by  a  scalar. 
Multiplication  by  a  scalar  reverses  the  polarization  and  changes  the  normaliza¬ 
tion,  if  the  scalar  is  negative. 

A  figure*®  determined  by  a  pair  of  distinct  free  planes  is  represented  by 

p*<  =  , 


(51) 


P«yP*«  =  0. 
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This  represents  a  polarized  and  normalized  free  direction.  The  support  of  the 
free  figure*"  is  the  unpolarized  and  unnonnalized  free  direction 

(52)  pH  —  —Pik ,  PiiiPkt\  =  0. 

Outer  polarization  (order  of  free  planes  intersecting  in  the  support,  or  direc¬ 
tions  about  support)  is  defined,  since 

(53)  pki  7^  Pik  but  pki  =  —pik  . 

A  discussion  nearly  identical  with  that  given  for  the  proper  figure  of  two  planes' 
shows  immediately  that  the  polarization  is  outer  and,  in  general,  corresponds  to 
the  opening  between  the  free  planes.  Then  the  same  tensor  representation  is 
obtained  if  the  free  figure  of  two  planes*"  is  defined  in  terms  of  any  ordered  pair 
of  planes  of  equal  opening  intersecting  in  the  support.  If  the  normalization  of 
one  of  the  free  planes  is  multiplied  by  a  scalar,  then  the  free  figure*"  is  multiplied 
by  a  scalar.  If  the  free  figure*"  is  multiplied  by  a  scalar,  the  opening  of  the 
planes  is  multiplied  by  a  scalar  and  if  the  scalar  is  negative,  the  polarization  is 
reversed. 

A  semi-free  figure**  is  determined  by  one  improper  plane  and  one  free  plane 
and  its  equation  is 

(54)  p,i  =»  =  -Pio, 

where  u«  is  an  improper  plane  and  Vi  is  a  free  plane.  This  equation  represents  a 
free  plane  with  polarization  and  normalization.  The  support  of  the  semi-free 
figure**  is  the  unpolarized  and  unnormalized  free  plane, 

(56)  Ph  =  -Pi,  . 

Outer  polarization  (method  of  distinguishing  between  the  sides  of  the  support) 
is  defined,  since 

(56)  p,i  9^  Pi,  but  p,i  -  Pi,. 

The  outer  normalization  is  defined  as  the  product  of  the  affine  normalization 
of  the  improper  plane  and  the  free  plane.  The  semi-free  figure**  is  multiplied 
by  a  scalar  when  the  normalization  of  either  plane  is  multiplied  by  a  scalar. 
When  a  semi-free  figure**  is  multiplied  by  a  negative  scalar  its  normalization  and 
polarization  are  both  unchanged. 

A  semi-attached  figure*"  is  determined  by  a  proper  plane  u\  and  a  free  plane 
which  are  not  parallel  or  coincident.  Its  defining  equation  cannot  be 
written  in  a  single  tensor  equation,  though  it  may  be  expressed  by  the  following 
pair  of  equations 

P«  “  =  0 

(57) 

p.i  =  -Pto  . 

This  is  a  different  tyjie  of  figure  from  those  previously  considered.  It  is  a 
pair  of  a  free*"  and  a  semi-free**  figure.  This  figure  will  not  be  discussed  further 
in  this  paper. 
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Proper,  free,  and  semi-free  figures  of  planes'  whose  supports  intersect  satisfy 
the  usual  commutative,  associative  and  distributive  laws. 

A  figure”  whose  tensor  representation  is  an  alternating  covariant  tensor  of 
valence  two,  that  does  not  in  general  satisfy  Plticker’s  relation,  will  now  be 
taken  up.  The  general  sum  of  figures  of  planes*  is  of  this  type.” 

The  generalized  sum  of  proper,  free,  and  semi-free  figures  of  planed  is  a 
proper  figure,”  p,x .  In  the  special  cases  in  which  P[aP^»)  =  0  while  neither 
p.y  a  0  nor  p„-  sm  0,  the  proper  figures”  degenerate  into  proper  figures  of  planes.* 
In  the  second  special  case  in  which  p,<  ■  0  the  proper  figure”  degenerates  into 
a  free  figure  of  planes.”  In  the  third  special  case  in  which  p<y  a  0  and  p«<  0, 

this  figure”  degenerates  into  a  semi-free  figure  of  planes.” 

A  proper  figure”  of  this  type  can  be  decomposed  into  figures  of  planes'  in 
various  ways. 

The  first  method  of  decomposition  is  with  respect  to  a  proper  point.  Given 
a  proper  point  x*  the  figure”  can  be  broken  up  into  a  proper  figure  of  planes* 
whose  support  contains  x‘  and  a  semi-free  figure  of  planes.”  For  any  figure” 
P(X  there  always  exists  a  pair  of  planes  U,  and  V,  such  that 

(58)  p*,  - 

and 


(59) 


V,  - 


X* 


The  proper*  component  whose  support  contains  x*  is  then 
(60)  qa  =  UitV)^] . 

The  semi-free  component  which  then  remains  is 


(61) 


U.Vi  -1-  V.Ui 

X®  X® 


/ 

t 


The  proper  planes  U,  and  F,  are  not  unique  but  their  support  and  affine  angle 
are  given  by  x*  and  p,x .  '  Therefore  a  proper*  and  a  semi-free**  figure  of  planes 
are  uniquely  defined  with  respect  to  the  point  x*. 

The  second  method  of  decomposition  is  dual  to  the  decomposition  described 
in  the  previous  chapter.  A  proper  figure”  can  be  decomposed  with  respect  to  a 
given  proper  plane  U\  into  a  proper  figure  of  planes'  g,x  whose  support  contains 
U\  and  a  free  figure  of  planes”  rti .  Let 

.  p*x  ”  9*x  +  VkiBl 

(62) 

Pa  * 


where 

gA  =  UuVxi  and  r*,  -  -"l/i/Fn  . 
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Since  the  proper  plane  Ux  is  given,  Vx  can  be  found  as  follows, 

Pw  =  U.Vi  -  V.Ui 
p^  +  V.U. 

- m— 

and  if  the  weight  of  Fx  is  arbitrarily  chosen  equal  to  that  of  XJ\  (this  can  be 
done  for  the  weight  of  Vx  is  also  arbitrary) 


(64)  F.  =  ^^+17.. 

Therefore  the  proper*  comp>onent  of  the  decomposition  of  the  figure**  with  respect 
to  (7(  is 


(66) 


=•  t^i*Fx) 


UhPMX] 

U. 


The  free**  compKinent  of  the  decomposition  of  the  figure**  with  respect  to  I7x  is 

^^^[»Pl•Ul 


(66) 


ru 


Pkt  —  qu  =  Pki  — 


U. 


Then  with  each  proper  plane  Ux  is  uniquely  associated  a  proper  figure  of  planes* 
support  lies  in  Ux  ,  and  a  free  figure  of  planes.** 

The  proper  figure  of  planes**  can  also  be  decomposed  into  two  free  figures. 


(67) 


Pki 

P»i 


9*1 

r.i, 


This  gives  a  decomposition  into  a  free  and  a  semi-free**  figure  of  planes.  Through 
every  proper  point  passes  a  representation  of  this  decomposition  of  this  figure.** 


Correspondences  between  Figures  in  Aflbie  Space  Represented  by  Contra- 
variant  and  Covariant  Alternating  Tensors  of  Valence  Two 

In  projective  space  a  fundamental  pseudotensor  was  introduced  by  which 
contra  variant  and  covariant  tensor  representations  of  a  line  were  associated. 
By  means  of  the  fundamental  pseudotensor,  an  association  was  then  set  up  be¬ 
tween  all  contravariant  and  covariant  alternating  tensors  of  valence  two.  In 
afl^e  space,  without  a  perfect  principle  of  duality,  it  is  not  possible  to  obtain  a 
complete  1  :  1  correspondence  of  all  contravariant  and  covariant  alternating 
tensors  of  valence  two.  However,  a  fundamental  tensor  can  be  introduced 
which  permits  a  very  useful  partial  correspondence.  This  will  be  called  the 
E-tensor.  Since  it  is  introduced  into  affine  space  for  the  purpose  of  associating 
contravariant  and  covariant  alternating  tensors,  of  valence  two,  it  must  ob¬ 
viously  be  of  valence  four,  have  both  a  contravariant  and  a  covariant  representa- 
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tion,  and  be  alternating  in  any  pair  of  indices.  For  definiteness,  it  is  convenient 
to  define  the  F-tensor  of  affine  space  in  the  following  manner, 

=  0  if  any  pair  of  indices  are  equal 

(68)  =1  if  K\tiv  is  an  even  permutation  of  0,  1,  2,  3. 

=  —  1  if  kKhv  is  an  odd  permutation  of  0,  1,  2,  3. 

=  0  if  any  pair  of  indices  are  equal 

(69)  =  +1  if  k\hp  is  an  even  permutation  of  0,  1,  2,  3. 

=  —  1  if  k\hv  is  an  odd  permutation  of  0,  1,  2,  3. 

Consider  a  proper  figure  of  points*  p"*  and  proper  figures  of  planes*  p^ .  Let, 

(70)  p‘"  =  ,  Pa  =  E^y\ 

This  equation  shows  first  that  these  figures  have  the  same  support,  the  line 
or  p,x .  If  the  polarization  of  the  figure  of  proper  points*  is  reversed,  that  of 
the  corresponding  figure  of  proper  planes*  is  also  reversed.  Thus  inner  and 
outer  polarization  of  a  line  are  associated  and  a  screw-sense  is  introduced  into 
the  space.  Either  a  right  or  left  hand  screw  sense  may  be  chosen  but  once  it  is 
arbitrarily  fixed  it  cannot  be  lightly  reversed.  If  the  figure  of  proper  points* 
is  multiplied  by  a  scalar,  then  figure  of  proper  planes*  is  also  multiplied  by  a 
scalar.  Thus  a  1:1  correspondence  is  set  up  between  inner  and  outer  affine 
normalization  of  a  line.  This  definition  could  obviously  be  altered  if  a  more 
convenient  convention  presented  itself.  Sums  of  proper  figures  of  planes'  and 
of  points  whose  supports  intersect  (and  hence  are  again  proper)  also  correspond. 

Consider  now  an  improper  figure  of  points^  p*‘  and  a  semi-free  figure  of  planes‘* 
p*’.  Let, 

(71)  pV  =  E‘**pa  ,  p.<  =  E,nup*\ 

This  equation  shows  that  these  figures  have  the  same  plane  support.  For  any 
line  in  the  support  of  the  one  coincides  with  a  line  in  the  support  of  the  other. 
Coincidence  of  two  such  distinct  Unes  fixes  the  plane  direction  which  is  the  sup¬ 
port  of  both  figures.  Inner  and  outer  polarization  of  a  plane  are  associated  in 
such  a  way  that  the  screw  sense  introduced  arbitrarily  above  is  continued. 
Also  inner  and  outer  affine  normalizations  are  associated  in  a  1 : 1  way,  the 
exact  relation  between  the  two  normalizations  being  fixed  arbitrarily.  Sums  of 
improper  figures  of  points'  are  always  improper  and  sums  of  semi-free  figures 
of  plates  are  always  semi-free  figures  of  plates.  Improper  figures  of  points  and 
semi-free  figures  of  plates  always  correspond. 

The  other  figures  of  points'  and  planes'  cannot  be  put  in  a  1 : 1  correspondence 
in  this  manner. 

The  tensors  representing  sums  of  figures  of  points'  and  planes'*  are  rather 
abstract  ways  of  considering  systems  of  figures  of  points'  and  planes'.  When 
we  compare  them  what  we  want  to  compare  is  actually  their  decomposition 
with  respect  to  some  proper  point. 
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The  proper  figure  of  the  sum  of  figures  of  {xiints*  can  be  decompKised  with 
respect  to  a  given  point  into  a  proper*  and  an  improper^  figure  of  points.  The 
proper  figure  of  the  sum  of  figures  of  planes'*  can  be  decompKised  with  respect 
to  the  same  proper  point  into  a  proper*  and  a  semi-free  figure  of  planes."  The 
figures  of  the  decomposition  have  the  same  support  and  there  is  a  unique  1 : 1 
corresfKindence  between  them.  Therefore  when  proper  figures  of  sums  of  figures 
of  points*  and  planes'*  are  added  their  decompositions  with  respect  to  any  given 
proper  point  are  added.  This  is  the  meaningful  way  of  treating  them. 

It  is  also  possible  to  consider  one  of  the  other  decompositions  of  the  proper 
figure  of  sums  of  figures  of  planes.'*  These  decompositions  have  no  1 : 1  corre¬ 
spondence  with  figures  of  points'  and  a  comparison  of  additions  of  non-corre¬ 
sponding  figures  as  such  is  meaningless. 

Figures  in  Affine  Space  Represented  by  Mixed  Tensors  of  Valence  Two 
and  Rank  One 

Mixed  tensors  of  valence  two  and  rank  one  can  be  obtained  by  taking  the 
direct  product  of  the  elements  of  affine  space.  There  were  introduced  two 
contravariant  figures,  the  weighted  point,  and  the  free  vector,  and  three  covariant 
ones,  the  weighted  plane,  the  improper  plane,  and  the  free  plane.  Taking  direct 
products  of  one  of  the  contravariant  and  one  of  the  covariant  figures  six  tensors 
of  rank  one  are  obtained.  The  properties  of  these  will  be  taken  up  in  this 
section,  together  with  their  sums  which  are  tensors  of  rank  four. 

It  is  convenient  to  extend  the  earlier  notation  in  the  following  manner: 

A  figure  defined  in  terms  of  one  contravariant  and  one  covariant  figure  of 
valence  one  will  be  said  to  be  proper  if  made  up  of  two  proper  elements,  semi¬ 
proper  if  made  up  of  one  proper  contravariant  element  and  one  improper  co¬ 
variant  element,  semi-improper  if  made  up  of  one  improper  contravariant  element 
and  one  proper  covariant  element,  semi-eUtached  if  made  up  of  one  proper  contra¬ 
variant  element  and  one  free  covariant  element,  free  if  made  up  of  two  free 
elements,  improper  if  made  up  of  two  improper  elements. 

Consider  figures'*  whose  tensor  representation  is  a  mixed  tensor  of  valence 
two  and  rank  one. 

The  first  figure'*  is  determined  by  a  proper  point  z*  and  a  proper  plane  U\ 
which  are  not  coincident.  Its  tensor  representation  has  the  equation 

(72)  p\  »  x‘mx  . 

This  tensor  is  obviously  of  rank  one  since  its  matrix  is  the  product  of  two  matrices 
of  rank  one.  The  geometrical  representation  is  a  definite  normalized  point  and 
plane  the  product  of  whose  normalizations  is  given.  The  support  is  an  un¬ 
polarized  and  unnormalized  pair  of  a  point  and  a  plane  whose  expression  is 

(73)  p\ . 


‘  This  number  refers  to  the  names  developed  in  the  Appendix. 
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The  proper  point  in  terms  of  which  the  figure  of  a  proper  point  and  plane** 
is  defined  can  be  found  as  follows  if  px  is  given, 

(74a)  X*  =  rp\  t  arbitrary  scalar 

while  the  proper  plane  may  be  found  by 

(74b)  ttx  -  p!x  . 

rp., 

A  polarization  may  be  defined  by  the  order  in  which  the  point  and  plane  are 
taken,  since 

(75)  p!x  p*  Px*. 

Reversal  of  polarization  interchanges  rows  and  columns  of  the  matrix  of  the 
tensor  representation. 

Any  two  figures  of  points  and  planes**  whose  support  is  the  same  point  and 
plane  may  be  compared  by  an  affine  normalizing  factor  X  since 

(76)  p\  »  Xg?x  . 

The  normalization  factor  is  the  product  of  those  of  the  point  and  plane. 

This  figure  is  especially  interesting  because  it  has  a  type  of  support  we  have 
not  met  before. 

A  semi-proper  figure*^  is  defined  by  a  proper  point  x*  and  an  improper  plane  u» , 

(77)  p?.  =  x‘u.. 

The  support  of  the  figure  is  the  unpolarized  and  unnormalized  point  2*  or 

(78)  p%. 

A  polarization  may  be  given  by  the  order  in  which  point  and  plane  are  taken 
since 

(79)  p!.  ^  p/. 

Reversal  of  polarization  changes  the  matrix  of  the  tensor  representation  from 

a  row-matrix  to  a  column  inatrix  or  vice  versa. 

The  affine  normalization  can  be  defined  for  two  figures  having  the  same 
support  since  then 

(80)  p!,  =  X?!.. 

The  affine  normalization  factor  is  the  product  of  the  weight  of  the  proper  point 
and  the  improper  plane.  They  may  vary  on  the  support  in  such  a  way  that 
their  product  remains  constant. 

A  temi-dmproper  figure*'  is  defined  by  an  improper  point  x*  and  a  proper  plane 
Ux  .  Its  tensor  equation  is 

(81)  p*x  -  x*ux  . 
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The  support  of  the  figure  is  an  unpolarised  and  unnormalized  proper  plane  and  a 
free  direction 

(82)  , 

of  which  the  plane  is  the  support  of  ux  and  the  direction  that  of  x*. 

A  polarization  of  this  semi-improper  figure^  may  be  determined  by  the  order 
in  which  point  and  plane  are  taken.  Thus 

(83)  p!x  pi‘, 

and  reversal  of  polarization  interchanges  rows  and  columns  of  the  matrix  asso¬ 
ciated  with  the  figure. 

The  semi-improper  figure  of  a  point  and  a  plane*'  has  affine  normalization 
defined  for  two  figures  having  the  same  support  since  then 

(84)  p!x  =  X^fx  . 

The  semi-improper  figure  of  a  point  and  a  plane*'  is  unchanged  if  the  normaliza¬ 
tion  of  the  proper  plane  and  improper  point  are  varied  in  such  a  way  that  their 
product  remains  constant. 

A  semi-attached  figure**  is  defined  as  the  figure  determined  by  a  proper  point  x* 
and  a  free  plane  .  Its  equation  is 

(85)  p.\  =  x‘-"uv. 

^  The  support  of  the  figure  is  a  point  and  a  plane  direction 

r  (86)  •  PU 

A  p>olarization  of  the  semi-attached  figure**  may  be  determined  by  the  order  in 
which  proper  point  and  free  plane  are  taken  since 

(87)  p%  9^  pi\ 

Reversal  of  polarization  interchanges  rows  and  columns  of  the  coordinate  matrix. 

This  semi-attached  figure**  has  affine  normalization  defined  for  two  figures 
having  the  same  support,  since  then 

(88)  pU^MU. 

It  is  unchanged  if  the  normalizations  of  proper  point  and  free  plane  are  varied 
in  such  a  way  that  their  product  remains  constant. 

A  free  figure**  is  defined  by  a  free  vector  (or  an  improper  point)  and  a  free  plane, 
by  the  equation, 

(89)  p\  —  x**Ui . 

Its  support  is  a  free  direction  and  a  free  plane  direction 

(90)  p% . 
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A  polarization  may  be  defined  by  the  order  in  which  point  and  plane  are 
taken  since 

(91)  v'i  ^  Pi\ 

and  when  polarization  is  reversed  rows  and  columns  are  interchanged. 

The  affine  normalization  of  this  free  figure*"  is  defined  for  two  figures  having 
the  same  support  by 

(92)  pU  =  \q%  . 

It  is  unchanged  if  the  affine  normalization  of  the  free  vector  and  the  free  plane 
vary  in  such  a  way  that  their  product  remains  constant. 

An  improper  figure**  is  defined  by  an  improper  point  x*  and  an  improper  plane 
u,  .  Its  equation  is 

(93)  pf.  =  x*Uo  . 

Its  support  is  an  unpolarized  and  unnormalized  direction,  that  of  i*,  or 

(94)  p\. . 

The  order  in  which  the  improper  point  and  the  improper  plane  are  taken,  may 
be  taken  as  a  polarization  since 

(96)  p\,  ^  p'J. 

By  this  definition,  the  polarization  is  reversed  when  rows  and  columns  of  the 
coordinate  matrix  are  interchanged.  For  two  such  improper  figures**  having 
the  same  support  the  affine  normalization  is  defined  by  the  equation 

(96)  p\,  -  M'-  . 

This  figure**  is  unchanged  if  the  affine  normalization  of  the  improper  point  and 
of  the  free  plane  vary  in  such  a  way  that  their  product  remains  constant. 

Figures  of  points  and  planes**  whose  supports  have  a  common  member,  satisfy 
the  ordinary  commutative,  associative,  and  distributive  laws  of  addition. 

Consider  figures**  whose  tensor  representation  is  a  mixed  tensor  of  valence  two 
and  rank  four,  the  general  sum  of  figures  of  ix)ints  and  planes.** 

The  general  sum  of  proper  figures  of  points  and  planes**  is  a  proper  figure.** 
This  proper  figure**  can  be  decomposed  into  three  proper  figures  of  points  and 
planes**  and  one  semi-proper  figure  of  a  point  and  a  plane**  with  respect  to  any 
three  arbitrary  non-parallel  planes.  It  can  also  be  decomposed  into  four  proper 
figures  of  points  and  planes**  with  respect  to  any  four  distinct  proper  points  or 
any  four  non-parallel  planes.  In  the  special  case  in  which 
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where  ki  and  c*  are  constants  the  proper  figure”  degenerates  into  a  proper  figure 
of  points  and  planes.^  In  the  special  case  in  which 

(98)  p\  s  0,  p!.  0 


the  proper  figure”  degenerates  into  a  semi-proper  figure  of  points  and  planes.” 

The  general  sum  of  semi-improper  figures  of  points  and  planes”  is  a  semi-im- 
proper  figure.^*  This  semi-improper  figure*  can  be  decomposed  into  three 
semi-improper  figures  and  one  improper  figure  of  points  and  planes*'  with 
respect  to  any  three  non-parallel  proper  planes.  It  can  also  be  decomposed 
into  three  semi-improper  figures  of  pioints  and  planes”  with  respect  to  any 
three  distinct  Jmproper  points.  If 


(99) 


p\  =  k,p\  =  ktp\ 

p\  —  c'pti  =  c*p*i  =  c*p*t 


This  semi-improper  figure*^  degenerates  into  a  semi-improper  figure^  of  points 
and  planes.”  If 


(100) 


pti  »  0 


the  semi-improper  figure**  degenerates  into  an  improfier  figure  of  points  and 
planes.*' 

The  general  sum  of  semi-attached  figures  of  {joints  and  planes,'*  is  a  semi-at- 
tached  figure.**  It  can  be  decom{)08ed  into  a  sum  of  three  semi-attached  fig¬ 
ures  of  {joints  and  planes'*  with  res{ject  to  any  three  non-parallel  free  planes.  If 


(101) 


p%  =  A:ip!<  =  k,p*i  =  ktp*i 


c*p^  =  c*p*» 


where  kt  and  c*  are  constants,  the  semi-attached  figure”  degenerates  into  a 
semi-attached  figure  of  {joints  and  planes.'* 

The  general  sums  of  free  figures  of  {joints  and  planes**  is  a  free  figure.**  It 
can  be  decom{J08ed  into  three  free  figures  of  {joints  and  planes*®  with  res{ject  to 
any  three  non-parallel  free  vectors  or  any  three  non-parallel  free  planes.  If 


(102) 


p!i  =  kip*.i  =  ktp'.i 

p*i  =*  c*p*2  *  c*p*i 


the  free  figure**  degenerates  into  a  free  figure  of  {joints  and  planes.” 

Sums  of  pro{jer,  8emi-impro{jer,  semi-attached,  or  free  figures  of  this  ty{je” 
are  again  pro{jer,  semi-impro{jer,  semi-attached,  or  free  figures  of  the  same 
type.”  They  are  added  when  their  decom{jo8ition  with  res{ject  to  the  same 
pro{jer  {joints,  or  free  vectors,  pro{jer  planes,  or  free  planes  are  added.  When 
such  a  figure  of  {joints  and  planes”  is  multiplied  by  a  scalar  the  affine  normaliza¬ 
tions  of  the  figure  of  {joints  and  planes'*  into  which  it  may  be  decom{J06ed  are 
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multiplied  by  a  scalar.  Addition  of  these  figures”  satisfies  the  commutative, 
associative,  and  distributive  laws. 

The  AfiSne  Ancestry  of  tiie  Figures  of  Study 

Among  the  figures  which  have  been  discussed  are  the  affine  ancestors  of  all 
of  the  Study  figures.  Without  precisely  defining  the  term  affine  ancestor,  this 
section  will  show  the  exact  relation  of  these  two  sets  of  figures. 

The  first  figure  which  is  described  in  the  “Geometrie  der  Dynamen”  is  the 
“Linienkreuz.”  Each  of  the  Study  figures  is  supported  by  a  proper  or  im¬ 
proper  “Linienkreuz.”  The  proper  ‘'Linenkreuz”  is  the  figure  of  a  line  in  space 
and  the  family  of  planes  orthogonal  to  it,  while  the  improper  ‘‘Linenkreuz’* 
consists  of  a  direction  in  space  and  the  family  of  planes  orthogonal  to  it.  This 
figure  has  neither  polarization  nor  normalization.  It  has  many  affine  ancestors. 
All  of  the  figures  representing  the  supports  of  affine  figures  are  its  ancestors. 
Of  course,  there  is  no  orthogonality  property  in  affine  space.  Thus  there  are 
the  line  support  of  the  proper  figure  of  points*  and  of  the  proper  figure  of  planes*, 
the  free  plane  support  of  the  improper  figure  of  points*,  and  semi-free  figure  of 
planes"  the  free  line  support  of  the  free  figure  of  planes,  as  well  as  the  combinar 
tions  of  proper  and  improper  points  and  planes  which  are  supp>orts  of  the  figures 
of  points  and  planes." 

The  "Stab"  is  the  figure  of  two  proper  points  and  is  supported  by  a  proper 
"Linienkreuz."  An  inner  polarization  is  defined  by  the  order  in  which  the 
points  are  taken,  and  the  normalization  is  the  distance  between  the  two  points. 
The  proper  figure  of  points*  is  the  affine  ancestor  of  the  "Stab.”  It  is  the  figure 
of  two  points  and  has  the  same  type  of  inner  polarization.  Its  normalization  is 
the  separation  of  two  points  which  is  an  affine  concept  distinct  from  that  of 
distance  in  metric  space. 

The  "St&bepaare"  is  the  figure  of  two  improper  points  or  free  vectors  and  is 
supported  by  an  improper  "Linienkreuz."  An  inner  polarization  is  defined  in 
a  plane  by  the  order  in  which  the  two  vectors  are  taken  and  the  area  of  the  plane 
segment  enclosed  by  the  two  vectors  gives  the  inner  normalization.  The  affine 
ancestor  is  the  improper  figure  of  points*  which  is  identical  in  all  respects, 
except  that  its  normalization  is  an  affine  area  instead  of  a  metrical  one. 

The  "Keil"  is  the  figur6  of  two'planes  and  is  supported  by  a  proper  "Linien¬ 
kreuz."  An  outer  polarization  is  defined  about  the  line  of  support  by  the  order 
in  which  the  planes  are  taken,  and  the  normalization  is  the  tangent  of  the  angle 
of  separation  of  the  planes.  The  affine  ancestor  of  the  proper  "Keil"  is  the 
proper  figure  of  planes.*  In  support  and  fjolarization  it  is  identical  with  its 
descendent.  Its  normalization  is  the  opening  which  is  an  affine  concept  which 
is  closely  allied  with  the  tangent  in  metric  space. 

The  improper  "Keil"  is  the  figure  of  two  parallel  planes  and  has  as  support 
an  improper  "Linienkreuz."  Its  polarization  is  the  order  in  which  the  planes 
are  taken  while  the  normalization  is  the  distance  between  the  planes.  Its 
affine  ancestor  is  the  semi-free  figure  of  planes,"  identical  in  support  and  polari¬ 
zation,  but  whose  normalization  is  the  affine  property,  separation,  instead  of  the 
metric  property  of  distance. 
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Another  figure  is  defined  by  the  sum  of  “Stabe”  or  the  sum  of  “Keile*'. 
This  is  the  “Motor”  which  is  defined  by  Study  in  terms  of  two  lines  which  are 
both  proper  and  may  be  orthogonal.  It  has  associated  with  it  two  normaliza¬ 
tions  and  a  screw  sense  given  by  the  order  in  which  the  lines  are  taken.  Its 
length  is  the  distance  between  the  two  lines  and  its  second  normalization  is  the 
tangent  of  the  angle  between  the  two  lines.  The  common  normal  of  these  lines 
may  be  thought  of  as  the  support  of  the  figure.  In  the  special  cases  in  which 
the  lines  are  parallel  or  intersect,  the  motor  degenerates  into  two  other  figures, 
which  are  respectively  the  “Translator”  and  the  “Rotor.”  The  affine  ancestors 
of  the  “Motor”  are  the  proper  sums  of  figures  of  points*  and  the  proper  sums  of 
figures  of  planes.**  These  figures  are  identical  except  in  their  normalization. 
The  normalizations  of  these  figures  are  a  separation  or  opening  and  an  affine 
area  or  a  separation  of  planes.  In  the  special  cases  in  which  the  tensors 
representing  them  satisfy  Plttcker’s  relation  they  degenerate  into  the  “Rotor” 
of  Study.  In  the  second  special  case  in  which  the  components  p**  «  0  or  the 
components  p,y  e  0,  they  degenerate  into  the  “Translator”  of  Study.  The 
condition  that  the  lines  in  terms  of  which  Study  defines  his  “Motor”  may  not 
be  orthogonal  appears  only  in  metric  space.  However,  the  condition  intro¬ 
duced  by  Study’s  restrictions  on  the  lines  is  essentially  that  the  normalizations 
may  not  become  infinite,  and  that  is  already  inherent  in  the  affine  figures. 

The  figure  of  a  proper  point  and  a  plane  is  called  the  “Quirl.”  Its  support  is 
the  proper  “Linienkreuz.”  The  polarization  is  defined  by  the  order  of  point 
and  plane  while  the  normalization  is  the  reciprocal  of  the  distance  between  the 
point  and  plane.  The  affine  ancestor  of  the  proper  “Quirl”  is  the  proper  figure 
of  a  point  and  a  plane.'*  It  is  the  figure  of  a  proper  point  and  of  a  proper  plane 
in  affine  space.  Since  it  is  not  possible  to  associate  a  normal  line  with  a  plane 
in  affine  space,  this  figure  does  not  yet  have  a  line  support,  (^ly  in  metric  space 
does  it  gain  this  freedom.  The  polarizations  are  identical  and  the  affine  nor- 
maUzation  is  closely  related  to  the  concept  of  distance  between  a  point  and  a 
plane  in  metric  space. 

The  improper  “Quirl”  is  the  figure  of  an  improper  point  or  free  vector  and  a 
plane.  Its  support  is  an  improper  “Linienkreuz,”  and  its  polarization  is  given 
by  the  order  in  which  free  vector  and  plane  are  taken.  The  normalization  is 
the  cotangent  of  the  angle  between  the  free  vector  and  the  plane.  The  affine 
ancestor  of  this  figure  is  the  semi-improper  figure  of  points  and  planes.'*  Both 
figures  are  identical  in  polarization  and  differ  in  support  and  normalization  in 
a  manner  similar  to  that  described  in  the  previous  paragraph. 

The  sum  of  “Quirle”  is  a  new  figure,  called  by  Study  the  “Impulsor.”  Like 
the  “Motor,”  it  is  defined  in  terms  of  two  lines  and  has  the  same  type  of  support 
and  polarization.  Its  two  normalizations  are  the  same;  its  length  is  the  distance 
between  the  two  lines,  and  its  second  normalization  is  the  tangent  of  the  angle 
between  the  lines.  In  the  special  case  in  which  the  two  lines  intersect  at  right 
angles,  the  figure  is  called  a  “Torsor.”  If  one  of  the  lin^  becomes  improper, 
the  figure  is  called  an  “Ejector.”  The  proper  figure  of  sums  of  figures  of  points 
and  planes**  is  the  affine  ancestor  of  the  “Impulsor.”  Since  it  does  not  have  a 
line  support  it  is  not  too  similar  to  the  metric  descendant.  If  a  decomposition 
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with  respect  to  a  given  proper  point  is  considered  the  polarization  and  normaliza¬ 
tion  may  be  discussed.  Note  that  they  are  much  more  complex  ones  than  are 
ordinarily  considered.  In  the  special  case  in  which  the  figure”  is  of  rank  one 
it  d^nerates  to  the  ancestor  of  the  “Torsor”  and  in  the  special  case  in  which 
it  is  a  tensor  of  rank  one  whose  only  non-zero  com|X)nents  are  p\  it  becomes  the 
affine  ancestor  of  the  “Ejector.” 

This  completes  the  tensor  interpretation  of  the  affine  ancestors  of  the  Study 
figures.  In  a  later  paper  the  tensor  interpretation  of  the  Study  figures  them¬ 
selves  in  metric  space  will  be  considered. 

Appendix 

Names  of  tiie  A£Sne  Figures 

As  can  be  seen  from  the  preceding  pages,  it  is  difficult  if  not  impossible  to 
give  a  clear  discussion  of  the  geometric  figures  of  affine  space  without  naming 
them.  The  procedure  has  been  to  write  down  the  description  of  the  figure, 
such  as  “the  figure  of  two  proper  points”,  which  is  cumbersome  and  lacking  in 
precision. 

There  is  considerable  disagreement  on  the  naming  of  the  figures.  One 
method,  which  has  been  suggested  by  others,  is  to  use  the  names  of  Study  with 
such  additional  words  as  are  necessrry.  This  gives  names  such  as  “Motor”, 
“Rotor,”  and  “Tractor”,  Four  disadvantages  result: 

(a)  Confusion  with  the  same  words  used  in  technology. 

(b)  Confusion  with  the  same  words  used  with  quite  different  meanings  by 
such  mathematicians  as  Ball,  von  Mises,  Klein,  and  MacAuley. 

(c)  Confusion  with  the  figures  discussed  by  Study,  which  are  distinct  from 
the  affine  figures. 

(d)  The  proposed  schemes  do  not  have  names  for  all  of  the  figures  treated  in 
this  paper. 

The  set  of  names  used  in  the  development  of  this  paper  overcomes  all  of  the 
foregoing  difficulties.  The  names  are  based  on  Greek  words  closely  associated 
with  the  names  of  Study.  The  words  are  easy  to  use  and  they  have  the  great 
advantage  that  they  do  not  convey  any  preconceived  ideas.  The  proposed 
names  are  as  follows:  ^ 

1.  A  figure  whose  tensor  representation  is  an  alternating  contravariant  tensor 
of  valence  two  that  satisfies  Plticker’s  relation  is  called  a  rhabdd. 

2.  The  proper  rhabdel  is  a  figure  determined  by  a  pair  of  distinct  proper  points. 

3.  A  aemi-proper  rhabdel  is  the  figure  determined  by  a  proper  point  and  a  free 
vector. 

4.  The  improper  rhabdel  is  the  figure  determined  by  two  free  affine  vectors. 

5.  A  figure  whose  tensor  representation  is  an  alternating  contravariant  tensor 
of  valence  two  which  does  not  in  general  satisfy  Plllcker’s  relation  is  called  a 
kineal. 

6.  The  generalized  sum  of  proper  and  improper  rhabdels  is  a  proper  kineal. 

7.  The  generalized  sum  of  semi-proper  and  improper  rhabdels  is  a  semi-proper 
kineal. 
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8.  A  figure  whose  tensor  representation  is  an  alternating  covariant  tensor  of 
valence  two  that  satisfies  Plhcker’s  relation  is  called  a  strophel. 

9.  A  proper  strophel  is  a  figure  determined  by  a  pair  of  distinct  non-parallel 
proper  planes. 

10.  A  free  strophel  is  a  figure  determined  by, a  pair  of  distinct  free  planes. 

11.  A  semi-free  strophel  is  a  figure  determined  by  one  improper  plane  and  one 
free  plane. 

12.  A  semi-attached  strophel  is  a  figure  determined  by  a  proper  plane  and  a 
free  plane  that  are  not  parallel  or  coincident. 

13.  A  figure  whose  tensor  representation  is  an  alternating  co variant  tensor 
of  valence  two  that  does  not  in  general  satisfy  Plficker's  relation  is  called  a 
helissel. 

14.  The  generalized  sum  of  proper,  free,  and  semi-free  strophels  is  a  proper 
helissel. 

15.  A  figure  whose  tensor  representation  is  a  mixed  tensor  of  valence  two  and 
rank  one  is  called  a  charyhdel. 

16.  A  proper  charyhdel  is  a  figure  determined  by  a  proper  point  and  a  proper 
plane  which  are  not  coincident. 

17.  A  semi-proper  charyhdel  is  the  figure  determined  by  a  proper  point  and 
an  improper  plane. 

18.  A  semi-improper  charyhdel  is  the  figure  determined  by  an  improper  point 
and  a  proper  plane. 

19.  A  semi-attached  charyhdel  is  the  figure  determined  by  a  proper  point  and 
a  free  plane. 

20.  Pi.  free  charyhdel  is  the  figure  determined  by  a  free  vector  and  a  free  plane. 

21.  An  improper  charyhdel  is  the  figure  determined  by  an  improper  point  and 
an  improper  plane. 

22.  A  figure  whose  tensor  representation  is  a  mixed  tensor  of  valence  two  and 
rank  four  is  called  a  dynatel. 

23.  The  generalized  sum  of  proper  chary bdels  is  a  proper  dynatel. 

24.  The  generalized'  sum  of  semi-improper  charybdels  is  a  semi-improper 
dynatel. 

25.  The  generalized  sum  of  semi-attached  charybdels  is  a  semi-attached  dynatel. 

26.  The  generalized  sum  of  free  charybdels  is  a/ree  dynatel. 
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The  first  part  of  this  paper  is  expository.  We  begin  with  elementary  proofs 
of  a  series  of  theorems  on  the  approximation  of  measurable  functions,  summable 
functions,  and  Riemann  integrable  functions.  Although  many  of  these  theo¬ 
rems  are  well  known,  they  are  not  sufficiently  emphasized  in  most  treatments. 
Collectively,  they  throw  light  on  the  nature  of  summable  functions. 

In  connection  with  these,  we  discuss  Carathdodory’s  classes  of  bounded  meas¬ 
urable  functions  on  a  finite  interval.*  His  classification  depends  on  the  region 
of  definition  used.  We  give  a  modification  which  is  free  from  this  objection,  and 
consider  its  application  to  functions  on  infinite  intervals. 

We  also  define,  uniquely  for  a  set  of  equivalent  functions,  two  functions  either 
of  which  may  represent  the  set.  One  is  an  lu  function,*  the  upper  limit  of  an 
increasing  sequence  of  lower  semi-continuous  functions,  and  the  other  is  a  id 
function.  Their  relation  to  Kempisty’s  approximate  limits*  is  discussed.  We 
show  that  they  correctly  represent  the  function  as  to  Baire  classification,*  being 
in  this  sense  of  the  smoothest  possible  type. 

We  indicate  how  our  results  may  be  extended  to  functions  of  more  than  one 
variable. 

Finally,  we  prove  two  properties  of  functions  equivalent  in  the  sense  of  Besico- 
vitch,'  as  used  for  his  B.a.p.  functions.  We  show  that  a  continuous  B.a.p. 
function  may  be  found  equivalent  to  any  B.a.p.  function,  and  that  if  a  sequence 
of  B.a.p.  functions  is  B-convergent,  it  is  B-convergent  to  some  B.a.p.  function. 

•  ^ 

1.  Upper  approximation  to  bounded  functions.  We  begin  by  showing  that, 

for  any  bounded  and  measurable  function  /(i),  we  may  find  a  lower  semi-continuous 
function  ip(x)  such  that 

ip{x)  >  fix) 

f  Wix)  -  fix)]  dx  <  t 

To  construct  ^(x),  we  consider  intervals  of  length  S  on  the  ordinates,  and  the 
corresponding  sets  of  valdes  of  x, 

(1)  e,  where  nS  ^  fix)  <  (n  -h  1)5 

^  Presented  to  the  American  Mathematical  Society. 

*  C.  Carath6odory,  Vorleeungen  Uber  Reelle  Funktionen,  chapter  VII. 

*  For  properties  of  upper  and  lower  semi-continuous  functions,  see  Carath5odory,  1.  c.*, 
chapter  III  or  E.  W.  Hobson,  Theory  of  functions  of  a  Real  Variable  and  the  Theory  of 
Fourier’s  Series,  vol.  I,  chapter  V,  vol.  II,  chapter  II. 

*  S.  Kempisty,  Fundamenta  Mat.  vol.  VI  (1924),  p.  6. 

*  For  a  discussion  of  Baire’s  classification  see*,  Hobson,  1.  c.*,  vol.  II,  chapter  IV  or 
Ch.  J.  de  la  Vall4e-Poussin,  Integrales  de  Lebesgue,  fonctions  d’ensemble,  classes  de  Baire 
(Borel  monograph). 

*A.  S.  Besicovitch,  Almost  Periodic  Functions  (Monograph,  Cambridge  University 
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as  well  as  the  sets 


(2)  En  where  n&  ^  /(x) 
If  AT  is  a  bound  for  /(x), 

(3)  l/(x)|<Ar, 
and 


niS  ^  N, 

we  have 

tx-E.. 

% 


Now  embed  each  set  £•  in  an  open  set  0« ,  such  that 

(4)  MiE,)  <  Mm  <  Mm  +  i,» . 

Since  each  set  £,  includes  the  set  ,  we  may  omit  that  part  of  On^i  which  is 
outside  of  0» ,  and  so  assume  that  0»  includes  On^i .  Replace  by  0-»,  • 
O-ni+i  •  *  •  On-vOn  ,  again  an  open  set. 

Each  set  On  consists  of  an  enumerable  number  of  non-overlapping  open  inter¬ 
vals.  Let  L»(x)  »  1  on  these  intervals  and  zero  elsewhere. 

If  one  of  these  intervals  is  a<  <  x  <  &< ,  we  may  define  a  function  by 

Oi  ^  X  ^  ai  +  hi;  Tiix)  -  ^  ^ 

*  (6)  Oi  +  hi^x^bi— hi;  Tiix)  =  1 

bt- hi  ^x^hi;  Tiix)^^^. 

The  fimction  c*  equal  to  Tiix)  on  the  first  k  intervals  of  On  and  zero  elsewhere 
is  continuous.  If  we  put  hi  »  (bi  —  <ii)/k  for  ct ,  and  let  k  become  infinite,  the 
upper  limit  of  ct(x)  will  be  L«(x).  Thus  L,  is  lower  semi-continuous.  Finally 
we  put 

(6)  ^(x)  -  «  ^(*)  -  ni« 

-•I 

We  shall  now  show  that  this  has  the  desired  properties,  if  6  and  the  1^,  are 
properly  chosen. 

a)  The  function  ^(x)  is  lower  semi-continuous,  being  the  sum  of  a  finite  num¬ 
ber  of  lower  semi-continuous  functions  Ln . 

b)  If  X  is  in  ,  it  is  in  En  for  all  n  ^  m,  which  are  ni  -|-  m  -f-  1  in  number. 
Thus  X  is  in  an  interval  of  On ,  and  hence  L«(x)  »  1  for  each  of  these  values. 
For  other  n,  Lnix)  ^  0,  so  that 


(7) 


4>ix)  ^  «(ni  +  m  +  1)  -  ni«  ^  him  +  1)  >  /(*). 
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c)  By  definition  of  the  Lebesgue  integral, 

(8)  23  niMifin)  ^  j  fix)  dx  <  23  (»»  +  l)iM{en) 

But,  since  the  e.  are  non-overlapping 

f:  Mifii)  =  M(En) 

and 

(9)  23  M{E:)  =  23  (m  +  n  +  l)ilf(e,)  -  E  nM(c,)  +  (m  +  1)(6  -  a). 

-«*i 

Now  recall  the  definition  of  Ln(x)  and  0(x). 

£  L,(x)  dx  =  1[M(0,)1  ^  +  ,,  , 


by  (4).  Hence  from  (6) 

f  0(x)  dx  ^  i  E  ^(En)  +  ^  E  ’?«  “  ni6(6  —  o). 

But  from  (8)  and  (9), 

r  /(x)  dx  ^  «  E  M(En)  -  (m  -1-  mb  -  a). 

—Hi 

This  shows  that 

j  ^(x)  dx  —  j  Six)  dx  ^  5  E  >?•*  +  *(^  “  «)• 


The  right  number  may  be  made  less  than  c  by  a  suitable  choice  of  S  and  the  ri, , 
e.g. 

(10)  ij,  <  6  <  €/4(6  -  a),  S  <  1. 

Thus,  since  for  all  x,  0(x)  >  /(x)  by  (7),  we  have  finally 

(11)  ®  *  j  I</»(x)  -  /(x)]dx  <  «. 

The  inequality  holds  a  fortiori  for  any  upper  limit  x  in  the  interval  a  <  x  <  b. 


2.  Lower  approximation  to  bounded  functions.  We  may  define  a  lower  api- 
proximation  to  fix)  as  an  upper  semi-continuous  function  ^^(x),  such  that 

^(x)  </(x) 
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We  obtain  this  by  applying  the  previous  construction  for  0(i)  to  — /(x),  giving 
a  lower  semi-continuous  function  —  ^(x)  such  that 

-^(x)  >  -fix) 

and 

[-^(x)  -h  fix)]  dx  <  €. 

the  desired  conditions. 

3.  Degree  of  approximation.  To  estimate  the  degree  of  approximation,  we 
notice  that  with  each  set  0*  we  may  associate  the  set  0»  —  .  Each  of  these 

sets  is  of  measure  less  than  tin  .  Again,  by  (10),  the  stun  of  these  sets  for  all 
n,  S,  is  of  measure  less  than  c.  Let  us  consider  any  point  of  the  fundamental 
interval  not  in  S.  It  is  in  some  set  e„ ,  and  hence  in  all  En  with  subscripts 
n  ^  m.  Consequently  for  these  ni  -}-  m  -f-  1  values  it  will  be  in  the  correspond¬ 
ing  On  ,  and  hence  for  this  x  and  all  such  n,  L»(x)  =»  1.  Again,  the  point  will  not 
be  in  any  of  the  sets  0,  —  ,  if  n  >  m,  and  therefore  not  in  any  other  0* , 

with  n  >  m.  Thus  for  values  of  n  >  m,  L«(x)  =  0.  From  the  definition  of 
^(x)  given  in  (6)  we  have  in  this  case 

^(x)  =*  J[ni  -f  m  -h  1]  —  Wii  =  (m  -H  l)i. 

But,  as  X  is  in  e,w , 

mb  ^  fix)  <  (m  -f  1)5, 

so  that 

(12)  0  <  ^(x)  -  fix)  ^  S 

This  proves  that,  except  in  S,  ^(x)  approximates  fix)  to  within  i.  Since  5  is 
only  subject  to  (10),  it  may  be  arbitrarily  small. 

Similar  remarks  apply  to  ^(x). 

We  may  summarize  the  results  so  far  obtained  in: 

Theorem  I.  For  any  bounded  measurcd>le  function  fix)  (|/(x)  j  <  N),  defined 
for  a  ^  X  ^  b,  and  a  preaasigned  positive  quantity  «,  there  exists  two  semi-con¬ 
tinuous  functions  ^(x)  and  ^(x),  each  numerically  at  most  N,  such  that 

(13)  ^(x)  <  fix)  <  0(x) 

for  all  X,  and  except  for  a  set  of  values  of  x,  S,  of  measure  less  than  e,  each  of  these  - 
functions  approximates  fix)  uniformly  to  within  e;  that  is 

(14)  fix)  -  ^(x)  <  *,  ^(x)  -  fix)  <  c 

except  on  S,  where  MiS)  <  e. 

Finally,  for  any  x  between  a  and  b,  inclusive, 

(16)  £  [^(x)  -  fix)]  dx  <  e 
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and 

(16)  £  {fix)  -  iix)]  dx  <  € 

4.  Sequences  of  approziinate  functions.  Let  us  start  with  a  bounded  func¬ 
tion  fix),  and  a  sequence  of  quantities  ci ,  cs ,  ci ,  •  •  •  approaching  zero.  Let 
^n(x)  and  0n(x)  be  the  semi-continuous  functions  and  S’*  the  exceptional  set 
corresponding  to  whose  existence  is  given  by  Theorem  1.  However,  in  con¬ 
structing  these,  let  us  use  a  succession  of  S^’s  such  that  Sn  is  an  integral  multiple 
of  j|,4j .  Then,  at  any  stage  ii  in  ==  kin+i ,  the  set  eZ  will  be  replaced  by  k 
sets  where  m  =  km,  kirn  1),  •  •  •  ,  kim  k  —  1),  such  that 

e:  - 

Each  set  will  be  contained  in  EZ  .  We  may  arrange  that  OZ*^  is  contained 
in  OZ  ,  and  moreover  that  the  enlargements  of  intervals  of  OZ'*^^  are  contained  in 
the  enlarged  intervals  of  OZ  .  Under  these  conditions,  we  will  have 

(17)  <l>nix)  >  ^n+l(x),  ^nix)  <  }f^n+lix) 
for  all  x,  and  incidentally 

(18)  <  5". 

Let  S  be  the  set  of  points  common  to  all  the 

S  «  ••• 

Then 

(19)  MiS)  =  lim  M(5")  »  lim  €«  =  0. 

Consider  any  point  x  not  in  S.  It  must  be  outside  of  some  S*,  say  S",  and  hence 
outside  of  all  subsequent  S".  Thus,  for  n  >  N,  vre  have  ' 


so  that 

[^(*)  -  fix)]  <  tn 

(20) 

Similarly 

lim  ^(x)  »  fix) 

except  on  S. 

.(21) 

lim  inix)  =  fix) 

except  on  S. 

Since  the  values  of  0«(x)  steadily  decrease  with  n,  and  always  exceed  —N, 
they  approach  a  limit  at  all  points.  Let  us  put 

(22)  lim  <l>nix)  «  ^(x) 
and  similarly  for  the  increasing  values  of  ^a(x), 

(23)  lim  \^«(x)  =  ^(x). 
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Then  we  have  two  functions  ^(x)  and  ^{x)  with  ^(x)  ^  /(x)  ^  0(x)  for  all  x, 
each  of  Baire’s  second  class  and  each  of  which  can  differ  from  /(x)  only  on  the 
set  S,  of  measure  zero.  We  say  that  these  functions  are  equivalent  to/(x). 

We  also  note  that  outside  of  any  set  S",  which  may  be  taken  of  arbitrarily 
small  measure,  the  functions  ^*(x)  and  ^»(x)  approach  /(x)  uniformly.  This  is 
in  accord  with  Egoroff’s  theorem. 

We  collect  these  facts  in 

Theorem  IL  Every  bounded  measurable  function  /(x)  is  equivalent  to  two 
functions  of  Baire’s  second  class,  and  it  is  intermediate  to  them  for  all  values  of  x. 

5.  Infinite  intervals  and  unbounded  functions.  If  /(x)  is  -positive,  f(x)  ^  0, 
unbounded  and  measurable  on  an  infinite  or  semi-infinite  interval,  we  may 
obtain  an  approximation  theorem  similar  to  Theorem  II  as  follows.  We  define 
truncated  functions  F„(x)  as  follows: 

Fn(x)  =  0,  X  ^  — n  or  x  ^  n 

(24)  Fn(x)  =  fix),  —n  <  X  <  n  and  0  ^  fix)  ^  n 

Fnix)  =  n,  —n  <  X  <  n  and  fix)  >  n 

The  function  F,(x)  is  bounded,  and  on  that  part  of  the  finite  interval  —  n  < 
X  <  n  outside  of  S"  may  be  approximated  from  below  to  within  e,  by  a  semi- 
continuous  function  ^»(x).  We  make  this  zero  for  x  ^  —  n  and  x  ^  n.  If 
the  construction  is  similar  to  that  previously  used,  the  functions  ^..(x)  will 
increase  with  n,  and  so  approach  a  limiting  function 

.  lim  ^,(x)  =  ^ix) 

which  may,  of  course,  be  infinite.  The  exceptional  sets  will  have  added 
parts  between  n  and  n  H-  1,  and  — n  and  — n  —  1,  but  we  may  arrange  that 
that  part  of  S""*"*  in  the  interval  — n  <  x  <  n  is  included  in  5".  Then  any  x  not 
in  all  the  sets  <S",  i.e.,  not  in  S,  a  set  of  measure  zero,  will  for  n  >  N  >  |  x  |, 
where  x  is  outside  of  S",  be  outside  of  all  the  5".  Thus,  for  this  x,  we  will  have 

^(x)  «  fix). 

As  this  holds  except  on  a  set  of  measure  zero,  fix)  is  equivalent  to  ^(x). 

For  a  function  of  unrestricted  sign,  we  write 

(25)  fix)  =  p(x)  +  nix), 
where 

p(x)  =  fix),  if  fix)  >  0 

p(x)  =  0,  if  fix)  ^  0 

and 

nix)  =  fix),  if  fix)  <  0 

nix)  «  0,  if  fix)  ^  0. 
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Then  if  f{x)  is  measurable,  p(x)  and  n(x)  will  each  be  measurable.  By  the  argu¬ 
ment  for  a  positive  function,  we  may  find  a  function  P(x)  of  Baire’s  class  two, 
the  ^(i)  above,  equivalent  to  p(x).  Similarly  there  is  an  N(x),  the  —^(x)  for 
—nix),  equivalent  to  n(x).  Thus,  finally, 

(26)  B(x)  =  Fix)  4-  Nix) 

is  a  function  of  Baire’s  class  two,  equivalent  to  fix).  This  proves  the  well  known 
fact: 

Theorem  III.  Every  measurable  function  ion  an  infinite  or  finite  interval)  is 
equivalenl  to  a  function  of  Baire’s  second  doss. 

Corollary.  If  the  function  fix)  is  summable  on  the  interval  of  integration, 
which  may  be  infinite,  we  may  write: 

j  fix)  dx  =  j  Bix)  dx. 

6.  Approximations  by  continuous  functions.  In  the  previous  discussions  we 
were  careful  to  have  our  approximating  functions  steadily  increase,  or  decrease 
so  that  a  limit  was  approached  at  all  points,  including  those  of  the  exceptional 
set.  If  we  give  up  this  last  requirement,  we  do  not  obtain  an  equivalent  func¬ 
tion,  but  may  dispense  vdth  one  limiting  process.  Let  us  recall  the  construction 
of  section  1,  and  instead  of  using  the  lower-semi-continuous  fimction  Lnix),  use 
the  corresponding  continuous  functions  C«(x),  which  result  when  only  k  of  the  en¬ 
larged  intervals  are  taken.  By  taking  k  sufficiently  large,  the  sum  of  the  omitted 
intervals  will  not  exceed  .  This  leads  us  to  define  the  continuous  function 

(27)  o(x)  «  «  Cnix)  —  nii 

-»i 

We  regard  the  exceptional  set  S  here  as  made  up  of  the  sets  0»  —  En,  and  the 
enlargements  previously  used,  as  well  as  of  the  omitted  intervals.  The  reason¬ 
ing  of  section  3  still  applies  to  values  of  x  not  in  the  exceptional  set,  and  show 
that 

0  <  a(x)  —  fix)  <  S 

for  points  not  in  S,  but  for  points  in  S  we  have  merely 

a(x)  <  N. 

We  may  form  a  function  /3(x),  similar  to  a(x),  approximating  fix)  from  below. 
We  summarize  the  facts  here  in 

Theorem  IV.  For  any  bounded  measurable  function  fix)  (|  fix)  |  <  N), 
defined  for  a  ^  x  ^  b,  and  a  given  positive  quantity  t,  there  exist  two  continuous 
functions  aix)  and  j3(x),  each  numerically  at  most  N,  such  that 

(28)  0ix)  <  fix)  <  aix) 
and 


fix)  -  /3(x)  <  e. 


aix)  -  fix)  <  t 
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except  on  S,  where 


MiS)  <  €. 


Finally,  for  any  x  between  a  and  h,  inclusive 

I  ot{x)  -  fix)  \dx  <  € 

and 


/  |/(a!) -/3(x)|dx  <  e. 

Let  us  next  recall  the  construction  of  section  5,  for  unbounded  functions  on 
infinite  intervals.  For  a  positive  function  of  this  type,  we  define  F,(x)  by  (24), 
and  form  a  function  /3»(x)  for  it.  Since  we  may  regard  the  exceptional  sets 
as  similar  to  those  previously  used,  together  with  omitted  intervals,  and  at  each 
stage  retain  all  intervals  not  previously  omitted,  we  may  arrange  that  /S”  includes 
that  portion  of  in  the  interval  — n  <  x  <  n,  as  before.  This  will  lead  to  a 
set  of  functions  /l«(x),  approaching  fix)  outside  of  S.  For  a  function  of  un¬ 
restricted  sign,  we  put  as  before 

fix)  »  p(x)  -H  n(x) 

and  form  a  sequence  of  functions  /9n(x)  for  p(x),  and  a„(x)  for  n(x),  where  — a«(x) 
is  analogous  to  /3»(x)  for  —  n(x).  We  may  then  put 

7«(x)  =  Unix)  -f  /3,(x), 

*  and  so  obtain  a  sequence  of  continuous  functions  approximating  fix)  where 
fix)  is  finite  and  becoming  infinite  where  fix)  is  <» .  That  is. 

Theorem  V.  Every  measurable  function  fix)  ion  an  infinite  or  finite  interval) 
is,  except  on  a  set  S  of  measure  zero,  the  limit  of  a  sequence  of  contintums  functions, 
ynix). 

If  the  positive  function  fix)  is  summable  on  the  infinite  integral,  for  n  suffi¬ 
ciently  large,  say  >ni  we  will  have 

f  |/(x)  -  Fnix)  I  <  €,  n  >  ni . 

If  we  choose  the  tn  properly,  we  may  arrange  that 

lim  n«n  0. 

We  now  select  n  >  ni,  and  also  so  large,  say  >  nt ,  that 
4n«,  <  €,  n  >  n* . 

Then 


I  Fnix)  -  Pnix)  I  dx  =  I  Fnix)  “  /9,(x)  I  dx  ^  4n«,  <  «, 
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since  the  integrand  is  less  than  n  4-  <  2n  on  the  exceptional  set  of  measure 

less  than  ,  and  on  the  remaining  set  of  measure  less  than  2n,  the  integrand  is 
less  than  «„  .  Thus 

/  |/(x)  - /S,(x)  I  di  <  2€. 

For  anj'  function  this  applies  to 

I  p(i)  -  /3,(x)  I  and  |  n(x)  -  a,(x)  |, 

and  proves  the 

CoROLL.^R\.  If  the  function  f(x)  is  mmmable  on  the  interval  of  integration, 
which  may  be  infinite,  we  have 


and 

j  I  fix)  —  7,(x)  I  dx  <  €,  n  >  n,. 

7.  Reimann-Integrable  functions.  The  usual  definition  of  Riemann  sums  for 
a  bounded  function /(x)(|/(x)  |  ^  N),  on  a  finite  interval  is: 

MiAi  and  X) 

where  the  are  intervals,  k  in  number,  whose  maximum  length  approaches  zero, 
and  the  M, ,  mi  are  greatest  and  least  upper  bounds  in  the  intervals  Ay .  If  we 
take  interv'als  of  width  2h  about  each  end  point  of  an  interval  A,- ,  we  may  define 
a  continuous  function  0(x)  as  follows.  The  function  ^(x)  =  Mi  in  the  intervals 
A, ,  diminished  by  the  intervals  of  width  h.  At  a  point  on  the  side  of  the  greater 
Mi ,  we  put  ^(x)  *=  A/<  in  the  h  interval.  Otherwise  we  make  ^(x)  a  linear  func¬ 
tion.  Similarly  a  continuous  function  ^(x)  may  be  set  up  from  the  values  of  m, . 
Evidentlj’ 

(29)  iix)  ^  fix)  ^  0(x), 

and  * 

(30)  j  I  ^(x)  -  \ffix)  I  dx  ^  53  (m,  -  m<)A*  -f  2khN 

When  the  function  is  Riemann  integrable,  the  first  sum  here  approaches  zero 
with  maximum  Ai .  A  necessary  and  sufficient  condition  for  this,  due  to  Le- 
besgue,  is  that  the  function /(x)  be  continuous  except  at  a  set  of  points  of  measure 
zero. 

The  second  sum  approaches  zero  with  kh. 

Let  us  form  a  sequence  of  functions  0.(x)  and  ^n(x),  where  in  each  case  the 
new  intervals  are  obtained  by  subdividing  the  old,  and  choose  decreasing  hn 
so  that  k„hn  approaches  zero.  Then  the  values  of  ^n(x)  will  steadily  decrease. 
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and  80  tend  to  a  limiting  function  ^(x),  while  ^.(x)  will  steadily  increase  to  a 
limiting  function  ^(x).  From  (29)  and  (30). 

^(x)  ^  fix)  ^  0(x), 

and 

/  I  ^(x)  -  Hx)  1  dx  =  0. 

Consequently,  except  on  a  set  of  measure  zero,  we  will  have 

^(x)  =  fix)  =  ^(x), 

so  that  we  have  proved: 

Theorem  VI.  Every  hounded  Riemann-integrable  function  is  equivalent  to  an 
upper  semi-continuous  function  which  cUways  exceeds  or  equals  it,  and  a  lower 
semi-continuous  function  which  it  always  exceeds  or  equals. 

We  note  that  the  construction  just  used  is  essentially  that  of  section  1,  with 
the  open  sets  On  replaced  by  finite  sets  of  intervals.  This  change  is  made  possible 
by  the  Riemann  integrability  of  our  function. 

If  we  had  a  positive  unbounded  function  on  an  infinite  interval,  continuous 
except  on  a  set  of  measure  zero,  and  we  applied  the  process  of  section  5  to  it, 
each  function  F,(x)  would  be  Riemann-integrable.  Hence  we  could  by  the 
argument  for  Theorem  VI,  find  a  continuous  function  \^n(x)  approximating 
Fnix)  from  below  to  within  except  in  a  set  of  measure  less  than  €, .  This 
leads  to  a  sequence  of  continuous  functions  ^«(x),  such  that 

•  lim  ^«(x)  =  ^(x), 

since  the  ^.(x)  increase,  and  ^(x)  is  equivalent  to  fix).  The  argument  of 
section  5  then  applies  unchanged  to  give: 

Theorem  VII.  Every  iunbounded)  function  on  an  infinite  interval,  continuous 
except  on  a  set  of  measure  zero,  is  equivcdent  to  a  function  of  Baire's  first  class. 
In  particular,  if  every  truncated  function  obtained  from  fix)  or  \  fix)  |  is  Riemann 
integrable,  then  fix)  is  equivalent  to  a  function  of  Baire's  first  doss. 

The  equivalent  function  may  be  regarded  as  the  sum  of  a  lower  semi-continu¬ 
ous  and  an  upper  semi-continuous  function. 

8.  Classification  of  Functions.  Carath^odory  has  given  a  classification  of 
finite  functions  measurable  on  finite  intervals  into  four  classes,  as  follows: 

I.  Functions  which,  on  their  region  of  definition  are  equivalent  to  continuous 
functions. 

II.  Functions  which  are  continuous  on  a  subregion  of  their  region  of  definition 
of  the  same  measure. 

III.  Functions  which  are  equivalent  to  a  function  of  Baire’s  class  one  on  their 
region  of  definition. 

IV.  Unrestricted  measurable  functions. 

He  shows  that  each  of  these  classes  is  more  restricted  than  that  which  follows. 
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i.e.  each  class  contains  all  functions  of  the  preceding  classes,  and  contains  some 
functions  not  in  the  earlier  class. 

This  classification  depends  essentially  on  the  region  of  definition.  In  fact, 
in  some  cases,  omitting  a  set  of  zero  measure  may  change  the  class.  Thus  by 
Theorem  V,  if  the  set  iS  be  omitted,  any  measurable  function  becomes  of  class 
III.  Again,  directly  from  the  definition,  every  function  of  class  II  becomes  of 
class  I,  if  an  appropriate  set  of  measure  zero  be  omitted. 

We  shall  set  up  a  classification  for  functions  defined  on  sets  of  positive  measure 
which  avoids  this  diflSculty.  We  always  take  the  region  used  in  the  classification 
as  the  smallest  finite  or  infinite  interval  including  all  points  for  which  the  function 
is  defined,  and  consider  the  function  as  zero  for  all  points  in  this  interval  at 
which  the  function  was  originally  undefined.  Thus  our  classes  are: 

I.  Functions  equivalent  on  some  interval  to  a  continuous  function. 

II.  Functions,  not  in  class  I,  equivalent  on  some  interval  to  a  bounded  func¬ 
tion  whose  discontinuities  form  a  set  of  measure  zero. 

III.  Functions,  not  in  classes  I  or  II,  equivalent  on  some  interval  to  a  function 
of  Baire’s  first  class. 

IV.  All  measurable  functions  not  of  the  first  three  classes. 

We  observe  that,  by  Lebesgue’s  theorem,  the  functions  of  class  II,  if  on  finite 
intervals,  are  equivalent  to  Riemann  integrable  functions. 

9.  Semi-continuity  and  the  first  two  classes.  A  function  of  our  class  I  equiva¬ 
lent  to  a  continuous  function  on  an  interval  may  be  uniquely  represented  by  this 
continuous  fimction,  since  two  continuous  functions  are  equal  if  equivalent. 
As  lower  semi-continuous  functions,  or  Mimctions  and  upper  semi-continuous 
functions,  or  u-functions  are  both  classes  including  continuous  functions,  and 
conversely  a  function  which  is  both  I  and  u  is  continuous,  in  terms  of  semi¬ 
continuity  the  funciiom  of  our  dasa  I  are  those  equivalent  to  a  function  which, 
itself,  is  hdh  I  and  u. 

A  function  equivalent  to  two  functions,  fi  an  Irf unction  and  ft  a  u-f unction  on  an 
interval  is  of  our  class  II.  For,  let  ^n(x)  be  an  increasing  sequence  of  continuous 
functions  approaching  /i ,  and  ^»(z)  be  a  decreasing  sequence  of  continuous 
functions  approaching  ft .  Then,  except  on  a  set  of  measure  zero,  2, 

^•(x)  ^  fiix)  »  /,(x)  ^  <^»(x),  X  7^  £. 

Hence,  since  ^.(x)  and  ^(x)  are  continuous, 

Mx)  ^  ^(x) 

at  all  points.  For,  if  ^,(x)  —  ^n(x)  were  positive  at  any  point,  it  would  be  posi¬ 
tive  on  a  set  of  positive  measure.  From  the  last  inequality,  we  have 

flit)  ^  /.(2). 

If  /i(x)  is  any  fimction  such  that  /i(x)  ^  /i(x)  ^  /i(x),  then 

/»(x  +  h)  ^  /i(x  +  h)  ^  /i(x)  —  <  since  /i(x)  is  I 
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Similarly  f»{x  +  h)  ^  /j(x  +  h)  ^  /*(x)  +  «,  since  /*(x)  is  u.  Hence  /i(x)  is 
continuous  at  all  points  where  /i(x)  =  /i(x)  or  except  at  a  set  of  measure  zero. 
Thus  it  is  of  our  class  II. 


10.  Equivalent  u-functions.  Let  /(x)  be  a  bounded  measurable  function. 

If  F(x)  **  j  fix)  dx,  the  derived  numbers  for  F,  D^F  (or  U~F,  D+F,  D-F) 

yield  measurable  functions,  bounded  above.  The  upper  bound  of  any  one  of 
these  in  any  open  interval  is  the  same  as  that  of 


1 


Xi  —  Xi 


Fix,)  -  Fjxi) 

Xt  —  Xi 


for  xi  and  x,  in  the  open  interval.  As  an  upper  limit  function,  it  is  u.  The 
lower  bound  of  these,  for  all  open  intervals  including  a  given  point  x,  defines  a 
fimction  /»(x),  which  is  a  u-function,  since  it  is  the  lower  bound  of  a  set  of  ti- 
functions. 

This  function /«(x)  has  the  following  properties: 

a)  fuix)  is  the  same  for  two  equivalent  functions. 

b)  If  fi  and  f,  are  equivalent  to  two  functions  /i  and  f,  such  that  /i  ^  /s  at  all 
points,  then  the  corresponding  fjs  satisfy  the  same  relation. 

c)  At  a  point  of  continuity,  Xo ,  /*(xo)  =  /(xo). 

This  follows  from  fix  +  ^)  =  /(xo)  +  6e  which  leads  to 

— /  fix)  dx  =  fixo)  +  ei€. 

X*  —  Xi  Jai 

Let  fix)  be  equivalent  to  fix),  a  u-function  which  is  the  lower  limit  of  a  sequence 
of  continuous  fimctions  ^n(x).  And  let  ^(x)  be  any  continuous  function  which 
exceeds /(x).  Then  from  c)  ^«(x)  **  ^ix)  and  [^.(x)]*  ^ii(x).  Also  from  a) 

fuix)  ™  fuix),  Ai^d  from  these  facts  and  b)  we  have 

fuix)  “  fuix)  S  [^»(x)]„  »  ^,(x)  and  fuix)  ^  ^«(x)  =  i^(x). 


Hence  from  fuix)  ^  ^uix) 

we  deduce  *  fuix)  ^  fix). 


Thus  fuix)  is  the  least  u-function  equivalent  to  fix),  and  is  less  than  any  con¬ 
tinuous  function  which  exceeds  fix). 

11.  Representative  for  Class  H.  The  fuix)  just  constructed  serves  as  the 
smoothest  representative  function  for  any  bounded  function  of  class  II.  By 
appropriate  sign  changes,  we  may  also  use  a  fimction  ft ,  the  greatest  /-function 
equivalent  to  fix),  which  is  greater  than  any  continuous  function  less  than/(x). 

If  fix)  is  equivalent  to  a  bounded  function  we  may  form  Fix)  =  j  fix)  dx 
and  obtain  an/«(x)  and  an/i(x)  by  the  construction  described. 
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If  either  of  these  is  continuous,  both  are,  and  they  are  equal.  The  function 
fix)  is  then  of  our  first  class. 

If  either  is  Riemann  integrable,  both  are,  and  they  are  equivalent  to  each 
other  and  to  fix).  The  function  fix)  is  then  of  our  second  class. 

12.  Functions  of  type  lu  equivalent  to  summable  and  set  functions.  Let 

fix)  be  a  summable  function,  and  consider,  for  any  h,  the  function  Fix)  = 
1  /'*^*  1 

r  /  fix)  dx.  For  all  h  such  that  \  h\  ^  ^  given  x,  let  the  lower  bound 

nJm  iV 

of  these  functions  Fix)  be  F^ix).  As  the  lower  bound  of  a  set  of  continuous 
functions,  Fjrix)  is  a  u-function.  As  N  becomes  infinite,  these  u-functions 
Fifix)  increase  (or  at  least  are  non-decreasing)  and  so  approach  an  lu  function 
which  we  shall  call  fiuix).  Evidently  this  function  is  the  minimum  of  D+  and 

Z)_  ,  the  lower  right  and  left  derived  numbers  of  j  fix)  dx.  Since  these  derived 

numbers  are  each  equivalent  to  fix),  so  is  fuix). 

Next  consider  a  measurable  set  on  a  finite  interval,  defining  a  set  (or  charac¬ 
teristic)  function  Eix),  one  on  the  set  and  aero  on  the  complementary  set.  The 
metric  density  u  of  the  set  at  x  is  defined  as  the  limit,  if  it  exists,  ash,k  approach 

1  f*+* 

zero  independently  through  positive  values  of  J  ^i^)  c®se, 

we  may  form  u  i^nd  /!,  respectively  the  lower  and  upper  limits  of  metric  density. 

Evidently  u  is  the  minimum  of  Z)+  and  Z)_  for  /  Eix)  dx,  and  hence  is  Suix). 

•• 

The  values  of  Ej«(x)  satisfy 

0  ^  Siuix)  ^  1. 

We  now  define  a  new  function  Eu  ,  equal  to  0  if  Euix)  is  zero  and  equal  to  1  if 
Eiuix)  >  0.  We  now  recall  that  a  necessary  and  sufficient  condition  for  a  func¬ 
tion  to  be  an  fu  function  is  that  for  all  A,  the  set  of  points  for  which  fix)  >  A 
is  the  sum  of  an  enumerable  number  of  closed  sets.  Thus,  since  Eiuix)  is  lu, 
this  condition  is  satisfied  for  the  points  where  Eiuix)  >  0,  and  hence  for  any  A 
for  the  set  Euix)  >  A,  since  this  set  is  0,  the  set  just  mentioned,  or  the  whole 
interval,  according  as  A  ^  1,  0  ^  A  <  1,  or  A  <0.  Hence  the  function 
Eiuix)  is  lu,  as  our  notation  has  anticipated. 

Except  for  a  set  of  measure  zero,  the  metric  density  m  =  0,  or  1,  a  known  fact 
which  follows  from  the  fact  that  Eiuix)  is  equivalent  to  Eix).  Hence  the  func¬ 
tion  Eiuix)  is  equivalent  to  E(x). 

Next  consider  a  bounded  and  measurable  function  Six),  taking  on  only  a 
finite  number  of  values  ai ,  increasing  with  i,  on  a  finite  interval.  For  each 
value  Of ,  we  form  E,(x)  =  1  if  S(x)  ^  a< ,  and  E<(x)  =*  0  if  Six)  <  a. .  We 
then  form  Euuix)  for  each  of  these  functions  and  Auuix)  =»  aiEuuix).  Finally 
we  define  Siuix),  for  any  x  as  the  largest  of  the  functions  A,i«(x).  It  is  an  lu  func¬ 
tion,  as  the  upper  bound  of  a  set  of  lu  functions.  It  is  equivalent  to  <S(x),  since 
the  set  of  points  where  <S(x)  =  a.  are  those  where  E<(x)  =  1  and  at  the  same 
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time  Ei^t(x)  »  0.  But  these  two  sets  are  equivalent  to  the  sets  where  Auuix) 
=  a, ,  and  where  A(,-+i)j«(x)  *=  0. 

13.  Functions  of  type  lu  for  any  functions.  For  any  measurable  function 
/(x)  we  shall  now  define  a  function /i«(x),  of  type  lu,  equivalent  to  it  on  any  finite 
interval.  We  begin  by  forming  a  function  on  any  finite  interval  like  <S(x),  but 
taking  on  an  enumerable  number  of  values,  and  approximating /(x)  uniformly  to 
within  €.  We  consider  a  set  of  such  functions  <S,(x),  each  approximating  /(x) ' 
at  all  points  where  /(x)  is  finite  to  within  Cn  ,  with  decreasing  to  zero.  We 
take  each  c»  a  sub-multiple  of  the  preceding,  and  let  each  set  of  a,-  be  retained  in 
the  following  set.  In  particular,  let  us  take  5«(x)  =  a<  when  a,-  ^  /(x)  <  o,+i . 
Then  the  Sniu(x)  formed  from  Sn(x)  form  an  increasing  (or  at  least  never- 
decreasing)  sequence,  approaching  an  lu  function  /i«(x). 

We  show  that  this  definition  is  independent  of  the  o,-  used,  by  finding  its  equiva¬ 
lent  in  terms  of  metric  density.  We  shall  show  that  fuixo)  =  a,  if  for  all  e 
sufficiently  small,  the  set  /(x)  >  a  —  ( has  m  >  0  at  Xo ,  and  the  set/(x)  >  o  -1-  e 
has  u  =  0  at  Xo .  For  if  a,-  ^  a  <  a,-4i ,  the  set  Sn(x)  ^  Ui+i  is  included  in 
/(x)  ^  a,+i  >  a,  and  so  eventually  has  a  =  0,  while  the  set  Sn(x)  =  o<_i  or 
includes  the  set  a,_i  ^  /(x)  <  a,+i  and  so  eventually  has  /*  >  0.  Thus  Sniu(xo) 
is  Ui-i  or  a. ,  within  2  Cn  of  a,  and  so  approaches  a,  and/i»(xo)  =  a. 

We  see  that  /j«(x)  is  equivalent  to/(x),  by  noting  that  if  we  omit  the  set  where 
both  are  infinite,  |  /(x)  —  /j«(x)  |  has  its  integral  over  any  sub-interval  zero. 

14.  Representative  functions  for  classes  m  and  IV.  The  function  /{.(x) 
equivalent  to  /(x)  may  sei:::\’e  as  the  smoothest  representative  function  for  any 
function  of  our  class  III  or  IV. 

With  appropriate  changes  in  sign  in  the  definition  of  fuix),  we  may  define 
/«i(x)  SB  Aid  function  equivalent  to  /(x).  We  have  futixo)  =  a  if  the  set  /(x)  > 
a  -f  « has  A  <  1»  and  the  set/(x)  >  a  —  t  has  m  =  1  at  Xo .  This  may  also  serve 
as  the  smoothest  representative  function  for  any  function  of  our  class  III  or  IV. 

These  functions  //y(x)  and  /«j(x),  have  the  following  properties  which  we  state 
for/i»(x)  only,  in  most  cases,  the  results  being  similar  for/B/(x). 

a)  They  are  the  same  for  any  two  equivalent  functions. 

b)  If  fix)  ^  Pi(x),  and  gix)  is  any  function  equivalent  to  pi(x),  then  /i»(x)  ^ 
Qiuix).  This  follows  from  the  easy  consequence  of  the  definition  that  if  fix)  ^  0 
at  all  points,  so  is  fiuix). 

c)  If  lim  p»(x)  =  /i(x),  uniformly  in  x,  where  fiix)  is  any  function  equivalent  to 
fix)  then  lim  Qntuix)  —  fiuix)  uniformly  in  x.  This  follows  from  the  fact  that  if 
I  fix)  I  g  V,  SO  is  I  fiuix)  I  ^  IJ. 

d)  At  a  point  of  approximate  continuity  of  fix),  that  is  where  the  set  fix)  > 
a  —  « has  metric  density  m  =  1,  and  the  set  fix)  >  o  -|-  « ^  metric  density  m  =  0, 
fiuix)  =  a.  Hence  fiuix)  =  fuiix)  at  these  points. 

e)  If  fix)  and  gix)  are  approximately  continuous  at  Xo ,  then  [/(xo)  +  p(xo)]u  = 
fiuixo)  +  giuixn). 
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Since  f(x)  is  approximately  continuous  at  all  points  of  the  Lebesgue  set,  where 
1/(0  -  a\di  =  |/(x)  —  a  I  for  all  a,  properties  d)  and  e)  apply  at 

_i 

these  p<xnts. 

15.  Approxiinate  limits.  Kempisty  has  defined  the  greatest  approximate 
limit  of  a  function  at  a  point  Xo  on  the  right  L*,  as  the  lower  bound  of  real 
numbers,  a,  for  which  the  metric  density’  of  the  set  /(x)  ^  a,  x  ^  Xo  is  1.  This 
amounts  to  taking  L*  as  the  number  dividing  the  class  (i  of  the  set  /(x)  >  a, 
X  ^  ajB  for  M  =  0  and  ji  >  0.  Similarly  his  definition  of  is  the  number  dividing 
the  class  u  for  the  same  set  for  s  <  1  and  js  —  1. 

He  proves,  as  follows,  that  the  segments  V'  ^  y  and  F  ^  y  ^  L~,  must 
overlap  except  at  an  enumerable  number  of  points.  Here  F  and  L“  are  defined 
similarly  to  I*'  and  L***,  except  that  the  sets  on  the  left  of  Xo ,  x  ^  Xo  are  used. 
If  the  rationale  be  enumerated,  r< ,  for  any  point  at  which  F  >  L^,  there  is  a 
rational  r*  with  least  k  such  that  F  >  r*  >  L^.  Since  m  *  0  for  /(x)  > 
and  X  ^  Xo ,  there  is  a  rational  point  with  least  m  such  that  for  any  xo  < 
(  <  Tm,  the  measure  of  /(x)  >  r*  in  the  interval  Xo  <  x  <  { is  less  than  e(x  —  Xo). 
Similarly,  since  u  =  1  for  /(x)  >  F,  and  x  ^  xo ,  there  is  a  rational  number  r, 
with  least  n  such  that  for  any  r,  <  f  <  xo ,  the  measure  of  f(x)  >  r*  in  the 
interval  f  <  x  <  Xo  is  greater  than  (1  —  e)(xo  —  x).  Hence,  if  we  take  e  =  i, 
we  associate  with  each  point  where  F  >  a  triad  of  rational  numbers  r* , 
Tm,  Tn  .  Two  different  points  Xo  and  Xo  can  not  have  the  same  triad,  as  this 
leads  to  contrary  results  for  the  measure  of  /(x)  >  r*  in  the  interval  Xo  <  x  <  Xo  . 
But,  the  triads  are  enumerable. 

The  argument  proves  the  further  result  that  the  points  Xo  where,  on  one  side 
of  Xo ,  is  greater  than  jT  for  the  other  side  form  at  most  an  enumerable  set. 

If  we  define  as  the  number  separating  «  =  0  from  jn  >  0  on  the  right, 
and  {lu)"^  as  the  number  separating  m  <  1  from  m  =  1  on  the  right,  for  the  set 
/(x)  >  o,  we  see  that 

L*  ^  (iM)+  ^  t  and  L+  ^  (uf)-"  ^ 

so  that  the  difference  |  (id)'*'  —  |  ^  F'*’  —  V'.  The  difference  (uZ)"^  — 

(JLu)^  may  have  either  sign,  we  may  have,  simultaneously  m  =  1,  «  »  0.  An 
example  is  obtained  from  the  set  formed  on  the  middle  third  principle,  but  using 
first  J,  then  i,  then  J,  etc.  The  function  which  is  1  on  the  even  intervals  and  0 
on  the  odd  ones  has  Ji  =  1,  m  =  0  on  one  side  at  all  the  end  points  of  intervals. 

Our  functions  /j«(x)  and  /««(*)  are  obtained  by  selecting  the  largest  of  (Zu)^ 
and  (Zu)“;  and  the  smallest  of  (wZ)"^  and  (td)“. 

16.  Relations  of  /<«  and  /«<  to  /.  and  /i .  Suppose  /(x)  is  a  u-function  at  Xo . 
Then,  since  /(xo  +  ^)  <  /(xo)  +  t,  for  all  sufficiently  small  h,  for  the  metric 
density  of  /(x)  >  /(xo)  +  «,  we  have  m  =  0.  Hence  m  <  1,  and  a  *  0,  so  that 

/(lo)  ^  /te(*o)  and  /(xo)  ^  /«i(xo). 
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Suppose  f(x)  is  bounded  in  some  interval.  Then  we  may  form  /«(x),  as  in  section 
10.  Since  /j«(x)  is  equivalent  to  /(i),  and  the  inequality  just  found  holds, 

/«(x)  ■■  |yiM(x)]«  ^  /te(x)« 

Similarly 

fu{x)  ^  fuiix) 

and  the  same  considerations  applied  to  /i(x)  show  that  fiu(x)  and  fui(x)  each  lie 
between /«(x)  and/i(x). 

Since,  if  the  function  is  of  our  class  I,  /*(x)  =  /j(x);  it  follows  that  for  these 
functions  we  shall  have  /j»(x)  and  fuiix)  reducing  to /,(x)  and  /i(x). 

Again,  if  the  fimction  is  of  our  class  II,  since  /u(x)  and  /<(x)  are  Riemann  inte- 
grable,  so  are  the  functions  fiuix)  and/»i(x)  which  lie  between  them. 

If  fix)  is  continuous  at  xo ,  in  the  interval  Xo  —  5<x<XoH-iin  which 
I  fix)  —  fix«)  I  <  €,  we  shall  have 

/(xo)  -  €  <  fiix)  ^  /«(x)  <  /(xo)  +  *, 

so  that  /{(x)  and  /.(x)  are  both  continuous  at  this  point.  Hence,  or  directly,  we 
see  that  fiuix)  and  fuiix)  are  both  continuous  at  xo  any  point  of  continuity  of 
/(*). 

If  fix)  is  of  our  class  III,  it  is  equivalent  to  a  function  of  Baire’s  first  class, 
gix).  This  function  is  continuous  on  an  everywhere  dense  set.  Hence  fiuix) 
and  fuiix),  equal  respectively  to  guix)  and  guiix),  are  continuous  on  an  every¬ 
where  dense  set.  Thus  they  are  of  Baire’s  first  class. 

Hence  the  functions  fiuix)  and  fuiix)  correctly  represent  the  general  function 
as  to  Baire’s  class,  being  continuous,  Riemann  integrable,  of  Baire’s  first  class, 
or  of  Baire’s  second  class  whenever  fix)  admits  any  such  equivalent  function. 
They  are  thus  of  the  smoothest  possible  type  of  equivalent  function. 

17.  The  discontinuities  of  fuix)  and  fuiix).  The  functions  fuix)  and  fuiix) 
preserve  continuity  at  all  points  where  fix)  has  this  property.  To  show  to  what 
extent  they  may  preserve  discontinuity,  we  shall  now  prove  that,  given  any 
function  fix),  there  exists  a  function  gix)  such  that  guix)  or  guiix)  are  discontinuous 
at  all  points  where  fix)  is  discontinuous. 

We  begin  by  recalling  Carath^odory’s  example  of  a  function  of  class  IV, 
totally  discontinuous  on  an  interval.  We  mark  off,  on  a  unit  interval,  a  centered 
interval  of  length  Then,  in  each  of  the  remaining  intervals,  we  mark  off  a 
centered  inter\’al  of  length  and  repeat  the  process,  obtaining  a  set  of  open 

intervals  Bi ,  of  total  length  \  +  2-^  +  2*'^,  -f  •  •  •  *  L  We  then  define  in 

4  4*  4*  2 

succession;  Ai ,  the  closed  set  complementary  to  Bi  on  the  unit  interval.  At , 
the  set  obtained  from  Bi  by  omitting  sets  of  open  intervals  Bt ,  bearing  the  same 
relation  to  the  intervals  of  Bt  that  Bi  did  to  the  unit  interval.  A|  is  obtained 
from  Bi  by  omitting  sets  of  open  intervals  Bi ,  and  so  on.  Now  form  the  set 
Ai  -f-  A*  -f  A»  -H  •  •  •  ,  and  let  Eix)  be  1  on  this  set  and  zero  on  the  comple- 
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mentary  set.  On  any  interval  of  5*  ,  the  measure  of  the  set  Ah+i  is  of  measure 
§  of  its  length.  But,  as  any  point  contains  in  any  neighborhood  complete  inter¬ 
vals  bdonging  to  odd  and  even  ,  it  contains  points  where  E{x)  =  1,  and  where 
B(x)  0  of  [Kieitive  measure,  and  hence  is  discontinuous  at  this  point  in  such  a 
way  that  any  equivalent  function  is  also  discontinuous. 

We  next  form  a  function  C{x)  discontinuous  in  this  way  on  any  closed  set. 
Let  the  closed  set  have  as  its  complementary  open  set  intervals  /* ,  which  we 
order  according  to  sise.  We  put  C(x)  =  1  on  /i ,  =  —  1  on  /i  and  then  for  /*  , 
+  1  unless  the  nearest  intervals  on  each  side  with  smaller  subscript  are  both 
marked  -f- 1,  in  which  case  we  use  —  1. 

If  the  closed  set  contains  any  intervals,  we  construct  on  each  of  them  a  function 
similar  to  E(x)  defined  above.  Then  the  function  is  continuous  on  the  intervals 
Ik ,  but  discontinuous  on  any  point  belonging  to  intervals  of  the  closed  set,  and 
also  on  any  other  p>oints  of  the  closed  set,  since  these,  as  limit  |>oints  of  the  open 
intervals  will  have  in  any  neighborhood  some  intervals  where  C{x)  is  -f-l,  and 
some  where  C(x)  »  —1. 

Finally,  let  Si ,  S* ,  •  •  •  be  an  enumerable  number  of  closed  sets.  Form 
functions  gi(x)  similar  to  C(x)  such  that  each  function  gi(x)  is  discontinuous  on 

Si ,  and  has  its  oscillation  c< .  Take  e,-4i  <  \€i .  Then  cy  <  .  Now 

y-<+i 

m 

put  gix)  =  Then  at  any  point,  Xo ,  not  in  any  of  the  closed  sets 

Sy,  Xo  is  always  interior  to  an  interval  where  each  gi{x)  is  continuous,  and  since 
the  series  converges  uniformly,  'g(x)  is  continuous.  But  at  any  point  of  an 
Si ,  gi(x)  has  an  oscillation  c,- ,  and  so  is  discontinuous,  and  a  discontinuity,  once 
introduced,  can  not  be  cancelled  since  the  later  oscillations  are  too  small.  Finally, 
since  all  the  discontinuities  come  from  intervals,  they  will  persist  for  any  equiva¬ 
lent  functions. 

Finally,  we  recall  that,  for  any  function,  the  points  of  discontinuity  form  a  sum 
of  closed  sets,  so  that  our  construction  for  g(x)  proves  our  theorem. 

18.  More  dimensions.  In  higher  dimensions,  we  may  continue  to  classify 
functions  according  as  they  are  equivalent  to  continuous  functions,  equivalent 
to  bounded  Riemann  integrable  functions,  functions  of  Baire  class  I,  or  func¬ 
tions  of  Baire  class  II.  We  may  again  form,  from  any  function  /(xO,  two 
functions  /i«(x,)  and  /ui(x<)  such  that  if  the  sets  where 

/(x<)  >  a  —  «  has  «  >  0,  and  /(x<)  >  a  -}-  «  has  u  =*  0, 
at  a  point  x« ,  then  fuixio)  =  a. 

Here  n  refers  to  metric  density  in  the  number  of  dimensions  used.  Most  of  the 
properties  for  the  one  dimensional  case  may  be  extended,  and  in  particular  these 
functions  give  uniquely  defined  functions  which  represent  sets  of  equivalent 
functions  and  are  themselves  of  simplest  type. 

19.  B4i.p.  Functions.  A  complex  function  of  a  real  variable  is  almost  periodic 
if  it  is  defined  for  all  values  ofx,  — «  <x<-|-*,  and  for  any  given  e,  there 
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is  a  number  T, ,  such  that  any  interval  of  length  exceeding  T,  contains  a  trans¬ 
lation  number  for  e,  t,  .  A  translation  number  for  c,  for  the  distance  type  D, 
is  a  number  such  that 

DUix),  fix  +  T.)l  <  €. 

The  type  of  distance  D  determines  the  t3rpe  of  almost  periodicity.  We  are 
concerned  with  a  distance  D  of  Besicovitch  type, 

Dtlfix),  y(x)]  =  ika  ^  |/(x)  -  flr(x)  |*  dx, 

which  leads  to  functions  almost  periodic  in  the  sense  of  Besicovitch,  or  B.a.p. 
functions. 

Besicovitch  has  proved  that  these  functions  are  the  same  as  the  functions 
obtained  as  uniform  limits  of  trigonometric  polynomials,  in  the  sense  of  the 
distance  Db  •  In  p>articular,  they  have  Fourier  Series  and  are  uniform  limits 
Db  of  the  partial  sums.  He  also  established  a  Riess-Fischer  Theorem,  to  the 
effect  that,  if  a  sequence  of  terms  is  given,  with  2  I  I*  convergent,  then 
a  B.a.p.  fimction  exists,  whose  Fourier  series  consists  of  the  terms,  He 

proves  this  by  finding  a  suitable  series  of  intervals  of  length  Xi ,  Xt ,  ■  ■  ■  Xi  *  *  * 

k 

and  then  defining  /(x)  =  «t(x)  =  ^  tuc*^**  on  the  interval  /*  given  by 

IM*! 

Jb-1  * 

^  X,  <  X  <  2  X,  .  As  each  x,  is  determined  in  turn  sufficiently  large,  we  in 

general  must,  and  always  may,  have  lim  x,  =  « .  We  consider  two  functions  as 
B-equivalent  if  Db[/(x),  g(x)\  =  0.  If  two  functions  are  B.a.p.,  and  have  the 
same  Fourier  series,  they  are'  B-equivalent.  For,  we  have 

Z>«[/(x),  «,(x)]  <  c 
I>B\gix),  s,(x)]  <  < 


and  hence,  since  Db  obeys  the  triangle  inequality 

"  Db\J{.x),  gix)]  <  2«  and  hence  =  0. 

We  shall  now  prove 

For  any  B.a.p.  function,  there  exists  a  continuous  B.a.p.  function,  which  is  B- 
eguivalent  to  it. 

To  show  this,  we  find  the  Fourier  coefficients  of  the  function,  and  then  use  the 
Besicovitch  method  to  determine  x.  ,  so  that  the  function  which  is  St(x)  in  the 

*-l  k 

interval  22  <  *  <  S  has  these  coefficients.  Then  we  determine  a  series 

of  intervals  hk ,  such  that  if  Mk  is  the  maximum  of  |  8k(x)  \  and  |  St+i(x)  |  in  the 

interval  ^  x«  ^  x  ^  22  ,  we  have  hk  <  x*  and  <  **  where  the  tk  are 

n-il  n-l  Xk 

I>ositive  and  decrease  to  zero. 

Finally  we  redefine  fix)  in  the  inter^’al  /*  given  by 


Hxn  —  hkSx^Yhxn 
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by  a  straight  line  function,  joining  continuously  with  «t(x)  and  St+iCx)  at  the  end 
points,  calling  the  new  function  F(x). 

Let  us  consider  the  average  of  |  F(x)  —  fix)  |*  in  the  interval  0  <  x  <  T, 
including  the  first  xy  (;  =  1,  2,  •  •  •  m),  m  in  number.  We  have 

Fix)  —  fix)  =0  in  /*  —  /*,  of  length  x*  —  h* 

Fix)  —  fix)  ^  2Mk  in  /* ,  of  length  ft* ,  ~ 

From  this, 

1  jf  I  F(x)  -  /(I)  r  dt  a  i  E  4MJ/1. 


^  m  52  *kXk 

1  *-l 


We  next  di\Tide  this  sum  into  one  of  g  —  1  terms  and  one  of  m  —  g  +  1  terms, 
and  recalling  that  the  c*  decrease,  and  the  x*  are  positive,  we  have 


S  «*x*  =  £  e*Xk  +  2  c*x* 

*••1  ifc— 1  t— t 

^  «i  52  "I"  *t  S 

*-i 


^  ei 


+  .,r. 


This  shows  that 


|fW-/(x)l*<faS4,.-y-  +  4.,. 

If  we  first  select  9  so  that  4.,  <  4  and  then  keep  g  fixed,  4e,  g  x. 

1 

fixed,  and  if  we  take  T  large  enough,  T  >  Tt  ,we  will  have 


will  remain 


4«i  y.  X* 


<  5. 


Thus,  we  will  have 


i|'|nx)-/(*)l*<faS24;  T>T,. 


This  proves  that  Fix)  is  B-equivalent  to  fix).  Since  fix)  is  B.a.p.,  so  is  F(x) 
and  it  has  the  same  Fourier  series. 

Corollary.  The  B-equivalent  B.a.p.  function  may  he  taken  to  have  deriva¬ 
tives  of  all  orders. 

We  have  merely  to  replace  the  straight  line  parts  of  Fix)  by  suitably  modified 
arcs. 
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20.  Convergent  Sequences  of  B.a.p.  functions.  A  sequence  of  B.a.p.  func¬ 
tions  will  be  defined  as  B-convergent  if  the  relation 

^*1^* »  ^  «  for  ft,  j  >  Nt 

is  true  for  any  c  for  a  suitable  N, . 

We  wish  to  prove  the 

Theorem.  If  a  series  of  B.a.p.  functions  is  B-convergent,  there  is  a  B.a.p. 
function  ^  to  which  it  is  B-convergent,  i.e. 

lim  DaUht  4^]  -  0. 

Consider  the  set  of  functions  <pk .  For  each  of  them  we  have  an  emunerable 
set  of  Fourier  coefficients  and  exponents.  Let  X.  be  an  enumerable  set  of  ex¬ 
ponents  including  the  exponents  with  non-zero  coefficients  for  any  of  the  ipu . 
Then,  by  including  terms  with  zero  coefficients  if  necessary,  we  may  consider 
each  <pk  to  have  the  Fourier  terms  o,ac^**.  Hence,  except  for  some  zero  terms, 
the  function  <pk  —  will  have  the  Fourier  coefficients  (a«fc  —  o,y),  and 
1  »r  «»  • 

^  ^  L  U*  “  w  1*  =  Z  I  -  a«y  I*. 

T—m  1  Jt  n-1 

But,  since  the  sequence  is  B-convergent  for  ft,  j  >  N,,  the  left  member  is  at 
most  c,  so  that 

]d  1*  <  «  for  ft,  j  >  Nt. 

Thus,  the  same  inequality  holds  for  any  one  term  of  the  series,  so  that  by  the 
Cauchy  criterion  we  have  for  each  n  a  set  of  numbers  Onk  which  converge, 

lim  Onk  ^  On  uniformly  in  n. 

i-H* 

Again 

X  I  a«*  I*  =  lim  ^  [  I  I*  dx, 

•-1  r-*«o  i  •% 

and 

where  the  sums  are  finite,  n  =  1  to  m,  or  infinite. 

Thus,  by  the  Cauchy  criterion,  ^  |  a**  |  *  converges  to  a  sum,  say  B,  and  we 
have 

lim  lim  ^  |  o,*  |*  =  B. 

m 

As  the  sum  23  I  o»*  ”  Oni  |*  increases  with  m,  we  obtain  by  the  same  Cauchy 
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argument  that  lim  ^  |  Ont  |*  exists,  uniformly  in  m,  and  it  follows  from  the  last 
two  relations  that  we  may  invert  the  order  of  the  limits  and 

lim  lim  X  I  I*  =  2^  I  I*  = 

m-ttc  k-»m  »— 1  »— 1 

Thus  the  numbers  a,  may  be  used  with  the  exponents  X,  to  give  a  B.a.p.  func¬ 
tion  by  the  theorem  of  Besicovitch.  Let  ^  be  one  such  function.  Then  the 
Fourier  series  for  the  function  ^  is,  except  for  zero  terms,  ~ 
so  that 

lim  ^  [  I  ^  I*  dx  »  £  I  <*»  -  «»*  !*• 

r-»«  1  -h  A-i 

Now  apply  the  argument  previously  used  to  the  set  of  functions  ^  —  ipk. 
These  are  JB-convergent,  and  hence,  as  before 

m  m 

lim  lim  X)  I  o,  —  o«*  I*  =  hm  lim  23  1  o»  —  ««*  I* 

k-»m  »— 1  m-»m  k-»m  »— 1 

=  0. 

The  last  two  equations  show  that  the  given  sequence  converges  to  4't  since 

1  f*" 

lim  lim  =  /  |  f  ^  dx  =  0, 

k-»m  T-*m  1  'O 


or 


lim  ipk\  =  0. 


The  function  ^  may  be  taken  as  continuous,  by  the  preceding  section. 
Massachusetts  Institute  or  Technoloot 
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Bt  Ths  Mathchatical  Tables  Pboject 

The  best  existing  table  of  the  function  Jn{x)  consists  of  an  unpublished  manu¬ 
script  which  has  been  made  available  to  the  Mathematical  Tables  Project  by 
the  British  Association  for  the  Advancement  of  Science.  That  manuscript  has 
the  following  scope 

*  =  0(.1)25;  n  =  0(1)20;  lOD  x  -  0(.01)10;  n  =  0(1)12;  8D 

Over  a  considerable  range,  the  tables  have  but  one  or  two  significant  figures, 
however.  Since  the  function  J«(x)  is  often  required  for  a  constant  number  of 
significant  figures  rather  than  a  fixed  number  of  decimal  places,  the  table  of  the 
function 


Mx)  = 


nf 

w 


J.(x)  =  t,  (-l)*(x/2)” 

*-0 


n! 

klin  +  jfc)! 


(1) 


is  being  made  available  in  the  following  pages,  for  x  ^  10,  and  n  ^  20.  The 
functions  /o(x)  and  /i(x)  are  not  given  here  because  Jo(x)  and  Ji(x)  have  been 
adequately  tabulated  in  this  range  of  x. 

Modified  second  central  differences  are  tabulated  alongside  the  entries.* 


Method  of  Computation 

The  following  recurrence  relations  hold  for  /i,(x).  (Where  no  ambiguity  is 
likely  to  arise,  these  functions  will  be  denoted  by  /,  respectively  ior  the  sake 
of  brevity.) 

Mn+  1) 

If  we  begin  with  n  =>  20  and  proceed  backward,  no  accuracy  is  lost  until 

a:* 

— ; — — >  1 ;  or  X  >  2n  approximately. 

4n(n  1) 

Thus  for  X  ^  10,  no  accuracy  is  lost  for  the  range  of  n  from  20  to  3.  The  com¬ 
putation  therefore  proceeded  as  follows: 

The  functions /jo' ,  /«  ,  and  fu  were  computed  from  the  series  (1)  to  10  decimal 

*  The  symbol  0(.1)25;  lOD,  for  example,  indicates  the  range  of  x  from  0  to  25  at  intervals 
of  0.1  to  10  decimals. 

*  See  the  discussion  of  modified  differences  in  British  Association  for  the  Advancement 
of  Science.  "Mathematical  Tables,  Vol.  I",  pp.  xi,  xii.  For  purposes  of  interpolation 
modified  differences  are  used  exactly  like  ordinary  differences. 
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places,  and  checked  by  the  recurrence  relation  (2).  All  other  values  of  fn  ,  up 
to  n  »  3,  were  computed  from  (2),  and  checked  by  the  formula 

/_i  »  [^1  -  ^  “  4n(n  +  l)(n  +  2) 

This  process  will  be  referred  to  as  the  first  recurrence  chain.  Since  /o(x) 

2 

Joix)  and  fi(x)  ■*  -/i(x),  the  values  of  ft  ,/i  were  available  from  the  tabulated 

X 

values  of  Jo(x)  and  Ji(x).  With  these  values  of  ft  and  fi ,  ft  and  ft  were  com¬ 
puted  and  the  latter  was  checked  against  the  value  of  ft  previously  obtained  in 
the  first  recurrence  chain.  Agreement  could  be  regarded  as  a  check  on  the 
accuracy  of  the  entire  chain  of  values  of  /«(x).  For  small  values  of  x,  the 
first  recurrence  chain  was  carried  through  completely,  and  checked  against 
the  known  values  of  /i(x). 

The  final  manuscript  was  completely  differenced. 
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X 

A 

•«* 

ft 

•«* 

1  ^ 

1  ft 

•«* 

ft 

•5* 

0.00 

1.00000  0000 

-416706 

1.00000  0000 

-312526 

m 

0.67095  5595 

-41142 

0.66539  6401 

-76885 

0.05 

0.99979  1683 

416511 

0.99984  3759 

312404 

2.55 

.56707  4435 

30124 

.65402  6289 

69522 

0.10 

.99916  6927 

415925 

.99937  5156 

312055 

2.60 

.54316  3138 

19177 

.64258  6654 

62166 

0.16 

.99812  6318 

414949 

.99859  4541 

311470 

2.65 

.52923  2649 

-8313 

.63108  4851 

54822 

.99667  0831 

413586 

.99750  2499 

310652 

2.70 

.61529  3830 

+2461 

.61952  8222 

47499 

0.25 

0.99480  1829 

-411836 

0.99609  9848 

-309599 

2.76 

0.50135  7452 

13126 

0.60792  4089 

-40204 

run 

.99252  1062 

409700 

.99438  7640 

308317 

.48743  4179 

23678 

.59627  9746 

32943 

0.35 

.98983  0665 

407181 

.99236  7157 

306805 

2.85 

.47353  4560 

34098 

.58460  2453 

25720 

[[Ki!l 

.98673  3156 

404288 

.99003  9911 

305065 

aEE 

.45966  9014 

44384 

.57289  9431 

18546 

0.45 

.98323  1428 

401017 

.98740  7642 

303096 

2.95 

.44584  7824 

54516 

.56117  7853 

11424 

0.97932  8761 

-397376 

0.98447  2318 

-300905 

0.43208  1121 

64492 

0.54944  4840 

-4363 

0.55 

.97502  8766 

393365 

.98123  6130 

298492 

sViy 

.41837  8878 

74294 

.53770  7452 

+2636 

liiTa 

.97033  6482 

388997 

.97770  1491 

295857 

.40475  0896 

83919 

.52597  2686 

9559 

0.65 

.96525  3267 

384269 

.97387  1035 

293004 

3.15 

.39120  6798 

93353 

.51424  7465 

16409 

0.70 

.95978  6847 

379196 

.96974  7614 

289940 

3.20 

.37776  6016 

102586 

.50253  8637 

23171 

0.76 

0.95394  1295 

-373774 

0.96533  4292 

-286664 

3.25 

0.36440  7782 

111612 

0.49085  2964 

29846 

0.80 

.94772  2031 

368017 

.06063  4344 

283181 

.35117  1120 

120423 

.47919  7120 

36429 

0.85 

.94113  4811 

361929 

.95565  1253 

279493 

3.35 

.33805  4839 

129007 

.46757  7686 

42908 

0.00 

.93418  5721 

355520 

.95038  8706 

275604 

.32506  7522 

137357 

.45600  1141 

49284 

0.05 

.92688  1169 

348794 

.94485  0591 

271520 

3.46 

.31221  7518 

145469 

.44447  3860 

55551 

1.00 

0.91922  7879 

-341765 

0.93904  0091 

-267244 

0.29951  2937 

153331 

0.43300  2108 

61699 

1.05 

.91123  2879 

334435 

.93296  4181 

262782 

3.55 

.28696  1640 

160939 

.42159  2033 

67729 

1.10 

.90290  3497 

326820 

.92662  4623 

258133 

ats 

.27457  1234 

168286 

.41024  9664 

73636 

1.15 

.89424  7347 

318922 

.92002  6964 

253311 

3.65 

.26234  9065 

175364 

.39898  0907 

79413 

1.20 

.88527  2324 

310767 

.91317  6026 

248312 

.25030  2210 

182171 

.38779  1538 

85055 

1.25 

0.87598  6592 

-302332 

0.90607  6807 

-243146 

3.76 

0.23843  7476 

188702 

0.37668  7199 

90560 

1.30 

.86639  8574 

293667 

.89873  4472 

237817 

iKX 

.22676  1389 

194945 

.36567  3394 

95926 

1.35 

.85661  6943 

284744 

.89115  4349 

232331 

3.85 

.21528  0195 

200901 

.35475  5488 

101145 

1.40 

.84635  0610 

275603 

.88334  1923 

226690 

.20399  9849 

206569 

.34393  8700 

106216 

1.45 

.83590  8714 

266243 

.87530  2833 

220908 

3.95 

.19292  6018 

211941 

.33322  8100 

111134 

1.50 

0.82520  0612 

-256683 

0.86704  2861 

-214983 

0.18206  4073 

217014 

0.32262  8606 

115899 

1.55 

.81423  5863 

246924 

.85856  7931 

208922 

\w\U 

.17141  9086 

221783 

.31214  4982 

120506 

1.60 

.80302  4223 

236987 

.84988  4102 

202735 

.16099  6827 

226253 

.30178  1834 

124950 

1.65 

.79157  5628 

226876 

.84099  7560 

196427 

4.15 

.16079  8766 

230418 

.29154  3606 

129234 

.77990  0186 

216610 

.83191  4613 

190000 

4.20 

.14083  2064 

234272 

.28143  4581 

133351 

1.76 

0.76800  8161 

-206196 

0.82264  1686 

-183463 

4.25 

0.13109  9579 

237820 

0.27145  8876 

137299 

1.80 

.75590  9964 

195651 

.  .81318  5314 

176828 

1*2 

.12160  4858 

241062 

.26162  0439 

141080 

1.85 

.74361  6138 

184985 

.80355  2132 

170094 

4.35 

.112351142 

243994 

.25192  3050 

144687 

1.00 

.73113  7347 

174209 

.79374  8873 

163269 

.10334  1363 

246616 

.24237  0316 

148123 

1.05 

.71848  4364 

163339 

.78378  2360 

156364 

4.45 

.09457  8143 

248929 

.23296  5673 

151383 

2.00 

0.70666  8057 

-152386 

0.77365  9497 

-149381 

0.08606  3796 

250939 

0.22371  2381 

154471 

2.05 

.69269  9377 

141365 

.76338  7266 

142327 

4.55 

.07780  0332 

252642 

.21461  3527 

157381 

2.10 

.67958  9343 

130285 

.75297  2719 

135214 

.06978  9454 

254039 

.20567  2021 

160114 

2.15 

.66634  9032 

119161 

.74242  2968 

128044 

4.66 

.06203  2560 

255138 

.19689  0596 

162668 

2.20 

.65298  9566 

108006 

.73174  5182 

120827 

4.70 

.05453  0749 

255935 

.18827  1807 

165048 

2.25 

0.63952  2097 

-  96834 

0.72094  6577 

-113565 

4.76 

0.04728  4819 

256438 

0.17981  8033 

167246 

twit 

.62595  7796 

85656 

.71003  4413 

106271 

-EE2i 

.04029  5273 

256650 

.17153  1473 

169272 

2.36 

.61230  7836 

74484 

.69901  5983 

98950 

4.85 

.03356  2323 

256568 

.16341  4152 

171116 

E&Jli 

.59858  3389 

63333 

.68789  8607 

91605 

.02708  5889 

256205 

.15546  7915 

172785 

2.45 

.58479  5603 

52213 

.67668  9628 

84249 

yjm 

.02086  5608 

255561 

.14769  4431 

174278 

0.57095  5595 

-41142 

0.66539  6401 

-76885 

0.01490  0837 

254641 

0.14009  5193 

175596 

*  These  differences  are  modiffed. 
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-0. 


.05260  1745 

1-0.05397  1824 
.05515  3850 
.05615  2972 
.05697  4449 
.05762  3642 

6.251-0.05810  6006 
6.301  .05842  7080 

6.3^  .05859  2477 

6.40fl  .05860  7876 

6.49  .05847  9013 


.05728  4874 
.05663  7144 
.05587  4372 


•8* 

ft  •«* 

1  * 

254641 

0.14009  5193  175506 

7.50 

253449 

.13267  1519  176738 

7.55 

251991 

.12542  4552  177711 

7.60 

250277 

.11835  5264  178508 

7.65 

248306 

.11146  4453  170139 

7.70 

246090 

0.10475  2750  179602 

7.75 

243630 

.09822  0618  179895 

7.80 

240938 

.09186  8351  180027 

7.85 

238017 

.08569  6081  179908 

7.9C 

234877 

.07970  3779  179807 

7.95 

231525 

0.07389  1255  179461 

8.00 

227967 

.06825  8164  178963 

8.05 

224213 

.06280  4008  178310 

8.10 

220268 

.05752  8135  177512 

8.15 

216144 

.05242  9747  176568 

8.20 

211847 

0.04750  7901  175484 

8.25 

207387 

.04276  1513  174260 

8.30 

202770 

.03818  9360  172902 

8.35 

198005 

.03379  0085  171412 

8.40 

193106 

.02956  2199  169796 

8.45 

188075 

0.02550  4086  168056 

8.50 

182924 

.02161  4007  166199 

8.55 

177664 

.01789  0105  164222 

8.60 

172301 

.01433  0405  162136 

8.65 

166844 

.01093  2821  159942 

8.70 

161304 

0.00769  5160  157647 

8.75 

155689 

.00461  5127  155249 

8.80 

150008 

+0.00169  0326  152761 

8.85 

144271 

-0.00108  1731  150180 

8.90 

138485 

.00370  3624  147514 

8.95 

132662 

-0.00617  8018  144767 

9.00 

126808 

.00850  7659  141943 

9.05 

120931 

.01069  5370  139049 

9.10 

115043 

.01274  4045  136085 

9.15 

109150 

.01465  6647  133056 

9.20 

103264 

-0.01643  6203  129973 

9.25 

97387 

.01808  5796  126834 

9.30 

91531 

.01960  8564  123646 

9.35 

85707 

.02100  7694  120412 

9.40 

79918 

.02228  6419  117139 

9.45 

74173 

-0.023^  8012  113828 

9.50 

68478 

.  .02449  5782  110490 

9.55 

62844 

.02543  3067  107121 

9.60 

57277 

.02626  3235  103730 1 

9.65 

51779 

.02698  9676  1003231 

9.70 

46366 

-0.02761  5797  96901  1 

9.75 

41034 

.02814  5019  93469  B 

o.aqI 

35797 

.02858  0773  90031  B 

30657 

.02892  6496  86592  B 

fl.oni 

25620 

.02918  5626  83158  B 

9.95 

20693 

-0.02936  1597  79728 1 

10.00 

/* 

ft 

*»> 

1-0.03274  9996 

20693 

-0.02936  1507 

797* 

1  .03090  5351 

15881 

.02945  7838 

763U 

1  .02904  4803 

11188 

.02947  7768 

729* 

iB  .02717  3044 

6617 

.02942  4789 

695* 

1  .02529  4644 

+2177 

.02930  2286 

661ff 

1-0.02341  4043 

-2131 

-0.02911  3622 

628U 

B  .02153  5548 

6305 

.02886  2136 

59Stt 

.01966  3332 

10339 

.02855  1136 

562* 

.01780  1428 

14226 

.02818  3900 

52W 

.01505  3724 

17973 

.02776  3668 

497M 

-0.01412  3965 

-21567 

-0.02729  3644 

466* 

.01231  5745 

25011 

.02677  6989 

43501 

.01053  2508 

28302 

.02621  6819 

40tf 

.00877  7545 

31440 

.02561  6203 

37411 

.00705  3903 

34419 

.02497  8161 

34451 

-0.00536  4831 

-37240 

-0.02430  5658 

31517 

.00371  2880 

39903 

.02360  1607 

2m 

.00210  0803 

42407 

.02286  8861 

258M 

-0.00053  1104 

44751 

.02211  0213 

23157 

+0.00099  3873 

46936 

.02132  8396 

204* 

0.00247  1944 

-48958 

-0.02052  6078 

178* 

.00390  1086 

50824 

.01970  5862 

153* 

.00527  9434 

52527 

.01887  0284 

128U 

.00660  5284 

54074 

.01802  1809 

104* 

.00787  7089 

55465 

.01716  2833 

81« 

0.00909  3458 

-56700 

-0.01620  5680 

5911 

.01025  3156 

57778 

.01542  2602 

3737 

.01135  5104 

58705 

.01454  5774 

+16M 

.01239  8374 

59486 

.01366  7298 

.01338  2186 

60115 

.01278  9200 

m 

0.01430  5910 

-60598 

-0.01191  3428 

-4214 

.01516  9062 

60941 

.01104  1855 

6005 

.01597  1299 

61142 

.01017  6273 

77* 

.01671  2419 

61207 

.00931  8398 

9357 

.01739  2356 

61140 

.00846  9866 

109U 

0.01801 1177 

-60943 

-0.00763  2237 

-123* 

.01856  9079 

60615 

.00680  6990 

137* 

.01906  6388 

60168 

.00509  5526 

151* 

.01950  3551 

59602 

.00519  0167 

16364 

.01988  1133 

58922 

.00441  9158 

1758 

0.02019  9814 

-58127 

-0.00365  6667 

-1868 

.02046  0387 

57230 

.00291  2784 

1968 

.02066  3749 

56229 

.00218  8521 

20573 

.02081  0900 

55129 

.00148  4817 

21434 

.02090  2939 

53940 

.00080  2534 

222* 

0.02094  1055 

-52657 

-0.00014  2461 

-2298 

.02092  6529 

51294 

+0.00049  4687 

2358 

.02086  0724 

49849 

.00110  8266 

2418 

.02074  5083 

48333 

.00169  7703 

2468 

.02058  1122 

46747 

.00226  2496 

250* 

0.02037  0425 

-45102 

0.00280  2210 

-254* 

*  These  differences  are  modified. 
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/■<*>- 


r 

u 

•5* 

/. 

•«* 

/4 

•i* 

/. 

*«* 

i 

1.00000  0000 

-250017 

1.00000  0000 

-208345 

1 0.67638  9894 

-61374 

0.72426  6373 

-69705 

0.90987  5006 

249936 

0.99989  5838 

208288 

.66640  1429 

56067 

.71552  7382 

65651 

w 

.99950  0104 

249704 

.99958  3408 

208121 

4i:lr 

.65635  6896 

50765 

.70672  2741 

61591 

1.15 

.mS7  552!7 

249312 

.99906  2877 

207844 

.64626  1596 

45475 

.69785  6509 

57531 

u 

.90800  1666 

248768 

.99833  4523 

207451 

.63612  0818 

40201 

.68893  2746 

53468 

u 

0.99687  9066 

-248067 

0.99739  8738 

-206953 

0.62593  9835 

-34948 

0.67995  5514 

-49409 

w. 

.99550  8428 

247210 

.99625  6021 

206340 

klliv 

.61572  3900 

29717 

.67092  8872 

45356 

■ifi 

.99389  0608 

246200 

.99490  6984 

205618 

^11  n* 

.60547  8243 

24514 

.66185  6873 

41308 

n 

.99202  6616 

245041 

.99335  2349 

204788 

^11  It 

.59520  8066 

19345 

.65274  3564 

37274 

1^ 

.98991  7612 

243724 

.99159  2946 

203848 

.58491  8538 

14208 

.64359  2979 

33251 

i 

0.98756  4911 

-242260 

0.98962  9715 

-202800 

0.57461  4795 

-9111 

0.63440  9140 

-29246 

I.Sf 

.98496  9977 

240648 

.98746  3704 

201644 

3.30 

.56430  1933 

-4060 

.62519  6052 

25257 

n 

.98213  4423 

238883 

.98509  6068 

200383 

.55398  5003  ■ 

+947 

.61595  7703 

21293 

In 

.97906  0012 

236977 

.98252  8068 

199016 

.54366  9011 

5903 

.60669  8057 

17349 

1 

.97574  8651 

234925 

.97976  1071 

197545 

.53335  8912 

10807 

.59742  1057 

13433 

1.75 

0.97220  2302 

-232726 

0.97679  6548 

-195971 

0.52305  9609 

15651 

0.58813  0619 

-  9545 

m 

.96842  3432 

230392 

.97363  6073 

194293 

kUiV 

.51277  5946 

20434 

.57883  0630 

5689 

IN 

.96441  4106 

227016 

.97028  1323 

192518 

IslliV 

.50251  2706 

25157 

.56952  4946 

-  1868 

n 

.96017  6889 

225305 

.96673  4074 

190640 

kiliH* 

.49227  4610 

29809 

.56021  7388 

+  1919 

195 

.95571  4392 

222557 

.96299  6203 

188666 

lUg 

.48206  6310 

34394 

.55091  1742 

5667 

F 

0.05102  9362 

-219680 

0.95906  9684 

-186596 

0.47189  2390 

38904 

0.54161  1756 

9377 

liV 

.94612  4676 

216671 

.95495  6587 

184429 

kW:V 

.46175  7360 

43336 

.53232  1139 

13041 

III 

.94100  3342 

213539 

.95065  9078 

182172 

kli:!r 

.45166  5652 

47692 

.52304  3555 

16660 

1.15 

.93566  8492 

210279 

.94617  9414 

179823 

kUu* 

.44162  1621 

51965 

.51378  2623 

20235 

u 

.93012  3385 

206901 

.94151  9944 

177382 

.43162  9540 

56155 

.50454  1917 

23758 

25 

0.92437  1399 

-203403 

0.93668  3108 

-174854 

0.42169  3598 

60255 

0.49532  4960 

27232 

E 

.91841  6031 

199791 

.93167  1433 

172244 

liiiv 

.41181  7895 

64268 

.48613  5225 

30653 

135 

.91226  0893 

196066 

.92648  7530 

169547 

Enn* 

.40200  6443 

68191 

.47697  6133 

34017 

n 

.90590  9709 

192233 

.92113  4095 

166767 

.39226  3164 

72017 

.46785  1048 

37325 

45 

.89936  6311 

188295 

.91561  3907 

163911 

Hy 

.38259  1884 

75747 

.45876  3278 

40579 

^5 

0.80263  4637 

-184254 

0.90992  9822 

—  160977 

0.37299  6333 

79382 

0.44971  6075 

43767 

155 

.88571  8727 

180117 

.90408  4774 

157965 

.36348  0145 

82912 

.44071  2628 

46895 

E 

.87862  2718 

175882 

.89808  1774 

154883 

IlKlr 

.35404  6851 

86345 

.43175  6065 

49962 

155 

.87135  0844 

171556 

.89192  3904 

151731 

sIett 

.34469  9883 

89671 

.42284  9452 

52962 

M 

.86390  7430 

167146 

.88561  4316 

148508 

.33544  2567 

92896 

.41399  5789 

55897 

75 

0.85629  6886 

-162649 

0.87915  6232 

-145221 

0.32627  8127 

96011 

0.40519  8010 

58762 

H 

.84852  3708 

158073 

.87255  2939 

141870 

Iftfil 

.31720  9678 

99019 

.39645  8981 

61562 

1.85 

.84050  2471 

153420 

.86580  7787 

138460 

iiifV 

.30824  0228 

101919 

.38778  1501 

64289 

12 

.83250  7827 

148698 

.-85892  4186 

134989 

lllii'! 

.29937  2677 

104709 

.37916  8297 

66947 

95 

.82427  4498 

143904 

.85190  5606 

131465 

.29060  9814 

107385 

.37062  2026 

69529 

w 

0.81589  7276 

-139050 

0.84475  5571 

-127886 

0.28195  4316 

109953 

0.36214  5271 

72042 

.80738  1015 

134133 

.83747  7659 

124258 

.27340  8750 

112406 

.35374  0544 

74478 

Jff 

.79873  0631 

129161 

.83007  5498 

120580 

.26497  5569 

114745 

.34541  0281 

76838 

B15 

.78995  1095 

124139 

.82255  2765 

116861 

.25665  7112 

116972 

.33715  6842 

79124 

i 

.78104  7429 

119068 

.81491  3179 

113098 

.24845  5606 

119083 

.32898  2513 

81334 

N 

0.77202  4703 

-113956 

0.80716  0503 

-109292 

,'i.OC 

0.24037  3162 

121080 

0.32088  9503 

83463 

m 

.76288  8029 

108801 

.79929  8541 

105453 

.T.0.T 

.23241  1777 

122962 

.31287  9942 

85518 

.3a 

.75364  2560 

103615 

.79133  1132 

101581 

O.lOj 

.22457  3333 

124729 

.30495  5884 

87492 

22 

.74429  3482 

98397 

.78326  2148 

97675 

5.15 

.21685  9597 

126381 

.29711  9303 

89387 

i.4a 

.73484  6012 

93152 

.77509  5494 

93742 

.20927  2221 

127918 

.28937  2094 

91203 

isa 

0.72530  5394 

-  87888 

0.76683  5103 

-  89783 

0.20181  2742 

129340 

0.28171  6073 

92940 

.71567  6802 

82601 

.75848  4933 

85800 

.19448  2582 

130650 

.27415  2977 

94596 

^6Q 

.70506  5791 

77306 

.75004  8966 

81799 

.18728  3051 

131844 

.26668  4462 

96172 

i.5a 

.69617  7386 

71997 

.74153  1203 

77782 

.18021  5343 

132924 

.25931  2104 

97668 

2.701 

.68631  6984 

66687 

.73293  5661 

73748 

ill 

.17328  0539 

133895 

.25203  7399 

99084 

2-7^ 

0.67638  9894 

-  61374 

0.72426  6373 

-  69705 

■ 

0.16647  9609 

134752 

0.24486  1763 

100417 

*  These  differences  are  modified. 
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0.16647  9609 
.16981  3410 
.16328  2687 
.14688  8078 
.14063  0109 


134762 

136496 

136136 

136669 

137061 


0.24486  1763 
.23778  6630 
.23081  2966 
.22394  2217 
.21717  5408 


100417 

101674 

102860 

103945 

104968 


0.13460  9201 
.12852  6667 
.12267  0716 
.11697  1448 
111140  0869 


137393 

137601 

137703 

137706 

137608 


0.21061  3543 
.20396  7560 
.  19760  8317 
.19116  6603 
.18403  3090 


106807 

106766 

107633 

108236 

108850 


0.10696  7880 
:  10067  2282 
.09661  3779 
.00049  1982 
.08660  6405 


137409 

137112 

136724 

136236 

135662 


0.17880  8432 
.17279  3168 
.16688  7769 
.16109  2634 
.15640  8084 


109408 

109878 

110278 

110698 

110860 


0.08085  6473 
.07624  1520 
.07176  0792 
.06741  3461 
.06319  8673 


134996 

134240 

133403 

132477 

131476 


0.14983  4370 
.14437  1668 
.13902  0064 
.13377  9653 
.12866  0342 


111026 

111131 

111166 

111133 

111028 


.05911  5166  130392 


0.12363  2047  110669 


521660 

612082 

601367 

489661 

476776 


0.05911  5166 
.05133  8296 
.04407  3307 
.03730  9478 
.03103  6028 


0.12363  2047 
.11392  7762 
.10466  4666 
.09683  9675 
.08744  8388 


443616 

441366 

438203 

434066 

429001 


0.02523  7188 
.01990  2281 
.01501  5809 
.01056  2635 
.00662  6664 


463086 

448671 

433317 

417409 

400930 


0.07948  6041 
.07194  6595 
.06482  3280 
.05810  8543 
.06179  4098 


423066 

416276 

408712 

400417 

391440 


+0.00289  1434 
-  .00036  9806 
.00324  4607 
.00678  0346 
.00798  6237 


383966 

366697 

348907 

330977 

312886 


0.04687  0977 
.04032  9589 
.03516  9762 
.03036  0809 
.02689  1672 


381837 

371668 

360969 

349793 

338212 


0.00987  7260 
.01147  4676 
.01279  6360 
.01385  7729 
.01467  9666 


294708 

276620 

258393 

240396 

222693 


0.02177  0481 
.01797  6606 
.01449  4706 
.01131  5289 
.00842  4667 


326272 

314024 

301620 

288813 

275960 


0.01627  8693 
.01567  3164 
.01587  9469 
.01691  4726 
.01679  6382 


206047 

187819 

170960 

154526 

138658 


0.00580  9965 
.00346  8226 
+  .00136  6463 
-  .00060  8393 
.00214  9309 


262983 

249969 

236921 

223917 

210986 


0.01653  7386 
.01516  6182 
.01466  6667 
.01408  3146 
.01341  9313 


123106 

108204 

93892 

80195 

67144 


198172 

186610 

173040 

160793 

148802 


0.00367  9217 
.00481  0926 
.00685  7089 
.00673  0171 
.00744  2414 


0.01268  8212 
.01190  2224 
.01107  3044 
.01021  1666 
.00932  8377 


64761 

43063 

32067 

21780 

12212 


0.00800  5801 
.00843  2034 
.00673  2499 
.00891  8245 
.00899  9963 


137098 

126706 

114662 

103968 

93646 


0.00843  2743 


0.00898  7963  83731 


*  These  differences  are  modi6ed. 
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X 

/• 

•«* 

/t 

•«* 

/• 

•«* 

1.00000  0000 

-178679 

1.00000  0000 

-156255 

1.00000  0000 

-138893 

0.05 

0.99991  0718 

178539 

0.99992  1878 

156225 

0.99993  0558 

138869 

0.10 

.90964  2913 

178412 

.99968  7543 

156126 

.99972  2257 

138789 

0.15 

.99919  6711 

178203 

.99929  7094 

156063 

.90937  5176 

138661 

■1  1 

.99857  2321 

177912 

.99875  0694 

156736 

.99888  9444 

138477 

Hi  1 

.99777  0035 

177534 

.99804  8570 

155445 

.99826  5244 

138244 

Hi  I  ':!il 

.99679  0230 

177076 

.99719  1013 

155087 

.99750  2810 

137967 

Hi  I  <!tH 

.99563  3364 

176534 

.99617  8381 

154664 

.09660  2428 

137622 

Hi  I  :M 

.99420  9979 

175913 

.99501  1096 

154181 

.90556  4434 

137232 

0.45 

.99279  0697 

175205 

.99368  9642 

153629 

.99438  0217 

136794 

0.90110  6225 

-174419 

0.99221  4570 

-153019 

0.99307  7216 

-136302 

0.55 

.98024  7349 

173549 

.99058  6491 

152341 

.99162  8922 

135760 

■IHi'IH 

.98721  4938 

172603 

.98880  6082 

151604 

.99004  4877 

135169 

0.65 

.98500  9939 

171576 

.98687  4080 

150803 

.98832  5672 

134528 

0.70 

.98263  3379 

170468 

.98479  1286 

149940 

.98647  1948 

133837 

0.75 

.98008  6365 

169286 

.98255  8563 

149019 

.98448  4396 

133096 

.97737  0080 

168022 

.98017  6833 

148033 

.98236  3757 

132307 

HiWilH 

.97448  5787 

166684 

.97764  7081 

146987 

.98011  0820 

131471 

HiKul 

.97143  4824 

165271 

.97497  0352 

145886 

.97772  6421 

130585 

.96821  8604 

163783 

.97214  7748 

144724 

.97521  1446 

129651 

0.96483  8615 

-162220 

0.96918  0431 

-143504 

0.97256  6828 

-128673 

.96129  6419 

160586 

.96606  9621 

142225 

.96979  3546 

127646 

.95759  3650 

158882 

.96281  6596 

140892 

.96689  2626 

126574 

1.15 

.95373  2012 

157106 

.95942  2689 

139604 

.96386  5140 

125458 

1.20 

.94971  3281 

155262 

.95588  9288 

138058 

.96071  2204 

124297 

1.25 

•  94553  9301 

153349 

.95221  7838 

136563 

.95743  4979 

123091 

1.30 

.94121  1084 

151371 

.94840  9835 

135010 

.95403  4671 

121844 

1.35 

.93673  3308 

149326 

.94446  6831 

133409  • 

.95061  2627 

120551 

1.40 

.93210  5317 

147221 

.94039  0428 

131764 

.94086  9839 

119221 

1.45 

.92733  0117 

145051 

.93618  2280 

130052 

.94310  7938 

117846 

1.50 

:  92240  9877 

142821 

.93184  4089 

128298 

.93922  8198 

116432 

1.5 

0.92240  9877 

-571356 

0.93184  4089 

-513254 

0.93922  8198 

-465778 

1.6 

.91214  3255 

552808 

.92278  4636 

498662 

.93112  0895 

453995 

1.7 

.90132  3989 

533363 

•  .91322  6657 

483339 

.92255  9709 

441606 

1.8 

.88997  1516 

513073 

.90318  5466 

467324 

.91355  7023 

428640 

1.9 

.87810  6116 

491990 

.89267  7072 

450653 

.90412  5799 

415122 

2.0 

.86574  8860 

470175 

.88171  8137 

433369 

.89427  9548 

,401086 

2.1 

.85292  1554 

447679 

.87032  5940 

415509 

.88403  2302 

^8^ 

2.2 

.8.3964  6683 

424567 

.85851  8331 

397121 

.  87339  8582 

371573 

2.3 

.82594  7347 

400897 

.84631  3691 

378244 

.86239  3367 

1356162 

2.4 

.81184  7207 

376729 

.83373  0888 

358924 

.85103  2061 

340358 

2.5 

0.79737  0417 

-.352127 

0.82078  9235 

-339204 

0.83933  0464 

-324195 

2.6 

.78254  1568 

327154 

.80750  8443 

319133 

.82730  4731 

1307706 

2.7 

.76738  5622 

301873 

.79390  8574 

298756 

.81497  1346 

1290927 

2.8 

.75192  7848 

•276347 

.78000  9996 

278117 

'  .80234  7081 

1273892 

2.9 

.73619  3761 

250639 

.76583  3341 

257265 

.78944  8964 

256636 

3.0 

.72020  9056 

2*24816 

.75139  9450 

236240 

.77629  4245 

:239198 

3.1 

.70399  9546 

198937 

.73672  9333 

215111 

.76290  0355 

221609 

3.2 

.68759  1096 

173065 

.72184  4119 

193807 

.74928  4878 

203904 

3.3 

.67100  9569 

147265 

.70676  5013 

172659 

.73546  5511 

186124 

3.4 

.65428  0754 

121594 

.69151  3244 

151430 

.72146  0027 

168300 

3.5 

0.63743  0309 

-96113 

0.67611  0025 

-130280 

0.70728  6246 

-150466 

3.6 

.62048  3705 

70882 

.66057  6506 

109232 

.69296  1994 

132660 

3.7 

.60346  6163 

45955 

.64493  3727 

88333 

,67850  5071 

114913 

3.8 

.58640  2599 

-21389 

.62920  2580 

67628 

.66393  3218 

97280 

3.9 

.56931  7571 

+2763 

.61340  3762 

47159 

.64926  4081 

79734 

4.0 

.55223  5221 

26449 

.59755  7734 

26966 

.63451  5182 

62367 

4.1 

.53517  9225 

49622 

.58168  4682 

-7088 

.61970  3881 

45189 

4.2 

.51817  2748 

72232 

.56580  4477 

+  12438 

.60484  7350 

28232 

4.3 

.50123  8392 

94236 

.54903  6640 

31575 

.58996  2541 

-11525 

4.4 

.48439  8153 

115591 

.53410  0299 

50280 

.57606  6156 

+4903 

4.5 

.46767  3377 

136256 

.51831  4163 

68544 

.56017  4616 

21024 

*  These  differences  are  modified. 
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"•>  ■  (W- 


X 

/. 

•«* 

/t 

*«* 

/. 

•«* 

4.5 

0.46767  3377 

136256 

0.51831  4163 

68544 

0.56017  4616 

21024 

4.6 

.45108  4725 

166197 

.50259  6481 

86313 

.54530  4041 

36814 

4.7 

.43465  2129 

175376 

.48696  5017 

103563 

.53047  0213 

52246 

4.8 

.41839  4763 

193764 

.47143  7016 

120268 

.51568  8562 

67296 

4.9 

.40233  1012 

211332 

.45602  9176 

136401 

.50097  4132 

81942 

5.0 

.38647  8436 

228052 

.44075  7628 

151938 

.48634  1565 

96161 

5.1 

.37085  3753 

243904 

.42563  7905 

166858 

.47180  5078 

109936 

5.2 

.35547  2810 

258865 

.41068  4922 

181139 

.45737  8441 

123244 

5.3 

.34035  0566 

272923 

.39591  2957 

194767 

.44307  4961 

136075 

5.4 

.32550  1075 

286056 

.38133  5636 

207719 

.42890  7463 

148403 

5.5 

0.31093  7469 

298260 

0.36696  5908 

219989 

0.41488  8274 

160223 

5.6 

.29667  1951 

309525 

.35281  6040 

231560 

.40102  9211 

171517 

5.7 

.28271  5783 

319843 

.33889  7602 

242423 

.38734  1566 

182274 

5.8 

.26907  9285 

329216 

.32522  1456 

252572 

.37383  6095 

192486 

5.9 

.25577  1829 

337641 

.31179  7748 

261999 

.36052  3008 

202143 

6.0 

.24280  1840 

345123 

.29863  5906 

270701 

.34741  1961 

211239 

6.1 

.23017  6803 

351669 

.28574  4631 

278678 

.33451  2049 

219769 

6.2 

.21790  3264 

357284 

.27313  1900 

285926 

.32183  1801 

227726 

6.3 

.20598  6840 

361983 

.26080  4962 

292453 

.30937  9173 

235111 

6.4 

.19443  2232 

365778 

.24877  0345 

298258 

.29716  1551 

241921 

6.5 

0.18324  3239 

368684 

0.23703  3854 

303349 

0.28518  5744 

248156 

6.6 

.17242  2770 

370720 

.22560  0582 

307733 

.27345  7988 

253819 

6.7 

.16197  2864 

371907 

.21447  4915 

311419 

.26198  3946 

258911 

6.8 

.15189  4714 

372267 

.20366  0541 

314419 

.25076  8711 

263439 

6.9 

.14218  8684 

371824 

.19316  0462 

316744 

.23981  6811 

267404 

.13285  4334 

370604 

.18297  7006 

318409 

.22913  2214 

270818 

7.1 

.  12389  0451 

368635 

.17311  1840 

319430 

.21871  8334 

273686 

7.2 

.11529  5071 

365945 

.16356  5989 

319820 

.20857  8041 

276016 

7.3 

.10706  5509 

362567 

.15433  9846 

319602 

.19871  3667 

277820 

7.4 

.09919  8394 

358530 

.14543  3195 

318791 

.18912  7018 

279109 

7.5 

0.09168  9693 

353868 

0.13684  5231 

317410 

0.17981  9386 

279895  , 

7.6 

.08453  4752 

348615 

.12857  4575 

315478 

.17079  1559 

280190  ' 

7.7 

.07772  8324 

342805 

.12061  9301 

313018 

.16204  3833 

280008  « 

7.8 

.07126  4605 

336475 

.11297  6952 

310054 

.15357  6031 

279365 

7.9 

.06513  7272 

329658 

.10564  4569 

306608 

.14538  7512 

278275 

8.0 

.05933  9514 

322391 

.09861  8711 

302705 

.13747  7189 

276755 

8.1 

.05386  4071 

314713 

.09189  5477 

298370 

.12984  3545 

274821 

8.2 

.04870  3271 

306656 

.08547  0538 

293626 

.12248  4649 

272490 

8.3 

.04384  9066 

298261 

.07933  9156 

288503 

.11539  8174 

269782 

8.4 

.03929  3065 

289561 

.07349  6210 

283021 

.10858  1414 

266711 

8.5 

0.03502  6576 

280594 

0.06793  6226 

277212 

0.10203  1302 

263299 

8.6 

.03104  0638 

271395 

.06265  3397 

271098 

.09574  4429 

259563 

8.7 

.02732  6059 

261999 

.05764  1615 

264707 

.08971  7063 

255523 

8.8 

.02387  3450 

262442 

.05289  4494 

258064 

.08394  5169 

251198 

8.9 

.02067  3258 

'242766 

.04840  5395 

251195 

.07842  4423 

246607 

9.0 

.01771  5805 

232975 

.04416  7454 

244127 

.07315  0239 

241770 

9.1 

.01499  1315 

223130 

.04017  3607 

236883 

.06811  7782 

236705 

9.2 

.01248  9949 

213255 

.03641  6617 

229491 

.06332  1993 

231433 

9.3 

.01020  1839 

203378 

.03288  9093 

221972 

.05875  7602 

225973 

9.4 

.00811  7110 

193518 

.02958  3522 

214352 

.05441  9152 

220343 

9.5 

0.00622  5920 

183732 

0.02649  2290 

206654 

0.05030  1017 

214562 

9.6 

.00451  8477 

174019 

.02360  7701 

198902 

.04639  7421 

208651 

9.7 

.00298  5072 

164412 

.02092  2009 

191117 

.04270  2454 

202625 

9.8 

.00161  6103 

154935 

.01842  7431 

183320 

.03921  0095 

196504 

9.9 

+0.00040  2098 

145612 

.01611  6175 

175531 

.03591  4225 

190304 

10.0 

-0.00066  6264 

136462 

.01398  0455 

167770 

.03280  8649 

184046 

*  These  differences  are  modified. 
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0.0 

1.00000  0000 

-500069  . 

1.00000  0000 

-464603 

1.00000  0000 

-416716 

0.1 

0.99975  0028 

499727 

0.99977  2761 

464318 

0.99979  1687 

416474 

0.2 

.99900  0466 

498706 

.99909  1288 

453467 

.99916  6987 

415764 

0.3 

.99775  2300 

497004 

.99795  6462 

462048 

.99812  6622 

414663 

0.4 

.99600  7266 

494628 

.99636  9691 

450068 

.99667  1790 

412878 

0.6 

0.99376  7726 

-491581 

0.99433  2955 

-447527 

0.99480  4168 

-410727 

0.6 

.99103  6726 

487869 

.99184  8793 

444432 

.99262  6906 

408106 

0.7 

.98781  7979 

483603 

.98892  0300 

440789 

.98983  9624 

406020 

0.8 

.98411  6848 

478487 

.98656  1119 

436602 

.98674  8406 

401473 

0.9 

.97993  5348 

472836 

.98174  6432 

431884 

.98326  5799 

397474 

1.0 

0.97528  2127 

-466657 

0.97760  7969 

-426639 

0.97936  6800 

-393027 

1.1 

.97016  2463 

459668 

.97284  3941 

420882 

.97608  2864 

388143 

1.2 

.96468  3241 

462179 

.96775  9134 

414618 

.97041  1846 

382827 

1.3 

.96865  1946 

444108 

.96226  9799 

407866 

.96636  8087 

377091 

1.4 

.95207  6648 

436471 

.96636  2688 

400631 

.96992  7313 

370946 

1.5 

0.94516  6979 

-426286 

0.96004  5031 

-392932 

0.95412  5667 

-364399 

1.6 

.93782  9123 

416670 

.94334  4526 

384783 

.94796  9694 

367466 

1.7 

.93007  5791 

406343 

.93626  9316 

376197 

.94143  6326 

360163 

1.8 

.92191  6206 

396629 

.92879  7986 

367193 

.93456  2871 

342480 

1.9 

.91336  1077 

384446 

.92096  9638 

367786 

.92734  7001 

334466 

2.0 

0.90442  1686 

-372817 

0.91278  3374 

-347993 

0.91979  6739 

-326094 

2.1 

.89510  9366 

360766 

.90424  9286 

337832 

.91192  0441 

317411 

2.2 

.88643  6434 

348316 

.89637  7429 

327324 

.90372  6788 

308422 

2.3 

.87641  5266 

336494 

.88617  8308 

316487 

.89622  4768 

299140 

2.4 

.86606  8666 

322323 

.87666  2757 

305340 

.88642  3668 

289683 

2.6 

0.85437  9803 

-308829 

0.86684  1919 

-293904 

0.87733  3012 

-279766 

2.6 

.84339  2166 

296040 

.85672  7227 

282199 

.86796  2647 

269706 

2.7 

.83210  9636 

280981 

.84633  0382 

270247 

.86832  2617 

269419 

2.8 

.82064  5971 

266680 

.83666  3330 

268069 

.84842  3208 

248922 

2.9 

.80871  6766 

262162 

•  .82473  8248 

246686 

.83827  4912 

238233 

3.0 

0.79663  3433 

-237460 

0.81366  7514 

-233121 

0.82788  8414 

-227373 

3.1 

.78431  3669 

222695 

.80216  3689 

220394 

.81727  4672 

216363 

3.2 

.77177  1336 

207698 

.79063  9496 

207528 

.80644  4404 

206196 

3.3 

.76902  1421 

192498 

.77870  7796 

194646 

.79540  9063 

193916 

3.4 

.74607  9024 

177321 

.76668  1667 

181471 

.78417  9826 

182636 

3.6 

0.73296  9316 

-162093 

0.75447  3881 

-168321 

0.77276  8067 

-171068 

3.6 

.71967  7618- 

146846 

.74209  7883 

166123 

.76118  6263 

169636 

3.7 

.70624  8874 

131601 

.72966  6768 

141896 

.74944  2912 

147964 

3.8 

.69268  8623 

116390 

.71689  3769 

128661 

.73765  2623 

136341 

3.9 

.67901  1972 

101236 

.70409  2087 

116441 

.72652  5996 

124716 

4.0 

0.66523  4069 

-86168 

0.69117  4966 

-102269 

0.71337  4652 

-113094 

4.1 

.65136  9979 

71208 

.67815  6576 

89132 

.70111  0211 

101493 

4.2 

.63743  4666 

66384 

.66504  7039 

76083 

.68874  4269 

89932 

4.3 

.62344  2918 

41718 

.66186  2400 

63132 

.67628  8386 

78427 

4.4 

.60940  9430 

27236 

.63861  4608 

60298 

.66376  4061 

66993 

4.6 

0.69534  8669 

-12968 

0.62631  6493 

-37601 

0.65115  2729 

-66648 

4.6 

.58127  4909 

+1093 

.61198  0749 

26068 

.63849  5729 

44407 

4.7 

.66720  2196 

14894 

.59861  9915 

12689 

.62679  4301 

33286 

4.8 

.66314  4329 

28426 

.68624  6367 

-611 

.61305  9663 

22298 

4.9 

.63911  4834 

41669 

.67187  2260 

+11460 

.60030  2499 

11461 

5.0 

_ 

0.62512  6951 

64604 

0.66850  9562 

23207 

0.68763  3946 

-787 

*  These  differences  are  modiSed. 
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5.0 

0.52512  6951 

54604 

0.55850  9562 

23207 

0.58753  3945 

-  787 

5.1 

.51119  3613 

67214 

.54517  0037 

34714 

.57476  4571 

+  9711 

5.2 

.49732  7426 

79480 

.53186  5180 

45966 

.56200  4873 

20017 

5.3 

.48354  0653 

91391 

.51860  6240 

56953 

.54926  5156 

30123 

5.4 

.46984  5203 

102926 

.50540  4201 

67653 

.53655  5521 

40012 

5.5 

0.45625  2608 

114077 

0.49226  9760 

78062 

0.52388  5857 

49676 

5.6 

.44277  4016 

124828 

.47921  3326 

88164 

.51126  5825 

59103 

5.7 

.42942  0177 

135168 

.46624  4996 

97947 

.49870  4851 

68282 

5.8 

.41620  1428 

145088 

.45337  4554 

107404 

.48621  2113 

77205 

5.9 

.40312  7687 

154576 

.44061  1454 

116524 

.47379  6530 

85863 

6.0 

0.39020  8442 

163626 

0.42796  4813 

125297 

0.46146  6760 

94245 

6.1 

.37745  2741 

172231 

.41544  3405 

133718 

.44923  1183 

102347 

6.2 

.36486  9187 

180382 

.40305  5649 

141778 

.43709  7900 

110158 

6.3 

.35246  5932 

188079 

.39080  9604 

149473 

.42507  4721 

117676 

6.4 

.34025  0670 

195313 

.37871  2963 

156796 

.41316  9163 

124891 

6.5 

0.32823  0637 

202084 

0.36677  3049 

163743 

0.40138  8439 

131800 

6.6 

.31641  2602 

208391 

.35499  6808 

170311 

.38973  9458 

138400 

6.7 

.30480  2872 

214230 

.34339  0808 

176496 

.37822  8819 

144683 

6.8 

.29340  7287 

219606 

.33196  1233 

182299 

.36686  2806 

150651 

6.9 

.28223  1222 

224516 

.32071  3886 

187716 

.35564  7384 

156297 

7.0 

0.27127  9589 

228965 

0.30965  4184 

■  192748 

0.34458  8201 

161622 

7.1 

.26055  6836 

232956 

.29878  7159 

197395 

.33369  0580 

166625 

7.2 

.25006  6955 

236491 

.28811  7459 

201659 

.32295  9525 

171302 

7.3 

.23981  3483 

239579 

.27764  9348 

205542 

.31239  9712 

175657 

7.4 

.22979  9508 

242222 

.26738  6709 

209046 

.30201  5497 

179689 

7.5 

0.22002  7675 

244431 

0.25733  3047 

212175 

0.29181  0912 

183399 

7.6 

.21050  0194 

246209 

.24749  1492 

214932 

.28178  9667 

186788 

7.7 

.20121  8844 

247568 

.23786  4801 

217324 

.27195  5151 

189861 

7.8 

.19218  4988 

248517 

.22845  5368 

219365 

.26231  0438 

192618 

7.9 

.18339  9575 

249063 

.21926  5224 

221030 

.25285  8286 

195064 

8.0 

0.17486  3153 

249219 

0.21029  6046 

222357 

0.24360  1142 

197203 

8.1 

.16657  5880 

248995 

.20154  9163 

223344 

.23454  1146 

199039 

8.2 

.15853  7534 

248403 

.  19302  5562 

223996 

.22568  0133 

200577 

8.3 

.15074  7527 

247456 

.18472  5898 

224325 

.21701  9644 

201823 

8.4 

.14320  4912 

246163 

.17665  0500 

224334 

.20856  0924 

202779 

8.5 

0.13590  8399 

244542 

0.16879  9380 

224038 

0.20030  4933 

203457 

8.6 

.12885  6371 

242603 

.16117  2243 

223443 

.19225  2348 

203860 

8.7 

.12204  6890 

240361 

.15376  8495 

222559 

.18440  3573 

203995 

8.8 

.11547  7716 

237829 

.14658  7255 

221397 

.17675  8747 

203871 

8.9 

.10914  6321 

235023 

.  13962  7363 

219967 

.  16931  7744 

203493 

9.0 

0.10304  9902 

231956 

0.13288  7391 

218280 

0.16208  0189 

202871 

9.1 

.09718  5393 

228643 

.12636  5653 

216346 

.15504  5462 

202012 

9.2 

.09154  9484 

225099 

.12006  0219 

214178 

.14821  2705 

200924 

9.3 

.08613  8635 

221339 

.11396  8922 

211785 

.14158  0831 

199616 

9.4 

.08094  9087 

217377 

.  10808  9370 

209181 

.13514  8535 

198098 

9.5 

0.07597  6882 

213229 

0.10241  8963 

206375 

0. 12891  4299 

196377 

9.6 

.07121  7874 

208909 

.09695  4896 

203380 

.12287  6405 

194462 

9.7 

.06666  7746 

204431 

.09169  4176 

200207 

.11703  2939 

192364 

9.8 

.06232  2023 

199812 

.08663  3633 

196869 

.11138  1804 

190090 

9.9 

.05817  6089 

195065 

.08176  9931 

193377 

.10592  0729 

187651 

10.0 

0.05422  5199 

190205 

0.07709  9580 

189741 

0.10064  7277 

*  185056 

*  These  differences  are  modified. 
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X 

/i. 

•a* 

/i. 

•a* 

/i4 

*a* 

1 

0.0 

1.00000  0000 

-384667 

1.00000  0000 

-367179 

1.00000  0000 

-333366 

0.1 

0.99980  7710 

384461 

0.99982  1444 

367000 

0.99983  3346 

333209 

0.2 

.99923  1044 

383834 

.99928  6962 

366466 

.99933  3642 

332740 

1 

0.3 

.99827  0621 

382804 

.99839  4062 

366673 

.99850  1064 

331969 

0.4 

.99692  7469 

381367 

.99714  6664 

354327 

.99733  6664 

330870 

0.6 

0.99620  3024 

-379623 

0.99664  6003 

-362728 

0.99584  1461 

-329470 

0.6 

.99309  9131 

377274 

.99369  0678 

360779 

.99401  6846 

327763 

0.7 

.99061  8037 

374628 

.99128  6638 

348484 

.99186  4622 

326754 

0.8 

.98776  2388 

371684 

.98863  2178 

346843 

.98938  6600 

323441 

^Bt- 

0.9 

.98463  6226 

368162 

.98663  2938 

342864 

.98668  5092 

320832 

1.0 

0.98093  9984 

-364332 

0.98229  0894 

-330649 

0.98346  2906 

-317927 

H 1 

1.1 

.97698  0478 

360137 

.97860  9362 

336907 

.98002  2846 

314734 

1.2 

.97266  0904 

366669 

.97469  1984 

331938 

.97626  8104 

311266 

1.3 

.96798  6828 

360637 

.97024  2726 

327662 

.97220  2160 

307496 

1.4 

.96296  0180 

346349 

.96666  6873 

323064 

.96782  8768 

303462 

1.6 

0.96768  9246 

-339716 

0.96066  6021 

-318163 

0.96315  1966 

-299159 

1.6 

.96187  8661 

333742 

.96624  8071 

312966 

.95817  6063 

294594 

1 

1.7 

.94683  4393 

327441 

.94961  7219 

307467 

.96200  5693 

289771 

1 

1.8 

.93946  2743 

320823 

.94367  8960 

301701 

.94734  6408 

284701 

1.9 

.93277  0327 

313896 

.93743  9031 

296661 

.  94160  0666 

279388 

i 

0.92676  4069 

-306674 

0.93000  3499 

-289360 

0.93637  6379 

-273842 

1 

pXH 

.91846  1189 

299167 

.92407  8664 

282806 

.92897  8391 

268068 

9 

Wfl 

.91083  9192 

291389 

.91697  1049 

276007 

.92231  2375 

262077 

1 

.90293  6864 

283360 

.90968  7479 

268977 

.91538  4320 

256876 

j| 

iju 

.89474  9211 

276064 

.90193  4973 

261724 

.90820  0427 

249474 

1 

0.88628  7648 

-266644 

0.89402  0782 

-264260 

0.00076  7094 

-242880 

i 

2.6 

.87766  9381 

267803 

.88686  2368 

246694 

.80309  0916 

236103 

I 

2.7 

.86867  3448 

248866 

.87743  7394 

238741 

.88617  8666 

229164 

2.8 

.86933  8696 

239716 

.86878  3713 

230709 

.87703  7291 

222040 

2.9 

.84986  4260 

230396 

*  .86089  9363 

222610 

.86867  3906 

214771 

i 

ilH 

0.84016  9460 

-220913 

0.86070  2612 

-214169 

0.86009  5775 

-207361 

1 

EiPH 

.83023  3774 

211279 

.84147  1637 

206666 

.86131  0308 

199816 

1 

Elrfl 

.82009  6833 

201610 

.83194  4922 

197041 

.84232  6048 

102146 

.80976  8406 

191621  ' 

.82222  1287 

188299 

.83314  7662 

184364 

m\ 

.79922  8376 

181626 

.81230  9373 

179463 

.82378  6932 

176480 

1 

0.78861  6738 

-171640 

0.80221  8022 

-170614  « 

0.81424  7739 

-168602 

3.6 

.77763  3673 

161379 

.79196  6173 

161494 

.80464  1068 

160443 

3.7 

.76668  9041 

161166 

.78163  2841 

16240(7 

.79467  3948 

152313 

• 

1 

3.8 

.76639  3362 

140887 

.77006  7114 

143264 

.78466  4636 

144121 

1 

3.9 

.74406  6800 

130687 

.76023  8130 

134078 

.77449  1012 

136881 

1 

iffS 

0.73268  9664 

-120272 

0.74938  6074 

-124863 

0.76419  1614 

-127600 

m 

eiIh 

.72100  2237 

109962 

.73840  7160 

118628 

.76376  4621 

119291 

By 

Ewfl 

.70930  4866 

99646 

.72731  3618 

106387 

.74321  8341 

110962 

ElCfl 

.69760  7844 

89366 

.71611  3688 

.97163 

.73266  1101 

102626 

1 

.68662  1448 

79126 

.70481  6602 

*87937 

.72180  1234 

94202 

4 

0.67366  8917 

-  68941 

0.69343  1674 

-78761 

0.71094  7073 

-  86060 

4 

4.6 

.66162  1432 

68824 

.68196  7787 

'60606 

.70000  6939 

77670 

T 

4.7 

.64962  8108 

48787 

.67043  4386 

60614 

.68808  9128 

69402 

1 

4.8 

.63738  6980 

38846 

.66884  0468 

61486 

.67700  1908 

61176 

1 

4.9 

.62620  4988 

29009 

.64719  6031 

42633 

.66676  3603 

63002 

1 

0.61299  4966 

-  19292 

0.63660  7066 

-33666 

0.66666  2084 

-  44889 

*  These  differences  are  modified. 


X 

/.. 

*«* 

/.4 

*«* 

5.0 

0.61299  4965 

-19292 

0.63550  7055 

— OoDOO 

0.65555  2084 

-44889 

5.1 

.60076  5626 

9705 

.62378  5396 

24895 

.64430  5764 

36845 

5.2 

.58852  6556 

-  262 

.61203  8823 

16231 

.63302  2584 

28881 

5.3 

.57628  7195 

+  9030 

.60027  5998 

-  7681 

.62171  0507 

21003 

5.4 

.56405  6834 

18155 

.58850  5468 

+  740 

.61037  7410 

13223 

5.5 

0.55184  4597 

27108 

0.57673  5654 

9029 

0.59903  1070 

-  5547 

5.6 

.53965  9433 

35876 

.56497  4843 

17173 

.58767  9163 

+  2018 

5.7 

.52751  0109 

44450 

.55323  1177 

25165 

.57632  9252 

9461 

5.8 

.51540  5198 

52822  j 

.54151  2647 

32996 

.56498  8778 

16778 

5.9 

.50335  3070 

60983 

.52982  7082 

40660 

.55366  5058 

23961 

6.0 

0.49136  1884 

68924 

0.51818  2144 

48147 

0.54236  5273 

31001 

6.1 

.47943  9580 

76641 

.50658  5321 

55453 

.53109  6461 

37894 

6.2 

.46759  3875 

84123 

.49504  3917 

62569 

.51986  5515 

44633 

6.3 

.45583  2248 

91366 

.48356  5045 

69491 

.50867  9172 

51212 

6.4 

.44416  1942 

98364 

.47215  5627 

76210 

.49754  4012 

57626 

6.5 

0.43258  9954 

105111 

0.46082  2382 

82724 

0.48646  6446 

63869 

6.6 

.42112  3030 

111602 

.44957  1821 

89026 

.47545  2716 

69937 

6.7 

.40976  7659 

117833 

.43841  0247 

95112 

.46450  8891 

75825 

6.8 

.39853  0073 

123801 

.42734  3745 

100979 

.45364  0856 

81529 

6.9 

.38741  6239 

129501 

.41637  8181 

106622 

.44285  4316 

87044 

7.0 

0.37643  1856 

134932 

0.40551  9197 

112038 

0.43215  4785 

92369 

7.1 

.36558  2354 

140091 

.39477  2209 

117225 

.42154  7588 

97500 

7.2 

.35487  2894 

144975 

.38414  2402 

122178 

.41103  7854 

102432 

7.3 

.34430  8358 

149586 

.37363  4732 

126899 

.40063  0515 

107165 

7.4 

.33389  3357 

153920 

.36325  3917 

131384 

.39033  0304 

111697 

7.5 

0.32363  2226 

157979 

0.35300  4442 

135632 

0.38014  1752 

116024 

7.6 

.31352  9023 

161762 

.34289  0556 

139643 

.37006  9188 

120147 

7.7 

.30358  7532 

165270 

.33291  6269 

143415 

.36011  6732 

124065 

7.8 

.29381  1260 

168505 

.32308  5354 

146950 

.35028  8304 

127775 

7.9 

.28420  3443 

171467 

.31340  1346 

150248 

.34058  7612 

131278 

8.0 

0.27476  7044 

174160 

0.30386  7542 

153309 

0.33101  8160 

134574 

8.1 

.26550  4755 

176585 

.29448  7003 

156135 

.32158  3243 

137663 

8.2 

.25641  9003 

178745 

.28526  2557 

158726 

.31228  5952 

140546 

8.3 

.24751  1947 

180646 

.27619  6794 

161087 

.30312  9168 

143223 

8.4 

.23878  5490 

182286 

.26729  2076 

163216 

.29411  5570 

145695 

8.5 

0.23024  1272 

183675 

0.25855  0532 

165119 

0.28524  7629 

147965 

8.6 

.22188  0684 

184815 

.24997  4067 

166798 

.27652  7617 

150034 

8.7 

.21370  4865 

185710 

.24156  4358 

168255r 

.26795  7602 

151903 

8.8 

.20571  4712 

186366 

.23332  2865 

169495 

.25953  9453 

153575 

8.9 

. 19791  0882 

186787 

.22525  0827 

170520 

.25127  4844 

155052 

9.0 

0.19029  3797 

186981 

0.21734  9271 

171336 

0.24316  5252 

156339 

9.1 

.18286  3652 

186953 

.20961  9013 

171946 

.23521  1964 

157436 

9.2 

.17562  0420 

186707 

.20206  0663 

172354 

.22741  6078 

158348 

9.3 

.16856  3858 

186253 

.19467  4631 

172566 

.21977  8507 

159077 

9.4 

.16169  3511 

185596 

.18746  1130 

172586 

.21229  9979 

159628 

9.5 

0.15500  8724 

184741 

0.18042  0179 

172419 

0.20498  1048 

160005 

9.6 

.  14850  8643 

183698 

.17355  1615 

172072 

.19782  2090 

160210 

9.7 

.14219  2226 

182471 

.  16685  5091 

171548 

.  19082  3312 

160249 

9.8 

.  13605  8248 

181070 

.  16033  0083 

170855 

.  18398  4753 

160126 

9.9 

.13010  5309 

179501 

. 15397  5899 

169997 

.17730  6290 

159845 

10.0 

0.12433  1842 

177771 

0.14779  1683 

168979 

0.17078  7645 

159411 

•  These  differences  are  modified. 
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0.0 

1.00000  0000 

-312528 

1.00000  0000 

-294142 

1.00000  0000 

-277800 

0,1 

0.99984  3762 

312390 

0.99985  2951 

294020 

0.99986  1120 

277690 

0.2 

.99937  6184 

311977 

.99941  1928 

293663 

.99944  4591 

277362 

0.3 

.99869  4680 

311287 

.99867  7297 

293040 

.99875  0740 

276813 

0.4 

.99760  2939 

310326 

.99764  9671 

292185 

.99778  0116 

276048 

0.6 

0.99610  0922 

-309091 

0.99632  9905 

-291087 

0.99663  3483 

-275066 

0.6 

.99438  9865 

307584 

.99471  9097 

289747 

.99501  1824 

273867 

0.7 

.99237  1273 

305810 

.99281  8585 

288169 

.99321  6339 

272454 

0.8 

.99004  6920 

303768 

.99062  9948 

286353 

.99114  8439 

270828 

0.9 

.98741  8847 

301463 

.98815  5002 

284302 

.98880  9749 

268992 

1.0 

0.98448  9360 

-298897 

0.98539  5795 

-282019 

0.98620  2106 

-266947 

1.1 

.98126  1022 

296076 

.98235  4612 

279508 

.98332  7564 

264697 

1.2 

.97773  6655 

293000 

.97903  3963 

276769 

.98018  8342 

262244 

1.3 

.97391  9333 

289676 

.97543  6685 

273809 

.97678  6923 

269590 

1.4 

.96981  2381 

286108 

.97156  5439 

270630 

.97312  5951 

256740 

1.6 

0.96541  9365 

-282300 

0.96742  3702 

-267237 

0.96920  8274 

-253697 

1.6 

.96074  4092 

278259 

.96301  4767 

263634 

.96503  6936 

250465 

1.7 

.95679  0603 

273987 

.96834  2237 

259824 

.96061  6167 

247046 

1.8 

.95056  3167 

269495 

.95340  9919 

265816 

.95594  6385 

243448 

1.9 

.94506  6275 

264785 

.94822  1821 

251611 

.95103  4189 

239670 

2.0 

0.93930  4637 

-269865 

0.94278  2146 

-247217 

0.94588  2354 

-235723 

2.1 

.93328  3172 

254741 

.93709  6288 

242639 

.94049  4827 

231606 

2.2 

.92700  7003 

249420 

.93116  5825 

237882 

.93487  6723 

227328 

2.3 

.92048  1448 

243910 

.92499  8511 

232953 

.92902  9320 

222893 

2.4 

.91371  2016 

238217 

.91859  8275 

227867 

.92296  0052 

218306 

2.6 

0.90670  4400 

-232349 

0.91197  0212 

-222602 

0.91667  2506 

-213671 

2.6 

.89946  4465 

226314 

.90511  9676 

217194 

.91017  1414 

208697 

2.7 

.89199  8245 

220121 

.89806  1770 

211640 

.90346  1650 

203687 

2.8 

.88431  1932 

213777 

.89077  2363 

205945 

.89654  8223 

198549 

2.9 

.87641  1868 

207289 

.88328  7014 

200118 

.88943  6270 

193287 

3.0 

0.86830  4539 

-200668 

0.87560  1579 

-194168 

0.88213  1051 

-187909 

3.1 

.85999  6566 

193921 

.86772  1999 

188098 

.87463  7945 

182420 

3.2 

.85149  4694 

187056 

.85965  4341 

181918 

.86696  2437 

176827 

3.3 

.84280  5786 

180084 

.85140  4783 

175635 

.85911  0120 

171136 

3.4 

.83393  6811 

173013 

.84297  9607 

169258 

.85108  6684 

165355 

3.6 

0.82489  4841 

-165850 

0.83438  5190 

-162792 

0.84289  7908 

-159489 

3.6 

.81568  7036 

158606 

.82562  7995 

156246 

.83454  9657 

153546 

3.7 

.80632  0638 

151291 

.81671  4568 

149629 

.82604  7873 

147631 

3.8 

.79680  2961 

143911 

.80765  1523 

142946 

.81739  8670 

141452 

3.9 

.78714  1383 

136477 

.79844  6542 

136208 

.80860  7825 

136317 

4.0 

0.77734  3337 

-128998 

0.78910  3363 

-129421 

0.79968  1772 

-129131 

4.1 

.76741  6298 

121483 

.77963  1770 

122592 

.79062  6598 

122899 

.75736  7782 

113940 

.77003  7691 

116731 

.78144  8531 

116632 

.74720  6329 

106380 

.76032  7686 

108845 

.77216  3837 

110335 

SI 

.73693  6497 

98810 

.75060  8939 

101940 

.76274  8813 

104014 

0.72656  8856 

-  91239 

0.74058  8256 

-  95026 

0.75323  9779 

-  97676 

4.6 

.71610  9975 

83677 

.73057  2645 

88110 

.74363  3069 

91329 

4.7 

.70666  7414 

76131 

.72046  8724 

81199 

.73393  5032 

84978 

4.8 

.69494  8717 

68610 

.71028  3701 

74301 

.72416  2016 

78631 

4.9 

.68426  1404 

61124 

.70002  4374 

67423 

.71429  0367 

.  72294 

0.67361  2959 

-  53679 

0.68969  7620 

-  60672 

0.70435  6422 

-  65972 

*  These  differences  are  modified. 
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X 

/u 

*«* 

•«* 

/ir 

•«* 

6.0 

1  0.67351  2959 

-53679 

0.68969  7620 

-60572 

0.70435  6422 

-65972 

5.1 

J  .66271  0827 

46284 

.67931  0287 

53756 

.69435  6500 

59674 

5.2 

1  .65186  2399 

38947 

.66886  9190 

46982 

.68429  6899 

53404 

5.3 

.64097  5013 

31675 

.65838  1102 

40255 

.67418  3887 

47169 

5.4 

.63005  6937 

24478 

.64785  2749 

33586 

.66402  3699 

40976 

5.5 

0.61911  2369 

-17360 

0.63729  0798 

-26977 

0.65382  2525 

-34830 

5.6 

.60815  1424 

10330 

.62670  1858 

20436 

.64358  6512 

28736 

6.7 

.59718  0131 

-  3396 

.61600  2469 

13971 

.63332  1753 

22701 

6.8 

.58620  5424 

+  3438 

.60546  9005 

7585 

.62303  4280 

16730 

5.9 

.57523  4136 

10165 

.59483  8119 

-  1286 

.61273  0065 

10828 

6.0 

0.56427  2992 

16776 

0.58420  5841 

+  4020 

0.60241  5009 

-  5001 

6.1 

.55332  8601 

23268 

.57357  8466 

11030 

.59200  4938 

+  747 

6.2 

.54240  7456 

29634 

.56296  2101 

17035 

.58177  5508 

6410 

6.3 

.53151  5920 

35869 

.55236  2751 

22934 

.57146  2652 

11985 

6.4 

.52066  0228 

41967 

.54178  6314 

28718 

.56116  1674 

17465 

6.6 

0.50984  6477 

47924 

0.53123  8574 

34385 

0.55087  8143 

22847 

6.6 

.49908  0622 

53734 

.52072  5195 

39930 

.54061  7440 

28128 

6.7 

.48836  8474 

59394 

.51025  1724 

45348 

.53038  4845 

33301 

6.8 

.47771  5692 

64900 

.49982  3577 

50638 

.52018  5531 

38365 

6.9 

.46712  7781 

70247 

.48044  6043 

55702 

.51002  4560 

43315 

7.0 

0.45661  0087 

75432 

0.47912  4276 

60809 

0.49990  6884 

48148 

7.1 

.44616  7795 

80452 

.46886  3291 

65685 

.48983  7332 

52861 

7.2 

.43580  5924 

85304 

.45866  7965 

70417 

.47982  0620 

57450 

7.3 

.42552  9325 

89985 

.44854  3030 

75004 

.46086  1334 

61014 

7.4 

.41534  2679 

94493 

.43849  3070 

70441 

.45996  3939 

66250 

7.5 

0.40525  0494 

98825 

0.42852  2524 

83726 

0.45013  2770 

70453 

7.6 

.39525  7101 

102980 

.41863  5675 

87858 

.44037  2029 

74524 

7.7 

.38536  6655 

106957 

.40883  6655 

91835 

.43068  5787 

78460 

7.8 

.37558  3132 

110754 

.39912  9441 

95655 

.42107  7980 

82259 

7.9 

.36591  0330 

114369 

.38951  7853 

99316 

.41155  2407 

85919 

8.0 

0.35635  1863 

117804 

0.38000  5553 

102820 

0.40211  2726 

89440 

8.1 

.34691  1167 

121055 

.37059  6043 

106162 

.39276  2459 

92818 

8.2 

.33759  1492 

124126 

.36129  2664 

109344 

.38350  4985 

96056 

8.3 

.32839  5910 

127015 

.35209  8600 

112365 

.37434  3541 

99152 

8.4 

.31932  7310 

129721 

.34301  6872 

115223 

.36528  1222 

102102 

8.5 

0.31038  8397 

132247 

0.33405  0337 

117922 

0.35632  0979 

104910 

8.6 

.30158  1698 

134593 

.32520  1605 

120460 

.34746  5620 

107575 

8.7 

.29290  9558 

136759 

.31647  3483 

122836 

.33871  7800 

110095 

8.8 

.28437  4145 

138749 

.30786  8079 

125054 

.33008  0067 

112471 

8.9 

.27597  7447 

140561 

.29938  7609 

127111 

.32155  4769 

114704 

9.0 

0.26772  1279 

14^ 

0.29103  4401 

129012 

0.31314  4149 

116795 

9.1 

.25960  7280 

143667 

.28281  0086 

130756 

.30485  0299 

118744 

9.2 

.25163  6916 

144963 

.27471  6499 

132344 

.29667  5166 

120551 

9.3 

.24381  1485 

146093 

.26675  5228 

133780 

.28862  0559 

122219 

9.4 

.23613  2117 

147057 

.25892  7710 

135064 

.28068  8145 

123748 

9.6 

0.22859  9777 

147859 

0.25123  5228 

136199 

0.27287  9454 

125130 

9.6 

.22121  5267 

148502 

.24367  8017 

137185 

.26519  5877 

126395 

9.7 

.21397  9230 

148990 

.23625  9765 

138028 

.25763  8670 

127516 

9.8 

.20689  2155 

149324 

.22897  8615 

138726 

.25020  8055 

128505 

9.9 

.19995  4376 

149509 

.22183  6165 

139286 

.24290  7721 

129364 

10.0 

0.19316  6080 

149550 

0.21483  2076 

130710 

0.23573  5828 

130094 

*  These  differences  are  modified. 
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M 


0.0 

1.00000  0000 

-263178 

1.00000  0000 

-260018 

1.00000  0000 

-238111 

0.1 

0.99986  8429 

263079 

0.99987  5007 

249929 

0.99988  0959 

238031 

0.2 

.99947  3816 

262783 

.99950  0119 

249661 

.99952  3918 

237787 

.99881  6455 

262290 

.99887  5603 

249215 

.99892  9119 

237381 

0.4 

.99789  6841 

261601 

.99800  1904 

248591 

.99809  6969 

236815 

0.5 

0.99671  5661 

-260716 

0.99687  9646 

-247791 

0.99702  8033 

-236087 

0.6 

.99527  3801 

259637 

.99550  9630 

246814 

.99572  3041 

235198 

0.7 

.99357  2338 

258365 

.99389  2832 

245663 

.99418  2878 

234151 

0.8 

.99161  2546 

256901 

.99203  0402 

244337 

.99240  8594 

232946 

0.9 

.98939  5888 

255247 

.98992  3668 

242840 

.99040  1392 

231585 

l.O 

0.98692  4017 

-253405 

0.98757  4123 

-241173 

0.98816  2634 

-230067 

1.1 

.98419  8774 

251378 

.98498  3438 

239336 

.98569  3838 

228396 

1.2 

.98122  2188 

249167 

.98215  3447 

237334 

.98299  6674 

226573 

1.3 

.97799  6467 

246775 

.97908  6153 

235166 

.98007  2963 

224601 

1.4 

.97452  4004 

244206 

.97578  3723 

232838 

.97692  4679 

222480 

1.5 

0.97080  7367 

-241461 

0.97224  8483 

-230350 

0.97355  3941 

-220215 

1.6 

.96684  9302 

238545 

.96848  2923 

227706 

.96996  3015 

217806 

1.7 

.96265  2722 

235459 

.96448  9686 

224908 

.96615  4309 

215257 

1.8 

.95822  0713 

232211 

.96027  1569 

221959 

.96213  0371 

212570 

1.9 

.95355  6522 

228800 

.95583  1520 

218864 

.95789  3888 

209748 

2.0 

0.94866  3560 

-225233 

0.95117  2633 

-215626 

0.95344  7681 

-206794 

2.1 

.94354  5393 

221513 

.94629  8146 

212247 

.94879  4703 

203712 

2.2 

.93820  5740 

217645 

.94121  1438 

208732 

.94393  8036 

200504 

2.3 

.93264  8469 

213632 

.93591  6022 

205085 

.93888  0888 

197174 

2.4 

.92687  7591 

209480 

.93041  5545 

201309 

.93362  6587 

193726 

2.5 

0.92089  7258 

-205194 

0.92471  3782 

-197409 

0.92817  8582 

-190162 

2.6 

.91471  1755 

200777 

.91881  4632 

193389 

.92254  0434 

186488 

2.7 

.90832  5498 

196236 

.91272  2116 

189253 

.91671  5819 

182705 

2.8 

.90174  3027 

191575 

.90644  0366 

186007 

.91070  8517 

178820 

2.9 

.89496  9002 

186799 

*  .89997  3630 

180653 

.90452  2414 

174835 

3.0 

0.88800  8198 

-181916 

0.89332  6259 

-176198 

0.89816  1492 

-170754 

3.1 

.88086  5496 

176928 

.88650  2709 

171645 

.89162  9834 

166583 

3.2 

.87354  5885 

171842 

.87960  7530 

167002 

.88493  1608 

162325 

3.3 

.86605  4448 

166664 

.87234  5366 

162268 

.87807  1072 

157983 

3.4 

.85839  6364 

161400 

.86502  0948 

157455 

.87105  2567 

153565 

3.5 

0.85057  6895 

-156054 

0.85753  9090 

-162563 

0.86388  0512 

-149071 

3.6 

.84260  1386 

150633 

.84990  4682 

147600 

.85655  9397 

144509 

3.7 

.83447  5256 

145143 

.84212  2686 

142568 

.84909  3786 

139883 

3.8 

.82620  3995 

139590 

.83419  8134 

137476 

.84148  8302 

135195 

3.9 

.81779  3154 

133980 

.82613  6116 

132327 

.83374  7634 

130454 

4.0 

0.80924  8343 

-128318 

0.81794  1780 

-127126 

0.82587  6521 

-125660 

4.1 

.80057  5222 

122611 

.80962  0326 

121880 

.81787  9757 

120821 

mSm 

.79177  9497 

116864 

.80117  7001 

116592 

.80976  2179 

115940 

.78286  6915 

111085 

.79261  7089 

111269 

.80152  8668 

111022 

III 

.77384  3252 

105277 

.78394  5914 

105916 

.79318  4141 

106073 

0.76471  4317 

-99449 

0.77616  8827 

-100638 

0.78473  3546 

-101096 

4.6  1 

.75548  5936 

93604 

.76629  1205 

95141 

.77618  1859 

96096 

4.7 

.74616  3954 

87750 

.75731  8445 

89728 

.76753  4079 

91079 

4.8 

.73675  4222 

81892 

.74825  5960 

84306 

.75879  5222 

86047 

4.9 

.72726  2597 

76036 

.73910  9168 

78882 

.74997  0320 

81008 

BQI 

0.71769  4936 

-70188 

0.72988  3495 

-73456 

0.74106  4410 

-75964 

*  These  differences  are  modified. 
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X 

1 

/.. 

•8* 

/*o 

•«* 

5.0 

1  0.71769  4936 

-70188 

0.72988  3495 

-73456 

0.74106  4410 

-76964 

5.1 

B  .70805  7084 

64353 

.72058  4365 

68038 

.73208  2537 

70920 

5.2 

B  .69835  4876 

58537 

.71121  7195 

62630 

.72302  9743 

65882 

5.3 

B  .68859  4127 

52745 

.70178  7392 

57239 

.71391  1065 

60852 

5.4 

1 

I  .67878  0627 

46984 

.69230  0345 

51868 

,70473  1533 

55837 

5.5 

1  0.66892  0137 

-41257 

0.68276  1426 

-46524 

0.69549  6160 

-50839 

5.6 

.65901  8383 

35571 

.67317  5977 

41209 

.68620  9945 

45864 

5.7 

.64908  1049 

29931 

.66354  9313 

35930 

.67687  7861 

40915 

5.8 

.63911  3775 

24341 

.65388  6712 

30690 

.66750  4856 

35998 

5.9 

.62912  2151 

18806 

.64419  3412 

25495 

.65809  5847 

31115 

6.0 

0.61911  1709 

-13332 

0.63447  4608 

-20347 

0.64865  5717 

-26269 

6.1 

.60908  7924 

7922 

.62473  5447 

15253 

.63918  9309 

21468 

6.2 

.59905  6205 

-  2582 

.61498  1023 

10216 

.62970  1425 

16713 

6.3 

.58902  1891 

+  2686 

.60521  6372 

5238 

.62019  6819 

12007 

6.4 

.57899  0247 

7874 

.59544  6471 

-  326 

.61068  0195 

7356 

6.5 

0.56896  6462 

12981 

0.58567  6232 

+  4518 

0.60115  6205 

-  2762 

6.6 

.55895  5643 

18002 

.57591  0497 

9290 

.59162  9442 

+  1772 

6.7 

.54896  2809 

22934 

.56615  4038 

13986 

.58210  4439 

6241 

6.8 

.53899  2892 

27772 

.55641  1551 

18603 

.57258  5666 

10645 

6.9 

.52905  0729 

32514 

.54668  7651 

23138 

.56307  7524 

14977 

7.0 

0.51914  1062 

37156 

0.53698  6874 

27588 

0.55358  4346 

19236 

7.1 

.50926  8533 

41695 

.52731  3667 

31949 

.54411  0391 

23420 

7.2 

.49943  7679 

46128 

.51767  2393 

36219 

.53465  9842 

27526 

7.3 

.48965  2933 

50453 

.50806  7321 

40395 

.52523  6803 

31550 

7.4 

.47991  8620 

54667 

.49850  2626 

44476 

.51584  5298 

35490 

7.5 

0.47023  8953 

58767 

0.48898  2388 

48457 

0.50648  9267 

39344 

7.6 

.46061  8031 

62750 

.47951  0589 

52337 

.49717  2564 

43110 

7.7 

.45105  9838 

66617 

.47009  1107 

56114 

.48789  8955 

46786 

7.8 

.44156  8239 

70363 

.46072  7721 

59787 

.47867  2115 

50370 

7.9 

.43214  6981 

73988 

.45142  4101 

63352 

.46949  5627 

53860 

8.0 

0.42279  9688 

77490 

0.44218  3814 

66810 

0.46037  2982 

57254 

8.1 

.41352  9862 

80867 

.43301  0316 

70157 

.45130  7574 

60552 

8.2 

.40434  0880 

84119 

.42390  6954 

73393 

.44230  2699 

63750 

8.3 

.39523  5993 

87245 

.41487  6965 

76517 

.43336  1556 

66849 

8.4 

.38621  8328 

90242 

.40592  3472 

79527 

.42448  7243 

69846 

8.5 

0.37729  0881 

93112 

0.39704  9486 

82423 

0.41668  2767 

72742 

8.6 

.36845  6523 

95854 

.38825  7901 

85205 

.40695  0994 

75535 

8.7 

.35971  7994 

98466 

.37955  1501 

87870 

.39829  4747 

78223 

8.8 

.35107  7909 

100949 

.37093  2949 

90421 

.38971  6704 

80808 

8.9 

.34253  8748 

103304 

.36240  4796 

92852 

.38121  9450 

83288 

9.0 

0.33410  2868 

105529 

0.35396  9475 

95171 

0.37280  5465 

85662 

9.1 

.32577  2494 

107626 

.34562  9303 

97371 

.36447  7122 

87932 

9.2 

.31754  9721 

109595 

.33738  6480 

99455 

.35623  6692 

90094 

9.3 

.30943  6520 

111435 

.32924  3091 

101422 

.34808  6337 

92153 

9.4 

.30143  4731 

113150 

.32120  1102 

103275 

.34002  8116 

94105 

9.5 

0.29354  6068 

114738 

0.31326  2367 

105011 

0.33206  3980 

95952 

9.6 

.28577  2121 

116201 

.30542  8623 

106635 

.32419  5777 

97694 

9.7 

.27811  4352 

117541 

.29770  1492 

108142 

.31642  5248 

99331 

9.8 

.27057  4103 

118758 

.29008  2482 

109539 

.30875  4032 

100864 

9.9 

.26315  2589 

119855 

.28257  2991 

110822 

.30118  3661 

102295 

10.0  1 

0.25585  0909 

120832 

0.27517  4301 

111994 

0.29371  5566 

103625 

*  These  differences  are  modified. 
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A  BOUNDARY  VALUE  PROBLEM  IN  PLANE  PLASTICITY* 

Bt  N.  Cobubn 

1.  Introduction.  The  following  problem  is  discussed  in  this  paper.  Given 
a  perfectly  plastic  material  occupying  the  semi-space  x  >  0.  The  stresses 
(0,  y),  y)  acting  on  the  boundary  x  =  0  are  considered  as  known.  Our 
problem  is  to  determine  the  stresses  acting  at  each  point  of  the  semi-space 
X  >  0. 

The  determination  of  the  stresses  is  known  to  depend  upon  the  solution  of  a 
nonlinear  second  order  partial  differential  equation  of  the  hyperbolic  type  in  the 
X,  y,  plane  [1]‘.  The  problem  has  been  attacked  from  various  \T[ewix)ints.  In 
1871,  M.  Levy  [2]  studied  the  mappings  of  the  x,  y  physical  plane  into  the  plane 
of  the  variables  c,  y,  where  <r  denotes  the  mean  normal  stress  and  y  is  the  angle 
between  the  tangent  to  one  family  of  slip  lines  (characteristics  of  the  above  men¬ 
tioned  nonlinear  differential  equation)  and  the  x-axis.  He  showed  that  the 
mapping  functions  could  be  expressed  in  terms  of  the  hyperbolic  and  ordinary 
sine  and  cosine  functions.  Next,  the  geometric  properties  of  the  orthogonal  net 
of  slip  lines,  f  =  constant  and  jj  =  constant,  were  investigated.  In  1923,  H. 
Hencky  [3]  and  L.  Prandtl  [4]  proved  that  the  following  two  properties  are  valid 
for  this  net:  (1)  the  two  tangents  to  any  curve  of  one  family,  which  cut  any  two 
curves  of  the  other  family,  are  so  oriented  that  the  angle  between  the  two  tan¬ 
gents  is  constant;  (2)  at  any  point,  the  rate  of  change  of  the  radius  of  cuiwature 
of  a  curve  of  one  family  with  respect  to  the  arc  length  along  the  curve  of  the  other 
family,  which  passes  through  the  given  point,  has  the  magnitude  one.  By  use 
of  these  properties,  C.  Caratheodory  and  E.  Schmidt  [5]  gave  an  analytic  method 
for  determining  this  net  when  one  curve  of  each  family  is  knowm.  This  con¬ 
tribution  is  equivalent  to  determining  the  mapping  functions  from  the  x,  y  plane 
to  the  {,  plane  when  the  boundary  conditions  are  given  along  two  intersecting 
characteristics.  Qther  interesting  geometric  properties  of  the  net  were  given 
by  R.  V.  Mises  [6],  W.  Prager  [7],  and  I.  Capuano  [8].  One  of  v.  Mises’  results 
is  of  considerable  interest  from  our  standpoint  since  it  connects  the  work  of  Levy 
and  later  contributors,  namel.v,  the  diagonals  of  the  net  a  =  constant  and  y  = 
constant  form  the  net  f  =  constant  and  i;  =  constant.  Recently,  H.  Geiringer 
and  W.  Prager  [9],  S.  Christianovich  [10],  and  S.  Bergman  [11]  have  made  im¬ 
portant  contributions  by  an  analytical  approach  to  the  problem.  Geiringer 
and  Prager  showed  that  the  functions  mapping  the  x,  y  plane  into  the  ri  plane 
are  the  solutions  of  a  linear  hyperbolic  second  order  partial  differential  equation 
in  which  the  first  derivatives  are  missing.  In  a  penetrating  analysis,  Christian- 

*  Received  October,  1943;  presented  preliminary  report  to  the  American  Mathematical 
Society,  February  27,  1943.  The  author  wishes  to  thank  Professor  W.  Prager  of  Brown 
University  for  encouragement  and  valuable  criticism;  also,  Dr.  L.  Bers  of  Brown  Uni¬ 
versity  and  Professors  R.  N.  Haskell,  E.  W.  Titt,  and  D.  Young  of  the  University  of 
Texas  for  valuable  and  interesting  conversations  on  several  phases  of  the  paper. 

*  The  numbers  in  bracketts  refer  to  the  bibliography. 
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o^^ch  discussed  the  solutions  of  the  Greiringer-Prager  equations.  Further,  he 
introduced  the  idea  of  a  line  of  rupture  (defined  as  a  curve  along  which  one  of 
the  partial  derivatives  of  the  stresses  becomes  infinite)  and  showed  that  if  the 
closed  boundary'  curve  and  the  boundary  stresses  satisfy  certain  regularity  condi¬ 
tions  then:  (1)  in  the  interior  problem,  there  will  always  exist  a  line  of  rupture; 
(2)  in  the  exterior  problem,  there  will  never  exist  a  line  of  rupture.  Finally, 
Bergman  indicated  a  method  for  generating  particular  solutions  of  the  Geiringer- 
Prager  equations. 

Our  procedure  will  be  to  start  with  the  three  well  known  equations  of  plane 
plasticity  [12]  invohdng  the  stresses  «r, ,  <r,  ,  (t„  ,  the  mean  normal  stress  <t,  and 
the  variable  7  denoting  the  angle  between  the  tangent  to  one  family  of  slip  lines 
and  the  x-axis.  Upon  eliminating  the  mean  normal  stress  a  and  replacing  a, , 
(Ty  ,  cTxy  ,  by  the  proper  partial  derivatives  of  the  Airy  stress  function,  we  obtain 
a  system  of  two  linear  partial  differential  equations  of  the  hyperbolic  type.  One 
of  these  equations  can  be  immediately  integrated  and  furnishes  the  stresses  in 
terms  of:  (1)  the  boundary  conditions;  (2)  the  sine  fimction  of  27.  The  remain¬ 
ing  equation  of  the  above  system  of  linear  partial  differential  equations  can  be 
solved  and  furnishes  the  cosine  function  of  27  in  terms  of  the  boundary  data. 
In  ^^ew  of  the  fact  that  cosine  of  27  lies  in  the  range  ( —  1,  1),  we  can  formulate 
a  mathematical  condition  for  the  determination  of  the  boundary  “curve  beyond 
which  the  statically  determinate  plastic  stress  distribution  cannot  be  extended.”* 
By  use  of  our  formulas  for  the  stresses  a.  ,  <r,  ,  ,  we  can  easily  show  that  along 

this  boundary'  curve  one  of  the  partial  derivatives  of  the  stresses  (dcy/dx)  becomes 
infinite.  Thus,  this  boundary  cur\'e  is  a  line  of  rupture  in  the  sease  of  Christian- 
ov'ich. 


2.  Formulation  of  the  problem.  We  consider  the  semi-space  x  >  0.  The 
material  occupying  this  r^on  is  assumed  to  be  perfectly  plastic.  At  any  point 
of  the  closed  region  R  occupied  by  this  plastic  material,  the  following  stress  com¬ 
ponents  exist:  normal  stresses  a,  and  Oy  acting  parallel  to  the  x  and  y-axis,  re¬ 
spectively;  a  shear  stress  a^y .  The  equilibrium  relations  can  be  satisfied  by 
assuming  the  existence  of  the  Airy  stress  function  F(x,  y)  such  that 


(2.1) 


Further,  the  following  relations  are  well  known* 


d'F 

dxdy 


(2.2) 

(Tf  =  <r  -{•  k  sin  27, 

(2.3) 

ffy  =  <r  —  k  sin  27, 

(2.4) 

ffxy  ^  —  k  cos  2y, 

*  This  interpretation  of  the  line  of  rupture  is  due  to  Professor  W.  Prager. 
»  See  112). 
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where  k  is  a  characteristic  constant  of  the  material  (the  yield  stress  in  shearing), 
a  is  the  mean  normal  stress,  and  y  ijs  the  angle  between  the  tangent  to  one  family 
of  slip  lines  and  the  z-axis.  Upon  subtracting  (2.3)  from  (2.2),  we  find 

(2.5)  (Ta  —  ffy  =  2k  sin  27. 

By  use  of  (2.1),  the  equations  (2.4),  (2.5)  become,  respectively 

d'F 


(2.6) 


(2.7) 


dxdy 


=  —k  cos  27, 


d'F  d'F  .  _ 
-TT  — “  2A:  sin  27. 


In  our  future  work,  we  shall  study  the  system  (2.6),  (2.7). 

Now,  we  consider  the  boundary  conditions.  Let  the  stresses  acting  on  that 
part  of  the  boundary  which  is  adjacent  to  the  plastic  material  be 


(2.8) 


<r.(0,  y)  =  0(y),  <r^(0,  y)  *  9{y\ 


where  ^{y)  and  d{y)  are  arbitrary  functions  of  y  possessing  piecewise  continuous 
second  derivatives.  Note,  the  stress  <7,  (0,  y)  can  be  found  in  terms  of  <^(y)  and 
9(.y)  by  use  of  (2.1),  (2.6),  (2.7).  Further,  by  use  of  (2.1),  (2.8),  we  find 


(2.9) 


4»{y) 


= 

/o.*  ’ 


e{y)  =  -f£) 

dxdy  h  i 


By  integrating  the  first  equation  of  (2.9)  twice  with  respect  to  y,  we  find 
(2.10)  F(0,  y)  «  a{y)  =  f  dy  f  it>{y)  dy. 

•'ko  •'*0 

Similarly,  by  integrating  the  second  equation  of  (2.9)  once  with  respect  to  j/, 
we  find 


(2.11) 


M  =  /  ®(y)  dy. 

dx/«,a  •'ifo 


Equations  (2.10),  (2.11)  furnish  Cauchy  data  for  the  int^ration  of  (2.6)  or  (2.7). 
In  view  of  the  fact  that  the  ^-axis  is  a  characteristic  of  (2.6),  we  see  that  for  the 
above  data  only  (2.7)  may  be  integrated.  After  int^rating  (2.7),  we  shall  re¬ 
quire  that  F(z,  y)  satisfy  (2.6).  This  last  condition  will  furnish  a  relation  be¬ 
tween  the  sine  and  cosine  functions  of  the  angle  27  and  our  boundary  data.  Re¬ 
turning  to  the  functions  a{y)  and  /3(y),  we  note  that  a{y)  is  determined  to  within 
a  linear  function  of  y  and  fi{y)  is  determined  to  within  an  arbitrary  constant. 
To  obtain  the  function  F(z,  y),  we  shall  consider  a{y)  and  0{y)  as  completely 
determined.  However,  the  calculation  of  the  stresses  requires  that  only  the 
second  derivative  of  a(y)  and  the  first  derivative  of  0iy)  be  known.  From  (2.10), 
(2.11),  we  see  that  these  derivatives  are  uniquely  determined,  that  is 


(2.12) 


W  -  fy  - 


1 
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3.  Integration,  first,  we  turn  to  the  integration  of  (2.7).  This  equation  is 
similar  to  the  wave  equation.  Its  integral  is  [13] 

rr-f 

M  dy 


(3.1) 


^  “  {)  +  “(*»  +  f)  +  P(y)  dy~^ 


~  f  sin  27  cfcr  dy. 


In  (3.1),  the  coordinates  (|,  ij)  are  those  of  an  arbitrary  point  P  in  the  perfectly 
plastic  region  R,  the  multiple  integral  is  taken  over  the  triangle  bounded  by  the 
y-axis  and  the  characteristics  through  the  point  P.  Note,  the  characteristics  of 
(2.7)  are  straight  lines  inclined  at  45®  and  135®  to  the  x-axis  (see  hgure  1). 


By  use  of  (2.1),  (3.1),  we  can  calculate  the  stresses  in  terms  of  the  known 
boundary  data  and  the  unknown  function  y.  Let  us  write 

(3.2)  u  ri  —  V  ^  ri  + 

Forming  the  second  derivatives  of  (3.1),  we  find 

(3.3)  <r(  =  ^  =  M0(«)  +  Mv)  +  ff(u)  —  9(v)]  —  j  j^ein  2y  dx  dy, 

(3.4)  ff,  =  ^  =  §[</.(u)  +  0(v)  +  0{u)  -  fl(t>)]  -  fc  ^  sin  27  dx  dy, 

(3.5)  fff,  **  -  ^{v)  +  e{u)  +  fi(w)]  +  k  j  j^sin  2y  dx  dy. 

By  substituting  (3.5)  into  (2.6),  we  obtain  an  integral-differential  equation 
for  the  determination  of  7(x,  y)  in  terms  of  the  boundary  data 

(3.6)  cos  27  =  ^  [«^>(u)  -  4-  0(u)  -H  «(t>)]  ■+■  J  j^sin  2y  dx  dy. 

In  the  next  few  paragraphs,  we  shall  study  the  relation  (3.6). 


65 


BOUNDARY  VALUE  PROBLEM  IN  PLANE  PLASTICITY 


In  view  of  the  nature  of  our  region  of  integration,  it  is  easily  shown  that  the 
differentiation  operator  in  (3.6)  may  be  taken  inside  the  integral  sign  for  those 
regions  R  in  which  sin  2y  and  its  first  and  second  partial  derivatives  exist  and 
are  ciHitinuous.  Let  us  assume  that  the  function  sin  has  these  properties  in 
R.  Further,  let  us  replace  sin  2^  by  /(x,  y)  for  convenience  in  writing.  Froy 
figure  1,  we  see  that 


(3.7)  j y)  dx  dy  =  ^  dx  fix,  y)  dy  +  dx  y)  dy. 


By  differentiating  the. first  integral  in  the  right  hand  side  of  (3.7)  partially  with 
respect  to  ij,  we  obtain 

(3.8)  ^  y)  *  j[  \f(x,  n  -  X  +  0  -  fix,  1?)]  dx. 


Next,  we  differentiate  (3.8)  partially  with  respect  to  {  and  find 


(3.9) 


dfjx,  y  -  X  +  i) 

div  -  I  +  .« 


dx. 


Upon  replacing  the  variable  of  integration  x  in  the  right  hand  side  of  (3.9)  by 
(3.10)  X  =  f  -  Z, 


the  equation  (3.9)  becomes 


dZ. 


The  integral  in  the  right  hand  side  of  (3.11)  is  nothing  but  the  line  integral  of 
df/dy  along  the  characteristic  PPt  (see  figure  1).  By  the  further  change  of 
variable 


(3.12)  y^v  +  Z, 
the  equation  (3,11)  becomes 

(3.13)  ^  I  ^  ^  /.  • 

Similarly,  we  can  show  for  the  second  integral  in  the  right  hand  side  of  (3.7) 

dy,  along  PiP. 

d(dri  Jo  Jo+x-i  Jr,  dy 

Thus,  from  (3.7),  (3.13),  (3.14),  we  find  that 

where  the  integral  in  the  right  hand  side  of  (3.15)  is  a  line  integral  along  the  char¬ 
acteristics  in  figure  1.  Again,  we  can  write  (3.7)  as 

f  e  rn  rir-f+I  rn+i  ir+» 

(3.16)  J  ]^f(x,  y)dxdy  ^  J  ^dy  fix,  y)  dx  +  J  dy  fix,  y)  dx. 
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Proceeding  as  in  (3.8)  to  (3.15),  we  obtain  a  formula  analogous  to  (3.15),  namely 

(3.17)  ^ffj(x,y)dxdy- + 

where  the  int^ral  in  the  right  hand  side  of  (3.17)  is  a  line  integral  along  PiPPt . 
Combining  (3.15),  (3.17),  we  find 


(3.18) 


d^drj 


+ 


/(0,i,+O-/(0,n-{) 


Let  us  replace  the  last  two  terms  in  the  right  hand  side  of  (3.18)  by 

(3.19)  +  ^dy+  m  n  +  {)  -  /(O,  n  -  {), 

where  the  integral  in  the  right  hand  side  is  taken  along  the  y-axis.  By  use  of 

(3.19) ,  the  equation  (3.18)  becomes 


(3.20) 


A 

d^dri 


^  f  I 


“  -  §  /  (I  *  - 1  *)  +  ”  +  «  -  ’  -  «■ 

where  the  line  integral  is  taken  about  the  triangle  of  figure  1.  Using  Green's 
theorem  in  (3.20)  and  replacing  /(x,  y)  by  sin  2y,  we  obtain 

(3.21)  f  f  sin  2ydxdy=  f  [  ^  dxdy  +  sin  2^)  -  sin  27) 

From  (2.1),  (2.4),  (2.9),  we  find  the  value  of  cos  27  along  the  y-axis,  that  is 


(3.22) 


cos  27 


)o.i» 


e(y)/k. 


Hence,  substituting  (3.21),  (3.22)  into  (3.6),  we  obtain  with  the  aid  of  (3.2) 

> 

cos  27  =  ^[<<'(w)  -  0(f)  +  ®(u)  +  e{v)  +  2y/lc‘  -  e^(v)  -  2\/fc*  —  ^(m)] 

(3.23) 


+ 


ff  — 

J  dx 


sin  27 


dx  dy. 


1>  dxdy 

Our  next  step  is  to  applj^  the  operator 

to  both  sides  of  (3.23).  A  calculation  similar  to  that  used  in  the  preceeding 
paragraph  reveals  that 


(3.25) 


-■/I 


3*  sin  27 
dxdy 


dx  dy 


d*  sin  27 
dxdy 


M 
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Further,  in  view  of  the  fact  that  «  and  v  are  variables  of  the  form  given  by  (3.2), 
it  follows  that 

(3.26)  Z)*/(ti)  =  D'giv)  -  0, 

where  /  and  g  are  arbitrary  functions  (possessing  piecewise  continuous  second 
derivatives)  of  the  variables  u  and  v,  respectively.  Hence,  the  application  of 
the  operator  (3.24)  to  (3.23)  furnishes* 


(3.27) 


-  £.\ 


cos  27  =  2  sin  27. 
d^dii 


Substituting  (3.27)  into  (3.23),  the  latter  becomes 

cos  27  =  ^  +  9iu)  +  9{v)  +  2y/ lc‘  -  fl»(t;)  -  2y/k^  -  ^(u)] 

(3.28) 

In  view  of  (3.26),  it  is  seen  by  direct  substitution  that  the  solution  of  (3.28)  is 

(3.29)  cos  27  ^  [0(u)  -  +  e{u)  +  ^(t>)  +  2y/k^  -  fi(v)  -  2y/lc*-fi(u)]. 

We  shall  now  show  that  the  locus 

(3.30)  cos  27  =  ±1, 

is  a  line  of  rupture  in  the  sense  of  Christianovich  [2].  Let  us  for  convenience 
in  future  writing  set 

(3.31)  cos  27  =  (?(f,  ij). 

From  (3.31),  it  follows  that 

(3.32)  sin  27  =  ±  Vl  -  G*ii,  n). 

In  those  regions  R,  where  (1  —  G*)*^*  is  continuous  and  possesses  continuous  first 
and  second  partial  derivatives,  we  find  by  arguments  similar  to  those  used  in 
deriving  (3.13),  (3.14) 

fv  //>  =  -20(1  -  O’)-'’!  +/''  <1,, 

where  the  integral  in  (3.33)  is  a  line  integral  along  PiPPt .  If  we  allow  P  to 
approach  a  point  P  which  lies  on  the  locus  (3.30)  and  if  dG/d^  does  not  vanish 
in  that  portion  of  R  under  discussion,  then  the  left  hand  side  of  (3.33)  becomes 
unbounded.  If  dG/di  does  vanish  then  G  is  a  function  of  r)  alone  in  this  portion 
of  R.  Hence,  (3.33)  becomes 

ae 


(3.34) 


I  li  -0’d.iy=-  {g(1  -  (?■)-'■  f  ] 


-I- 


*  Relation  (3.27)  follows  directly  if  (2.6),  (2.7)  are  differentiated. 
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As  P  approaches  P,  the  integrals  in  the  right  hand  side  of  (3.34)  become  diver¬ 
gent.  Hence,  again  the  left  hand  side  of  (3.34)  becomes  unbounded.  Thus, 
we  see  by  use  of  (3.32)  that  the  quantity 

|//>  sin  27  dx  dy 

becomes  unbounded  as  P  approaches  P.  Finally,  from  (3.4),  it  follows  that 
dajdi  becomes  unbounded  as  P  approaches  P.  Thus,  the  locus  (3.30)  repre¬ 
sents  a  line  of  rupture  in  the  sense  of  Christianovich.  That  is,  the  locus  (3.30) 
represents  a  “curv’e  beyond  which  the  statically  determined  plastic  stress  distri¬ 
bution  cannot  be  extended.”* 

Univebsitt  of  Texas 
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AN  IMPROVEMENT  ON  THE  G.C.D.  METHOD  FOR  COMPLEX  ROOTS 
Bt  Frank  L.  Hitchcock 


The  method  of  Dr.  Shih-Nge  Lin,  when  it  conven?es  rapidly,  is  the  most  satis-- 
factory  yet  devised  for  finding  complex  roots  of  algebraic  e<iuations  with  real 
coefficients,  (1),  (2).  For  equations  of  the  fourth  degree  the  method  of  Henry 
S.  Sharp  (3)  is  rapid  and  easy  and  applies  to  all  such  equations,  no  matter  how 
nearly  equal  the  two  real  quadratic  factors  may  be.  The  G.C.D.  method  (4), 
(5)  can  be  systematically  applied  to  equations  of  any  degree  but  leaves  some¬ 
thing  to  be  desired  in  the  way  of  speed.  The  following  plan  offers  a  distinct 
improvement. 

Writing  the  given  equation  as 

P(x)  =  x"  -I-  a,_ix"“*  -f  •  •  •  -h  oix  +  oo  =  0  (1) 

the  coefficients  being  real,  if  we  divide  P(x)  by  the  real  quadratic  x*  +  px  +  g 
we  shall  have  a  remainder  nx  ro  and  a  quotient  Q(x)  of  degree  n  —  2.  Now 
divide  this  quotient  by  the  original  divisor  x*  +  px  +  g  and  get  a  second  re¬ 
mainder  UiX  +  tio .  Next  compute  the  two  new  quantities 


t>i  »=  uo  —  pui,  «o  »  — gui 

(2) 

and  then  take 

*11^ 

_  riuo  —  foMi  .  _  —  riwo  +  ro»i 

(3) 

V 

If  X*  +  px  +  g  was 

Vi  Mo  —  »bUi’  ViMo  —  «oMi 

approximately  a  factor  of  P(x)  then 

X*  +  (p  +  p')x  +  g  +  g' 

(4) 

will  be  a  better  approximation  to  a  true  factor,  and  often  a  much  better  ap¬ 
proximation. 

We  then  repeat  the  process,  starting  with  (4)  as  a  new  divisor.  AU  steps 
are  readily  carried  out  on  a  computing  machine. 

I  shall  next  illustrate  by  an  example  and  afterwards  show  why  the  process 
is  in  general  valid. 

Take  the  following  equation,  which  has  been  studied  both  by  Dr.  Lin  and  the 
author. 

X*  -  3.012x’  +  3.225X*  +  1.021x'‘  +  6.986x* 

-  21.887X*  +  8.1  lOx*  +  5.901X  -f  23.889  =  0  (5) 

Let  it  be  known  that  x*  -f  *  +  1  is,  roughly,  a  factor.  (The  important  ques¬ 
tion  how  to  find  such  a  factor  will  be  discussed  later.)  Dividing  the  left  side 
by  X*  +  X  -+•  1  we  find  a  remainder  — 0.256x  —  4.904,  that  is 


ri 


-0.256, 


ro  = 


I 


! 


>1 


I 

I 

« 


69 


-4.904. 


(6) 
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The  quotient  in  this  dinsion  was 

Q(x)  =  X*  -  4.012x‘  +  6.237X*  -  1.2a4x*  +  1.953x*  -  22.636x  +  28.793.  (7) 

DiWding  Q(x)  by  x*  +  x  +  1  we  find  the  second  remainder  —  13.340x  +  30.738, 
that  is 


Ui  =  -13.340, 

uo  =*  30.738. 

(8) 

By  (2)  we  find,  since  p  —  q  —  1, 

vi  =  44.078, 

Vo  =  13.440 

(9) 

Then  by  (3) 

p'  =  -.0478, 

g'  =  -.1388. 

(10) 

Taking  these  as  having  some  significance 

p  +  p'  a*  0.95, 

to  two  decimal  places  we  put 

g  +  g'  =  0.86 

(11) 

and  so  take  x*  +  0.95x  +  0.86  as  a  new  divisor. 

That  is  to  say,  we  start  fresh,  taking  p  =  0.95  and  q  —  0.86,  and  divide 
the  original  P(x)  by  x*  +  0.95x  +  0.86.  This  gives  a  quotient 

Q(x)  =  x*  -  3.962x‘  -f  6.1289X*  -  1.394135x*  +  3.03957425x* 

-  23.57563944X  +  27.89282361  (12) 

and  a  remainder 

-0.32213251X  -  0.09882830  =  nx  +  ro .  (13) 

The  division  of  Q(x)  by  x*  +  0.95x  +  0.86  gives  a  second  remainder 

-18.62694975X  +  27.22791569  =  WiX  +  uo  (14) 

whence  we  find 

p'  =  -.00697432,  (f  =  +.00047358  (15) 

whence 

p  +  p'  ='  .94302568,  q  +  ^  =  .86047358.  (16) 

Judging  it  likely  that  these  results  may  have  significance  to  five  places  we  now 
take  X*  +  .94303x  +  .86047  as  the  next  divisor.  The  process  was  carried  through 
once  more  with  this  last  quadratic  as  x*  +  px  +  g  and  new  corrections  p'  and 
g'  obtained,  yielding  a  corrected  divisor. 

X*  +  .94301  66365X  +  .86047  37372  (17) 

in  which  the  tenth  decimal  place  is  in  doubt. 

In  this  example,  at  least,  it  is  evident  that  the  convergence  is  rapid,  yielding 
successively  two,  five,  and  nine  significant  figures,  in  the  three  repetitions  of  the 
process. 
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Theory  of  the  Method.  In  the  first  division  the  quotient  was  Q  and  the 
remainder  rix  +  ro 

P  =  Q(x*  +  px  +  g)  +  nx  +  ro.  (18) 

When  Q  is  divided  by  x*  +  px  -(-  9  let  the  quotient  be  called  O', 

Q  =  Q'ix*  +  px  +  q)  +  uix  +  ito  (19) 


which  substituted  in  (18)  gives 

P  =  Q'(x*  +  px  +  q)*  +  (uix  +  Wo)(x*  +  px  +  9)  +  rix  +  ro .  (20) 


This  is  an  identity  in  x,  p,  q,  and  the  coefficients  oo ,  Oi ,  etc.,  the  four  quantities 
Ui ,  Uo ,  Ti,  and  ro  being  polvuomials  in  p,  q,  and  the  a’s.  Take  the  partial 
derivative  of  both  sides  of  this  identity  with  respect  to  q, 


0  =  ^  (x*  +  px  +  q)'  +  2Q'(x'  +  px  +  9) 
dq 


+  S- 

dq 


Since  this  relation  is  also  an  identity  it  will  hold  true  when  we  substitute  for  x 
a  root  of  the  equation  x*  +  px  +  9  *  0,  say  x  =  o  +  63  where  f  “  —  1.  This 
gives 

(22) 


0  =  ui(a  +  ^  +  *?7)  ^  . 


and  by  equating  real  and  imaginary  terms  separately  to  zero 

dro 


dn 


Uo  =  — 


d9’ 


(23) 


that  is,  the  second  remainder  uix  +  uo  is  the  negative  of  the  derivative  of  the 
first  remainder  with  respect  to  9. 

We  next  take  .the  partial  derivative  of  (20)  with  respect  to  p. 


0  -  ^  (x*  +  px  +  9)*  +  2xQ'(x*  +  px  +  9)  +  ^x 


dri  ,  dro 


(24) 


(x  +  px  +  9)  +  a:(uix  +  tio)  +  x  —  +  — 


dp  dp 

As  before  we  now  set  x  =  a  +  iy,  a  root  of  x*  +  px  +  9  =  0,  yielding 


0  “  (a  +  6j)(uia  +  Uibj  +  uo)  +  (a  +  ty)  ^  4- 

op  op 


Equating  real  and  imaginary  parts  to  zero. 


(a*  —  6*)ui  +  auo  +  o^‘  +  ^==0 
dp  dp 


(25) 

(26) 


2qUi  4  Wo  “I"  ;r~  ~  0. 
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From  (27),  since  2a  =  — p,  we  find 


—  =  pui  —  iio  *  —vi  (28) 

op 

and  then,  by  (26),  using  q  —  +  b*, 

_  «  gui  =  -Vo;  (29) 

thus  vi  and  vo  are  the  negatives  of  the  derivatives  of  ri  and  ro  with  respect  to  p. 

Since  n  and  ro  are  polynomials  in  p  and  q  we  may  expand  them  by  Taylor’s 
series;  we  assume  p'  and  (f  small  enough  so  that  their  squares  may  be  neglected, 
and  so  chosen  as  to  make  these  remainders  vanish.  Then 

n(p  +  p\  q  +  q')  ^  ri(p,  q)  +  p'^+q'^  ^0  (30) 

roip  +  p',  9  +  9^)  =  ro(p,  q)  +  P'  +  9'  ^  =  0.  (31) 

By  (28)  and  (29)  and  (23)  these  results  become 

p't>i  +  9'mi  =  >'1  >  P'vo  +  q'uo  »  ro  (32) 

which  solved  for  p’  and  q'  give  (3). 

Discussion.  Compared  with  the  G.C.D.  method  of  the  paper  (4),  the  above 
process  replaces  the  labor  of  subtracting,  by  Homer’s  method,  the  real  part  of 
the  approximate  root,  by  the  smaller  labor  of  two  successive  divisions.  More¬ 
over  the  computation  of  p'  and  g'  by  the  formulas  (2)  and  (3)  of  the  present 

paper  is  much  quicker  than  that  of  «,  i,  m,  and  v  of  the  former  method.  The 

rapidity  of  the  convergence  at  successive  approximations  appears  to  be  at  least 
as  good. 

It  may  be  worth  while  to  remark  that,  in  dividing  P(x)  by  x*  -|-  px  -1-  9  on  a 
computing  machine,  only  the  successive  coefficients  of  the  quotient,  and,  of 
course,  the  remainder,  need  be  written  down,  all  intermediate  steps  being 
carried  on  the  machine.  1  If  three  successive  coefficients  in  Q(x)  are  g* ,  g*_i , 
and  qk-i  we  have  in  general 

qic-i  =  Ok  —  qqk  -  P9*-j  •  (33) 

Furthermore  two  successive  divisions  are  actually  to  be  carried  along  together. 
For  while  9t_j  is  still  on  the  machine  we  compute  the  corresponding  term  of  the 
second  quotient  Q'(x)  in  a  similar  manner. 

It  is  of  interest  to  compare  the  present  method  with  that  of  Dr.  Lin  in  a  case 
where  Dr.  Lin’s  method  converges  rather  slowly.  In  his  example  (b),  page  76 
of  paper  (2)  he  obtains  the  factor 

X*  -  0.821X  -f-  0.739  (34) 
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by  five  repetitions.  Using  the  same  initial  divisor  as  in  his  method,  namely 

X*  -  0.82x  +  0.86  (35) 

two  repetitions  of  the  present  method  yielded  the  factor 

X*  -  0.8210X  +  0.7378  (35) 

which  are  exact  to  four  decimal  places.  One  repetition  of  the  present  method 
requires  two  divisions  and  the  computation  of  p  and  p'.  If  only  two  or  three 
decimals  are  needed  the  present  method  does  not  seem  to  have  much  advantage 
if  Dr.  Lin’s  method  converges  fairly  well.  If  greater  accuracy  is  required  the 
rapid  convergence  of  the  present  method  would  yield  considerable  advantage. 

In  judging  of  the  accuracy  attained  at  any  approximation,  we  note  that  p' 
and  ^  are  obtained  on  the  supposition  that  their  squares  are  negligible.  Ac¬ 
cordingly  when  p'  and  g'  were  found  in  (10)  it  appeared  that  not  more  than  two 
decimal  places  were  worth  keeping;  similarly  in  (15)  since  p'*  is  nearly  .00005 
not  more  than  five  places  are  likely'  to  be  of  value;  finally  in  (17),  since  p'*  is 
more  than  .0000  0000  02,  we  conclude  the  tenth  place  is  in  doubt. 

The  first  approximation  to  a  quadratic  factor.  The  process  above  illustrated 
appears  satisfactory  for  improving  an  approximate  quadratic  factor  already  found 
but  tells  nothing  about  how  to  obtain  the  first  approximation.  When  Dr.  Lin’s 
method  fails  to  converge  the  initial  quadratic  determined  by  his  nile  is  likely  not 
to  give  convergence  under  the  present  method  either.  The  G.C.D.  can  in  gene¬ 
ral  be  used.  It  consists,  in  principle,  of  moving  the  origin  until  we  have  an 
approximate  quadratic  factor  of  the  form  x*  -|-  q,  that  is,  with  p  =  0.  But  the 
work  is  rather  lengthy. 

In  many  cases  a  few  trial  divisions  of  P(x)  by  x*  -h  px  +  9  with  p  and  q  taken 
as  whole  numbers  leads  rapidly  to  a  good  approximate  quadratic  factor.  In  the 
first  illustrative  example  above,  the  divisor  x*  -|-  x  -f  1  was  actually  obtained 
as  follows.  Divisions  w’ere  made  by  the  trial  factors  x*,  x*  -|-  x,  x*  -|-  1,  and 
X*  -|-  X  -b  1  which  do  not  take  long.  We  tabulate  the  remainders. 


p 

9 

n 

r# 

0 

0 

5.901 

23.889 

1 

0 

-37.298 

23.889 

0 

1 

4-31.821 

20.540 

1 

1 

-0.256 

-4.904 

The  changes  of  sign  indicate  the  existence  of  an  exact  dU’isor  with  both  p  and  q 
less  than  -1-1.  The  smallness  of  the  remainder  suggested  trying  x*  -f-  x  -f-  1. 

If  we  regard  p  and  q  as  rectangular  coordinates  in  a  pq-plane,  the  equations 
ri  =  0  and  ro  =  0  define  two  algebraic  curves  in  this  plane.  Each  division  by’ 
X*  -|-  px  -j-  q,  with  p  and  q  integers,  determines  the  values  of  n  and  of  ro  at  a 
point  in  this  plane,  at  the  comer  of  a  unit  square.  Moving  from  point  to  point 
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in  the  pg-plane,  the  changes  in  sign  of  n  and  ro  are  a  guide  as  to  the  next  trial 
divisor.  An  interpolation  sometimes  helps,  and  can  be  carried  out  graphically. 
With  the  data  of  (36),  by  interpolating  between  (0,  0)  and  (1,  0),  we  say  n  =  0 
at  the  point  (.14,  0);  and  by  interpolating  between  (0,  1)  and  (1,  1)  we  sav 
fi  =  0  at  the  pK)int  (.99, 1).  We  join  these  two  points  by  a  straight  line.  Again, 
interpolating  between  (0,  1)  and  (1,  1)  we  say  ro  =  0  at  the  point  (.8,  1);  and 
interpolating  between  (1,  0)  and  (1,  1)  we  say  ro  =  0  at  (1,  .82),  We  join  these 
two  points  by  a  straight  line.  The  two  lines  intersect  nearly  at  (.9,  ,9),  suggests 
ing  X*  -b  .9x  +  .9  as  initial  divisor,  which,  since  the  true  factor  turned  out  to  be 
about  X*  +  ,94x  +  -86,  is  distinctly  better  than  x*  +  x  +  1. 

If  the  roots  of  x*  +  px  +  g  are  complex  imaginaries  the  point  (p,  q)  in  the 
pg-plane  will  lie  above  the  parabola  p*  —  4g  *=  0.  And  if  P(x)  is  of  even  degree 
with  roots  imaginary  the  absolute  term  Oo  will  be  the  product  of  the  absolute 
values  of  all  the  roots.  Any  real  quadratic  factor  x*  +  px  +  g  will  have  the 
value  of  g  equal  to  the  product  of  the  absolute  values  of  one  pair  of  roots.  Hence 
P(x)  has  at  least  one  factor  x*  +  px  4-  g  such  that  g  is  not  greater  than  the  m*** 
root  of  Oo ,  where  2m  =  n,  the  degree  of  P(x).  Therefore  in  mapping  the  pq- 
plane  according  to  the  above  method  we  need  map  only  the  region  above  the 
parabola  p*  —  4g  =*  0  and  below  the  straight  line  g  =»  y/oo  in  order  to  find  at 
least  one  quadratic  factor. 

It  may  be  further  noticed  that  there  is  nothing  in  the  above  methods  which 
prevents  their  being  applied  to  finding  real  quadratic  factors  of  any  equation 
with  real  coefficients,  whether  the  roots  are  complex  or  not.  For  the  identities 
(23),  (28),  and  (29)  which  were  proved  to  hold  whenever  the  roots  of  x*  px  +  g 
were  complex  imaginaries,  that  is  over  a  continuous  r^on  in  the  pg-plane,  must 
hold  for  all  values  of  p  and  g  whatever,  since  these  are  merely  identities  between 
polynomials  in  p  and  g. 
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TABLE  OF  COEFFICIENTS  FOR  INVERSE  INTERPOLATION  WITH 
ADVANCING  DIFFERENCES 

Bt  Herbert  E.  Salzbr* 


This  table  might  be  regarded  as  a  companion  table  (as  well  as  a  supplement) 
to  the  one  previously  published  in  the  article  “Table  of  Coefficients  for  Inverse 
Interpolation  with  Central  Differences”,  Jour,  of  Math,  and  Phys,,  vol.  XXII, 
No.  4,  Dec.  1943,  pp.  210-224.  There  are  many  occasicms  in  the  performance 
of  inverse  interpolation  where  only  advancing  (or  backward)  differences  are 
available.  Examples  occur  when  the  inverse  interpolation  is  at  the  beginning 
(or  end)  of  a  table  and  also  when  only  a  few  values  are  tabulated  altogether 
(which  often  occurs  in  finding  the  zeros  of  involved  expressions).  Thus  in  a 
strict  sense,  because  this  table  can  be  used  everywhere,  it  is  even  more  funda¬ 
mental  than  the  preceding  one  which  employs  central  differences. 

The  polynomial  expressions  for  the  coefficients  are  given  in  H.  T.  Davis’ 
“Tables  of  the  Higher  Mathematical  Functions,”  vol.  I,  pp.  80-81.  Davis 
applied  Lagrange’s  theorem  on  inversion  to  the  Gregory-Newton  formula  for 
direct  interpolation.  The  formula  obtained  by  Davis  was  checked  and  found 
to  be  entirely  correct  except  for  two  obvious  printing  errors,  namely,  p.  81  line 
6  for  3!*  read  4!*  and  on  line  7  for  -|-36  read  —36.  In  addition,  it  was  thought 

desirable  by  the  author  to  add  to  the  formula  the  coefficients  of  and 

^  A* 

A  A  ■ 

When  there  is  a  uniform  interval  h  for  the  argument  x,  so  that  Xi  —  xo  =  A, 
given  y  =  /(x),  the  problem  is  to  find  p  such  that  x  =  Xo  -f  ph.  We  restrict 
the  problem  to  where  fix)  is  monotonic  between  x«  and  Xi  so  that  if  m  denotes 

— - or  - - then  0  <  m  <  1.  Using  the  notation  Ai  (or  A)  = 

yi  -  yo  A 

fix  +  h)  —  fix)  and  Ai  =  Ai^l  —  Ai  and  omitting  the  subscript  x  for  con¬ 
venience,  Davis’  formula  (with  a  few  terms  omitted  because  they  are  relatively 
very  small  and  with  the  slight  addition  mentioned  above)  reeds  as  follows: 


p  —  m  + 


m)  A*  ,  m(l  —  m)(m  —  2)  A*  ,  m(w  —  l)(2m  —  1) 


m(m  —  l)(m  —  2)(m  —  3)  A*  m(m  —  l)(5m*  —  11m  -f-  4)  A*  A* 
24  A  1%  A  A 

m(m  —  l)(m  —  2)(m  —  3)(m  —  4)  A*  _  m(m  —  l)(5m*  —  5m  l)/i 

120  ~~~  A  8  V 

m(m  —  l)(m  —  2)(3m*  —  6m  -1-  2)  / A*Y 
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m(m  -  l)(6tn*  -  29m*  +  39m  -  12)  A*  A* 

48  A  A 

m(m  —  l)(m  —  2)(m  —  3)(m  —  4)(m  —  5)  A* 

7W  A 

m(m  -  l)(21m*  -  54m*  +  3Gm  -  6)  /A*Y  A* 

24  \a)  a 

,  m(m  —  l)(m  —  2)(7m*  —  33m*  +  42m  —  12)  A*  A* 

•1  144  ^ 

m(m  -  l)(7m*  -  59m*  +  166m*  -  174m  +  48)  A*  A* 

240  A  A 

m(m  —  l)(m  —  2)(m  —  3)(m  —  4)(m  —  5)(m  —  6)  A* 

5040  A 

m(m  —  l)(14m*  —  21m*  +  9m  —  1)  /A*Y 

16  W 

m(m  -  l)(28m*  -  119m*  +  166m*  -  84m  +  12)  A*  /A*\* 

72  A  \A/ 

m(m  -  l)(28m*  -  140m*  +  220m*  -  120m  +  18)  /A*Y  A* 

96  \A/  A 

m(m  —  l)(m  —  2)(m  —  3)(4m*  —  18m*  +  22m  —  6) 

-I-  ^  y-j 

m(m  -  l)(m  -  2)(8m*  -  67m*  +  185m*  -  186m  +  48)  A*  A* 

720  A  A 

m(m  -  l)(4m‘  -  52m*  +  248m*  -  527m*  +  471m  -  120)  A*  A* 

^  720  A  A 

m(m  —  l)(m  —  2)(m  —  3)(m  —  4)(m  —  5)(m  —  6)(m  —  7)  A* 

~~  4  (^  A  ‘  “ 


We  shall  refer  to  the  coefficients 


as  belonging  to  terms  of 


the  [ir  +  ^  +  •  •  'jth  order.  Then  it  is  apparent  that  the  preceding  formula 
includes  all  terms  through  the  eighth  order,  or,  more  specifically,  it  contains 
one  second  order  term,  one  third  order  term,  two  fourth  order  terms,  two  fifth 
order  terms,  four  sixth  order  terms,  four  seventh  order  terms  and  seven  eighth 
order  terms.  The  following  tables  give  the  fourth  and  fifth  order  terms  for 
m  =  0(.001)1.000,  the  sixth  order  terms  for  m  =  0(.01)1.00  and  the  seventh 
and  eighth  order  terms  for  m  =  0(.  1)1.0.  All  these  values  are  correct  to  about 
half  a  unit  in  the  tenth  decimal  place  with  the  exception  of  the  coefficient  of 
A*  A* 

- which  is  accurate  to  within  a  unit  in  the  tenth  decimal  place.  A  condensed 

A  A 

one-page  table  of  coefficients  of  the  fourth,  fifth  and  sixth  order  terms,  at  inter- 
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vals  of  0.1,  is  also  given  for  the  sake  of  convenience,  since  there  are  many  cases 
where  a  larger  table  is  unnecessary. 

There  was  no  need  to  tabulate  the  coefficients  of  the  second  and  third  order 


m(l  —  m)  ,  m(l  —  m)(in  —  2) 


respectively,  since  they  are  both  tabu¬ 


lated  at  intervals  of  0.0001  by  the  Mathematical  Tables  Project  in  the  Table 
of  I^agrangian  Interpolation  Coefficients.  For  m  (there  “p”)  ranging  from 


m(l  —  m) 


is  given  by  —  A_i  in  the  three-point  table  and 


m(l  —  m)(m  —  2) 


is  given  by  A_i  in  the  four-point  table.  Linear  interpolation  in  those  tables 
will  furnish  9  decimals.  However,  it  is  probably  most  expedient,  especially  for 

high  accuracy,  to  compute  ^  ^  good  calculating  machine  and  then  to 

A 


on  a  good  calculating  machine  and  then  to 


multiply  the  result  by  thus  obtaining  the  coefficients  for  both  —  and  — . 

o  A  A 

Upper  bounds  for  the  error  in  x,  due  to  the  n^lect  of  various  terms  in  this 

formula,  are  obtained  by  multiplying  h  times  the  absolute  values 

of  •  •  •  by  corresponding  upper  bounds  for  the  absolute  values  of  the 

coefficients  and  then  adding.  The  upper  bounds  for  the  absolute  values  of  the 


various  coefficients  are  as  follows: 


Order 

1  Difference  Function 

Upper  Bound  for  Coefficient 

0 

A* 

0 

2nd 

A 

.125 

A* 

3rd 

'K 

.065 

(0 

.025 

4th 

A* 

.042 

' 

A 
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TABLE  lA:  SHORT  TABLE  OF  COEFFICIENTS  OF  FOURTH,  FIFTH,  AND 
SIXTH  ORDER  TERMS 

.  1  rw  ^  M  /•  .  -  m)  A*  ,  m(l  -  m)(m  -  2)  A* 

*  -  J!,  +  pA;  lf(x)  -  /(*i)l/A  -  m;  p  -  m  H - - -  -  +  - r -  - 

2  A  DA 


+  Aim) 


A*  A*  A*  A* 

+  Bim)  -  4-  C(m)  -  -  +  Dim)  —  +  Eim) 
A  A  A  A 


+  Fim) 


A*  A‘  A* 

+  Oim)  ^  ^  +  Him)  7 
A  A  A 


Fourth  Order 

m 

A  (to) 

Bim) 

.00000  00 
.02066  25 


00 


.04016  25 


.04160  00 


00 


.02616  25 
.01760  00 


25 


Fifth  Order 


.00000  000 
.02212  500 
.02666  667 
.02012  500 
.00800  000 
.00520  833 
.01600  000 
.02187  500 
.02133  333 
.01387  500 
.00000  000 


II.IJ.I  IMIJJ] 


.01611  675 
.02553  600 
.02972  025 


.02734  375 
.02284  800 
.01726  725 
.01126  400 
.00537  075 


Sixth  Order 


Eim) 

Fim) 

Gim) 

.00000  00 

.00000  000 

.00000  000 

.00618  75 

.00679  250 

.01572  000 

.00400  00 

.00736  000 

.01770  667 

-.00131  25 

.00466  083 

.01202  250 

-.00600  00 

.00085  333 

.00328  000 

-.00781  25 

-.00260  417 

-.00520  833 

-.00600  00 

-.00485  333 

-.01128  000 

-.00131  25 

-.00553  583 

-  .01377  250 

.00400  00 

-.00469  333’ 

-.01237  333 

.00618  75 

-.00266  750 

-  .00747  000 

.00000  00 

.00000  000 

.00000  000 

.01316  201 
.02042  880 
.02328  086 


.01675  520 
.01237  486 
.00788  480 
001 


TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS 


,  .  ,,,  ,  ,,  .  m(l  -  m)  A*  .  m(l  -  m)(m  -  2)  A* 

X  -  *1  +  pA;  [fix)  -  /(xi)l/A  -  m;  p  -  m  +  - r - —  +  - r -  - 

Z  ^  O  A 


+  A(»i) 


ft')' 


A‘ 

+  B(m)  -  4-  5th  order  terms  +  6th  order  terms 
A 


4-  7th  order  terms  4-  8th  order  terms  4"  •  .  . 


m 

A(m) 

Bim) 

.000 

.00000 

00000 

\  .00000 

00000 

.00000 

00000 

1.000 

.001 

.00024 

92505 

.00024 

95419 

.00008 

33749 

.999 

.002 

.00049 

70040 

:  .00049 

81687 

.00016 

68327 

.998 

.003 

.00074 

32635 

.00074 

58817 

.00025 

03727 

.997 

.004 

.00098 

80320 

1  .00099 

26827 

.00033 

39947 

.996 

.005 

.00123 

13125 

.00123 

85729 

.00041 

76979 

.995 

.006 

.00147 

31080 

.00148 

35539 

.00050 

14819 

.994 

.007 

.00171 

34215 

.00172 

76273 

.00058 

53463 

.993 

.008 

.00195 

22560 

.00197 

07945 

.00066 

92905 

.992 

.009 

.00218 

96145 

.00221 

30570 

.00075 

33140 

.991 

.010 

.00242 

55000 

.00245 

44162 

.00083 

74162 

.990 

.011 

.00265 

99155 

.00269 

48738 

.00092 

15968 

.989 

.012 

.00289 

28640 

.00293 

44311 

.00100 

58551 

.988 

.013 

.00312 

43485 

.00317 

30897 

.00109 

01907 

.987 

.014 

.00335 

43720 

.00341 

08511 

.00117 

46031 

.986 

.015 

.00358 

29375 

.00364 

77166 

.00125 

90916 

.985 

.016 

.00381 

00480 

.00388 

36879 

.00134 

36559 

.984 

.017 

.00403 

57065 

.00411 

87664 

.00142 

82954 

.983 

.018 

.00425 

99160 

.00435 

29536 

.00151 

30096 

.982 

.019 

.00448 

26795 

.00458 

62510 

.00159 

77980 

.981 

.020 

.00470 

40000 

.00481 

86600 

.00168 

26600 

.980 

.021  ' 

.00492 

38805 

.00505 

01821 

.00176 

75951 

.979 

.022 

.00514 

23240 

.00528 

08189 

.00185 

26029 

.978 

.023 

.00535 

93335 

.00551 

05718 

.00193 

76828 

.977 

.024 

.00557 

49120 

.00573 

94422 

.00202 

28342 

.976 

.025 

.00578 

90625 

.00596 

74316 

.00210 

80566 

.975 

.026 

.00600 

17880 

.00619 

45416 

.00219 

33496 

.974 

.027 

.00621 

30915 

.00642 

07736 

.00227 

87126 

.973 

.028 

.00642 

29760 

.00664 

61291 

.00236 

41451 

.972 

.029 

.00663 

14445 

.00687 

06094 

.00244 

96464 

.971 

.030 

.00683 

85000 

.00709 

42162 

.00253 

52162 

.970 

.031 

.00704 

41455 

.00731 

69509 

.00262 

08539 

.960 

.032 

.00724 

83840 

.00753 

88160 

.00270 

65590 

.968 

.033 

.00745 

12185 

.00775 

98098 

.00279 

23308 

.967 

.034 

.00765 

26520 

.00797 

99370 

.00287 

81690 

.966 

.035 

.00785 

26875 

.00819 

91979 

.00296 

40729 

.965 

.036 

.00805 

13280' 

.00841 

75940 

.00305 

00420 

.964 

.037 

.00824 

85765 

.00863 

51268 

.00313 

60758 

.963 

.038 

.00844 

44360 

.00885 

17978 

.00322 

21738 

.962 

.039 

.00863 

89095 

.00906 

76084 

.00330 

83354 

.961 

.040 

.00883 

20000 

.00928 

25600 

.00339 

45600 

.960 

.041 

.00902 

37105 

.00949 

66542 

.00348 

08472 

.959 

.042 

.00921 

40440 

.00970 

98923 

.00356 

71963 

.958 

.043 

.00940 

30035 

.00992 

22760 

.00365 

36070 

.957 

.044 

.00959 

05920 

.01013 

38065 

.00374 

00785 

.956 

.045 

.00977 

68125 

.01034 

44854 

.00382 

66104 

.955 

.046 

.00996 

16680 

.01055 

43141 

.00391 

32021 

.954 

.047 

.01014 

51615 

.01076 

32941 

.00399 

98531 

.953 

.048 

.01032 

72960 

.01097 

14268 

.00408 

65628 

.952 

.049 

.01050 

80745 

.01117 

87137 

.00417 

33307 

.951 

.050 


.01068  75000 


.01138  51562 


.00426  01562 


050 


TABLE  I:  (X>EFFICIENT8  OF  FOURTH  ORDER  TERMB-CoiUinued 

I  I  rr/  \  ri  M/»  .  —  m)  A*  ,  m(l  —  fn)(m  —  2)  A* 

X  -  as,  +  pA;  (/(x)  -  /(a%)]/A  -  m;  p  -  m  H - - - H - - 

2  A  6  A 


+  A(m) 


(!)■ 


A* 

+  B(m)  —  +  6th  order  terms  +  6th  order  terms 
A 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

A(m) 

B(m) 

1 

.050 

.01068 

75000 

.01138 

51562 

.00426 

01562 

.950 

.051 

.01086 

55755 

.01159 

07550 

.00434 

70389 

.949 

.052 

.01104 

23040 

.01179 

55140 

.00443 

39780 

.948 

.053 

.01121 

76885 

.01199 

94321 

.00452 

09731 

.947 

.054 

.01139 

17320 

.01220 

25117 

.00460 

80237 

.946 

HiImS 

.01156 

44375 

.01240 

47541 

.00469 

51291 

.945 

.01173 

58080 

.01260 

61609 

.00478 

22889 

.944 

.057 

.01190 

58465 

.01280 

67334 

.00486 

95024 

.943 

.058 

.01207 

45560 

.01300 

64731 

.00495 

67691 

.942 

.060 

.01224 

19395 

.01320 

53815 

.00504 

40885 

.941 

.060 

.01240 

80000 

.01340 

34600 

.00513 

14600 

.940 

.061 

.01257 

27405 

.01360 

07100 

.00521 

88830 

.939 

.062 

.01273 

61640 

.01379 

71330 

.00530 

63570 

.938 

.063 

.01289 

82735 

.01399 

273M 

.00539 

38814 

.937 

.064 

.01305 

90720 

.01418 

75036 

.00548 

14556 

.936 

.01321 

85625 

.01438 

14641 

.00556 

90791 

.935 

.01337 

67480 

.01457 

45834 

.00566 

67514 

.934 

.067 

.01353 

36315 

.01476 

68928 

.00574 

44718 

.933 

.068 

.01368 

92160 

.01495 

83838 

.00583 

22398 

.932 

.069 

.01384 

35045 

.01514 

90578 

.00592 

00548 

.931 

.070 

.01399 

65000 

.01533 

89162 

.00600 

79162 

.930 

.071 

.01414 

82055 

.01552 

79606 

.00609 

58236 

.929 

.072 

.01429 

86240 

.01571 

61923 

.00618 

37763 

.928 

.073 

.01444 

77585 

.01590 

36127 

.00627 

17737 

.927 

.074 

.01469 

56120 

.01609 

02232 

.00635 

98152 

.926 

.075 

.01474 

21875 

.01627 

60254 

.00644 

79004 

.925 

.076 

.01488 

74880 

.01646 

10206 

.00653 

60286 

.924 

.077 

.01503 

15165 

.01664 

52102 

.00662 

41992 

.923 

.078 

.01517 

42760 

.01682 

85957 

.00671 

24117 

.922 

.079 

.01531 

57695 

.01701 

11785 

.00680 

06655 

.921 

.01545 

60000 

.01719 

29600 

.00688 

80600 

.920 

.081 

.01559 

49705 

.01737 

39416 

.00697 

72946 

.919 

.082 

.01573 

26840 

.01755 

41248 

.00706 

56688 

.918 

.083 

.01586 

91435 

.01773 

35110 

.00715 

40820 

.917 

.084 

.01600 

43520 

.01791 

21015 

.00724 

25335 

.916 

.085 

.01613 

83125 

.01808 

98979 

.00733 

10229 

.915 

.086 

.01627 

10280 

.01826 

69015 

.00741 

95495 

.914 

.087 

.01640 

25015 

.01844 

31137 

.00750 

81127 

.913 

.088 

.01653 

27360 

.01861 

85359 

.00759 

67119 

.012 

.089 

.01666 

17345 

.01879 

31607 

.00768 

53467 

.911 

.090 

.01678 

95000 

.01896 

70162 

.00777 

40162 

.910 

.091 

.01691 

60355 

.01914 

00771 

.00786 

27201 

.909 

.092 

.01704 

13440 

.01931 

23537 

.00795 

14677 

.908 

.093 

.01716 

54285 

.01948 

38474 

.00804 

02284 

.907 

.094 

.01728 

82920 

.01965 

45605 

.00812 

90315 

.906 

.095 

.01740 

99375 

.01982 

4491& 

.00821 

78666 

.905 

.096 

.01763 

03680 

.01999 

36451 

.00830 

67331 

.904 

.097 

.01764 

95865 

.02016 

20212 

.00839 

56302 

.903 

.098 

.01776 

76960 

.02032 

96215 

.00848 

45575 

.902 

.099 

.01788 

43995 

.02049 

64473 

.00667 

35143 

.901 

.100 

.01800 

00000 

.02066 

25000 

.00866 

25000 

.900 

-A(m) 

B(m)  1 

m 

4 


t 
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TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS— Conhnued 


*»  +  pA;  (/(*)  —  /(*»)1/A  -  m;  p 


,  m(l  —  m)  A*  m(l  —  m)(m  —  2)  A* 

m  + -  —  + -  - 

2  a  6  A 


+  B(m)  —  +  5th  order  terms  +  6th  order  terms 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

A(m) 

1  R(m) 

.100 

.01800 

00000 

.02066 

25000 

.00866 

25000 

.900 

.101 

.01811 

44005 

.02082 

77811 

.00875 

15141 

.899 

.102. 

.01822 

76040 

.02099 

22919 

.00884 

05559 

.898 

.103 

.01833 

96135 

.02115 

60338 

.00892 

96248 

.897 

.104 

.01845 

04320 

.02131 

90083 

.00901 

87203 

.896 

.105 

.01856 

00625 

.02148 

12166 

.00910 

78416 

.895 

.106 

.01866 

85080 

.02164 

26603 

.00919 

69883 

.894 

.107 

.01877 

57715 

.02180 

33408 

.00928 

61598 

.893 

.106 

.01888 

18560 

.02196 

32593 

.00937 

53553 

.892 

.109 

.01898 

67645 

.02212 

24173 

.00946 

45743 

.891 

.110 

.01909 

05000 

.02228 

08163 

.00955 

38162 

.890 

.111 

.01919 

30655 

.02243 

84575 

.00964 

30805 

.889 

.112 

.01929 

44640 

.02259 

53423 

.00973 

23663 

.888 

.113 

.01939 

46985 

.02275 

14723 

.00982 

16733 

.887 

.114 

.01949 

37720 

.02290 

68487 

.00991 

10007 

.886 

.115 

.01959 

16875 

.02306 

14729 

.01000 

03479 

.885 

.116 

.01968 

84480 

.02321 

53463 

.01008 

97143 

.884 

.117 

.01978 

40565 

.02336 

84704 

.01017 

90994 

.883 

.118 

.01987 

85160 

.02352 

08464 

.01026 

85024 

.882 

.119 

.01997 

18295 

.02367 

24758 

.01035 

79228 

.881 

.120 

.02006 

40000 

.02382 

33600 

.01044 

73600 

.880 

.121 

.02015 

50305 

.02397 

35003 

.01053 

68133 

.879 

.122 

.02024 

49240 

.02412 

28981 

.01062 

62821 

.878 

.123 

.02033 

36835 

.02427 

15548 

.01071 

57658 

.877 

.124 

.02042 

13120 

.02441 

94718 

.01080 

52638 

.876 

.125 

.02050 

78125 

.02456 

66504 

.01089 

47754 

.875 

.126 

.02059 

31880 

.02471 

30920 

.01098 

43000 

.874 

.127 

.02067 

74415 

.02485 

87981 

.01107 

38371 

.873 

.128 

.02076 

05760 

.02500 

37699 

.01116 

33859 

.872 

..129 

.02084 

25945 

.02514 

80088 

.01125 

29458 

.871 

1 

.130 

.02092 

35000 

.02529 

15162 

.01134 

25162 

.870 

.131 

.02100 

32955 

.02543 

42936 

.01143 

20966 

.869 

.132 

.02108 

19840 

.02557 

63422 

.01152 

16862 

.868 

.133 

.02115 

95685 

.02571 

76634 

.01161 

12844 

.867 

.134 

.02123 

60520 

.02585 

82586 

.01170 

08906 

.866 

.135 

.02131 

14375  < 

.02599 

81291 

.01179 

05041 

.865 

.136 

.02138 

57280 

.02613 

72764 

.01188 

01244 

.861 

.137 

.02145 

89265 

.02627 

57018 

.01196 

97508 

.863 

.138 

.02153 

10360 

.02641 

34066 

.01205 

93826 

.862 

.139 

.02160 

20595 

.02655 

03922 

.01214 

90192 

.861 

.140 

.02167 

20000 

.02668 

66600 

.01223 

86600 

.860 

.141 

.02174 

08605 

.02682 

22113 

.01232 

83043 

.859 

.142 

.02180 

86440 

.02695 

70475 

.01241 

79515 

.858 

.143 

.02187 

53535 

.02709 

11700 

.01250 

76010 

.857 

.144 

.02194 

09920 

.02722 

45801 

.01259 

72521 

.856 

.145 

.02200 

55625 

.02735 

72791 

.01268 

69041 

.855 

.146 

.02206 

90680 

.02748 

92685 

.01277 

65565 

.854 

.147 

.02213 

15115 

.02762 

05495 

.01286 

62085 

.853 

.148 

.02219 

28960 

.02775 

11236 

.01295 

58596 

.852 

.149 

.02225 

32245 

.02788 

09921 

.01304 

55091 

.851 

.150 

.02231 

25000  . 

.02801 

01562 

.01313 

51562 

.850 

-A(m) 

1  B(m)  ] 

m 

82 
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TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS— Continued 


*•  +  pA;  [/(*)  -  /(ab)l/A  ^  m;p 


m(l  —  tn)  A* 


m(l  —  m)(m  —  2)  A* 
6  A 


+  A(m)  (  —  )  +  Bim)  — |-  5th  order  terms  +  6th  order  terms 
Va/  a 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

A(m) 

j  B(m) 

1  J 

.150 

.02231 

25000 

.02801 

01562 

.01313 

51562 

.850 

.151 

.02237 

07255 

.02813 

86175 

.01322 

48005 

.849 

.152 

.02242 

79040 

.02826 

63772 

.01331 

44412 

.848 

.153 

.02248 

40385 

.02839 

34367 

.01340 

40777 

.847 

.154 

.02253 

91320 

.02851 

97973 

.01349 

37093 

.846 

.155 

.02259 

31875 

.02864 

54604 

.01358 

33364 

.845 

.156 

.02264 

62080 

.02877 

04273 

.01367 

‘29553 

.844 

.157 

.02269 

81965 

.02889 

46994 

.01376 

25684 

.843 

.158 

.02274 

91560 

.02901 

82779 

.01385 

21739 

.842 

^  .159 

.02279 

90895 

.02914 

11644 

.01394 

17714 

.841 

.160 

.02284 

80000 

.02926 

33600 

.01403 

13600 

.840 

.161 

.02289 

58905 

.02938 

48662 

.01412 

09392 

.839 

.162 

.02294 

27640 

.02950 

56842 

.01421 

05082 

.838 

.163 

.02298 

86235 

.02962 

58154 

.01430 

00664 

.837 

.164 

.02303 

34720 

.02974 

52612 

.01438 

96132 

.836 

.165 

.02307 

73125 

.02986 

40229 

.01447 

91479 

.835 

.166 

.02312 

01480 

.02998 

21018 

.01456 

86698 

.834 

.167 

.02316 

19815 

.03009 

94992 

.01465 

81782 

.833 

.168 

.02320 

28160 

.03021 

62166 

.01474 

76726 

.832 

.169 

.02324 

26545 

.03033 

22551 

.01483 

71521 

.831 

.170 

.02328 

15000 

.03044 

76163 

.01492 

66162 

.830 

.171 

.02331 

93555 

.03056 

23012 

.01501 

60642 

.829 

.172 

.02335 

62240 

.03067 

63115 

.01510 

54955 

.828 

.173 

.02339 

21085 

.03078 

96482 

.01519 

49092 

.827 

.174 

.02342 

70120 

.03090 

23128 

.01528 

43048 

.826 

.175 

.02346 

09375 

.03101 

43066 

.01537 

36816 

.825 

.176 

.02349 

38880 

.03112 

56310 

.01546 

30390 

.824 

.177 

.02352 

58665 

.03123 

62872 

.01555 

23762 

.823 

.178 

.02355 

68760 

.03134 

62765 

.01504 

16925 

.822 

.179 

.02358 

69195 

.03145 

56003 

.01573 

09873 

.821 

.180 

.02361 

60000 

.03156 

42600 

.01582 

02600 

.820 

.181 

.02361 

41205 

.03167 

22568 

.01590 

95098 

.819 

.182 

.02367 

12840 

.03177 

95920 

.01599 

87360 

.818 

.183 

.02369 

74935 

.03188 

62670 

.01608 

79380 

.817 

.184 

.02372 

27520 

.03199 

22831 

.01617 

71151 

.816 

.185 

.02374 

70625 

.03209 

76416 

.01626 

62666 

.815 

.186 

.02377 

04280 

.03220 

‘23439 

.01635 

53919 

.814 

.187 

.02379 

28515 

.03230 

63911 

.01644 

44901 

.813 

.188 

.02381 

43360 

.03240 

97847 

.01653 

35607 

.812 

.189 

.02383 

48845 

.03251 

25260 

.01662 

26030 

.811 

.190 

.02385 

45000 

.03261 

46162 

.01671 

16162 

.810 

.191 

.02387 

31855 

.03271 

60568 

.01680 

05998 

.809 

.192 

.02389 

09440 

.03281 

68489 

.01688 

95529 

.808 

.193 

.02390 

77785 

.03291 

69939 

.01697 

84749 

.807 

.194 

.02392 

36920 

.03301 

64931 

.01706 

73651 

.806 

.195 

.02393 

86875 

.03311 

53479 

.01715 

62229 

.805 

.196 

.02395 

27680 

.03321 

35595 

.01724 

50475 

.804 

.197 

.02396 

59365 

.03331 

11291 

.01733 

38381 

.803 

.198 

.02397 

81960 

.03340 

80583 

01742 

25943 

.802 

.199 

.02398 

95495 

.03350 

43481 

.01751 

13151 

.801 

.200 


.02400  00000 


03360  00000 


.01760  00000 


.800 


TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TEBMB-CorUinued 


,  .  ,,,  ,  „  .  m(l  -  m)  A*  ,  m(l  -  m)(m  -  2)  A* 

X  -  Xo  +  ph;  [/(x)  —  /(x,)l/A  -  m;  p  -  m  + - - -  —  H - - -  — 

^  A  O  A 


+  A(m) 


(0 


A* 

4-  B(m)  -  +  6th  order  terms  +  6th  order  terms 
A 


+  7th  order  terms  4-  8th  order  terms  4* 


m 

j  A  (m) 

B(m)  1 

.200 

.02400 

00000 

.03360 

00000 

.01760 

00000 

KB 

.201 

.02400 

96505 

.03369 

60152 

.01768 

86482 

.799 

.202 

.02401 

82040 

.03378 

93951 

.01777 

72591 

.798 

.203 

.02402 

59635 

.03388 

31408 

.01786 

58318 

.797 

.204 

.02403 

28320 

.03397 

62539 

.01795 

43659 

.796 

.205 

.02403 

88125 

.03406 

87354 

.01804 

28604 

.795 

.206 

.02404 

39080 

.03416 

05867 

.01813 

13147 

.794 

.207 

.02404 

81215 

.03425 

18092 

.01821 

97282 

.793 

.208 

.02405 

14560 

.03434 

24041 

.01830 

81001 

.792 

.209 

.02405 

39145 

.03443 

23727 

.01839 

64297 

.791 

.210 

.02405 

55000 

.03452 

17162 

.01848 

47162 

.790 

.211 

.02405 

62155 

.03461 

04361 

.01857 

29591 

.789 

.212 

.02405 

60640 

.03469 

85335 

.01866 

11575 

.788 

.213 

.02405 

50485 

.03478 

60098 

.01874 

93108 

.787 

.214 

.02405 

31720 

.03487 

28663 

.01883 

74183 

.786 

.215 

.02405 

04375 

.03495 

91041 

.01892 

64791 

.785 

.216 

.02404 

68480 

.03504 

47247 

.01901 

34927 

.784 

.217 

.02404 

24065 

.03512 

97293 

.01910 

14583 

.783 

.218 

.02403 

71160 

.03521 

41192 

.01918 

93752 

.782 

.219 

.02403 

09795 

.03529 

78967 

.01927 

72427 

.781 

.220 

.02402 

40000 

.03538 

10600 

.01936 

50600 

.780 

.221 

.02401 

61805 

.03546 

36134 

.01945 

28264 

.779 

.222 

.02400 

75240 

.03554 

55673 

.01954 

06413 

.778 

.223 

.02399 

80335 

.03562 

68929 

.01962 

82039 

.777 

.224 

.02398 

77120 

.03670 

76214 

.01971 

58134 

.776 

.225 

.02397 

65625 

.03578 

77441 

.01980 

33691 

.775 

.226 

.02396 

45880 

.03586 

72624 

.01989 

08704 

.774 

.227 

.02395 

17915 

.03594 

61775 

.01997 

83166 

.773 

.228 

.02393 

81760 

.03602 

44907 

.02006 

57067 

.772 

.229 

.02392 

37445 

.03610 

22031 

.02015 

30401 

.771 

.230 

.02390 

85000 

.03617 

93162 

.02024 

03162 

.770 

.231 

.02389 

24455 

.03625 

58312 

.02032 

75342 

.769 

.232 

.02387 

56840 

.03633 

17494 

.02041 

46934 

.768 

.233 

.02385 

79185 

.03640 

70719 

.02050 

17929 

.767 

.234 

.02383 

94520 

.03648 

18002 

.02058 

88322 

.766 

.235 

.02382 

01875  t 

.03655 

59354 

.02067 

58104 

.765 

.236 

.02380 

01280 

.03662 

94788 

.02076 

27268 

.764 

.237 

.02377 

92765 

.03670 

24317 

.02084 

95807 

.763 

.238 

.02375 

76360 

.03677 

47964 

.02093 

63714 

.762 

.239 

.02373 

52095 

.03684 

65711 

.02102 

30981 

.761 

.240 

.02371 

20000 

.03691 

77600 

.02110 

97600 

.760 

.241 

.02368 

80105 

.03698 

83635 

.02119 

63565 

.769 

.242 

.02366 

32440 

.03705 

83827 

.02128 

28867 

.758 

.243 

.02363 

77035 

.03712 

78191 

.02136 

93501 

.767 

.244 

.02361 

13920 

.03719 

66737 

.02145 

67457 

.756 

.245  1 

.02358 

43125 

.03726 

49479 

.02164 

20729 

.755 

.246 

.02355 

64680 

.03733 

26429 

.02162 

83309 

.754 

.247 

.02352 

78615 

.03739 

97600 

.02171 

45190 

.753 

.248 

.02349 

84960 

.03746 

63004 

.02180 

06364 

.752 

.249 

.02346 

83745 

.03753 

22654 

.02188 

66824 

.751 

.260 

.02343 

75000 

.03759 

76662 

.02197 

26562 

.760 

-A(m)  j 

1 

B(m) 

m 

84 


TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS— Continued 


_  I  L  rw  N  '  W  M/.  .  -  m)A*  .  m(l  -  m)(m  -  2)  A* 

*  -  +  pfc;  [/(i)  -  /(aBo)]/A  -  m;  p  -  m  + - - - -  +  - - - 

2  A  6  A 


+  A(m) 


©• 


A< 

+  B(m)  —  +  6th  order  terms  +  6th  order  terms 
A 


+  7th  order  terms  +  8th  order  terms  +  ... 


m 

1  A(m) 

B(m) 

.260 

.02343 

75000 

.03759 

76562 

.02197 

26562 

.750 

.251 

.02340 

58755 

.03766 

24742 

.02205 

85572 

.749 

.252 

.02337 

35040 

.03772 

67204 

.02214 

43844 

.748 

.253 

.02334 

03885 

.03779 

03962 

.02223 

01372 

.747 

.254 

.02330 

65320 

.03785 

35029 

.02231 

58149 

.746 

.255 

.02327 

19375 

.03791 

60416 

.02240 

14166 

.745 

.256 

.02323 

66080 

.03797 

80137 

.02248 

69417 

.744 

.257 

.02320 

05465 

.03803 

94203 

.02257 

23893 

.743 

.258 

.02316 

37560 

.03810 

026'27 

.02265 

77587 

.742 

.250 

.02312 

62395 

.03816 

05422 

.02274 

30492 

.741 

.260 

.02308 

80000 

.03822 

02600 

.02282 

82600 

.740 

.261 

.02304 

90405 

.03827 

94173 

.(K2291 

33903 

.739 

.262 

.02300 

93640 

.03833 

80154 

.02299 

84394 

.738 

.263 

.02296 

89735 

.03839 

60555 

.02308 

34065 

.737 

.261 

.02292 

78720 

.03845 

35388 

.02316 

82908 

.736 

.265 

.02288 

60625 

.03851 

04666 

.02325 

30916 

.735 

.266 

.02284 

35480 

.03856 

68402 

.02333 

78082 

.734 

.267 

.02280 

03315 

.03862 

26607 

.02342 

24397 

.733 

.268 

.02275 

64160 

.03867 

79294 

.02350 

69854 

.732 

.269 

.02271 

18045 

.03873 

26475 

.02359 

14445 

.731 

.270 

.02266 

65000 

.03878 

68162 

.02367 

58162 

.730 

.271 

.02262 

05055 

.03884 

04369 

.02376 

00999 

.729 

.272 

.02257 

38240 

.03889 

35107 

.02384 

42947 

.728 

.273 

.02252 

64585 

.03894 

60388 

.02392 

83998 

.727 

.274 

.02247 

84120 

.03899 

80224 

.02401 

24144 

.726 

.275 

.02242 

96875 

.03904 

94629 

.02409 

63379 

.725 

.276 

.02238 

02880 

.03910 

03614 

.02418 

01694 

.724 

.277 

.02233 

02165 

.03915 

07191 

.02426 

39081 

.723 

.278 

.02227 

94760 

.03920 

05373 

.02434 

75533 

.722 

.279 

.02222 

80695 

.03924 

98172 

.02443 

11042 

.721 

.280 

.02217 

60000 

.03929 

85600 

.02451 

45600 

.720 

.281 

.02212 

32705 

.03934 

67669 

.02459 

79199 

.719 

.282 

.02206 

98840 

.03939 

44392 

.02468 

11832 

.718 

.283 

.02201 

58435 

.03944 

15781 

.02476 

43491 

.717 

.284 

.02196 

11520 

.03948 

81847 

.02484 

74167 

.716 

.285 

.02190 

58125 

.03953 

42604 

.02493 

03854 

.715 

.286 

.02184 

98280 

.03957 

98063 

02501 

32543 

.714 

.287 

.02179 

32015  ' 

.03962 

48236 

.02509 

60226 

.713 

.288 

.02173 

59360 

.03966 

93135 

.02517 

86895 

.712 

.289 

.02167 

80345 

.03971 

32774 

.02526 

12544 

.711 

.290 

.02161 

95000 

.03975 

67163 

.02534 

37162 

.710 

.291 

.02156 

03355 

.03979 

96314 

.02542 

60744 

.709 

.292 

.02150 

05440 

.03984 

20241 

.02550 

83281 

.708 

.293 

.02144 

01285 

.03988 

38955 

.02559 

04765 

.707 

.294 

.02137 

90920 

.03992 

52467 

.02567 

25187 

.706 

.295 

.02131 

74375 

.03996 

60791 

.02575 

44541 

.705 

.296 

.02125 

51680  1 

.04000 

63939 

.02583 

62819 

.701 

.297 

.02119 

22865  , 

.04004 

61921 

.02591 

80011 

.703 

.298 

.02112 

87960 

.04008 

54751 

.02599 

96111 

.702 

.299 

.02106 

46995 

.04012 

42440 

.02608 

11110 

.701 

.300 

.02100 

00000 

.04016 

25000 

.02616 

25000 

^  .700 

-A(m)  1 

1  B{m) 

m 

85 


TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS— Conhnued 

.  .  X  ./  vw.  .  -  m)  A*  ,  m(I  -  m)(m  -  2)  A* 

a!»  +  pA;  l/(*)  -  /(a«)l/A  -  m;  p  -  m  +  - - -  -  +  - - -  - 

J  ^  0  ^ 


+  A(m) 


(0 


A* 

+  B(m)  -  +  5th  order  terms  +  6th  order  terms 
A 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

A(m) 

B(m)  1 

.300 

.02100 

00000 

.04016 

25000 

.02616 

25000 

.700 

.301 

.02093 

47005 

.04020 

02444 

.02624 

37774 

.699 

.302 

.02086 

88040 

.04023 

74783 

.02632 

49423 

.698 

.303 

.02080 

23135 

.04027 

42029 

.02640 

59939 

.697 

.304 

.02073 

52320 

.04031 

04195 

.02648 

69315 

.696 

.305 

.02066 

75625 

.04034 

61291 

.02656 

77541 

.695 

.306 

.02059 

93080 

.04038 

13331 

.02664 

84611 

.694 

.307 

.02053 

04715 

.04041 

60327 

.02672 

90517 

.693 

.02046 

10560 

.04045 

02289 

.02680 

95249 

.692 

.02039 

10645 

.04048 

39230 

.02688 

98800 

.691 

.310 

.02032 

05000 

.04051 

71162 

.02697 

01162 

.690 

.311 

.02024 

93655 

.040M 

98098 

.02705 

02328 

.689 

.312 

.02017 

76640 

.04058 

20047 

.02713 

02287 

.688 

.313 

.02010 

53985 

.04061 

37024 

.02721 

01034 

.687 

.314 

.02003 

25720 

.04064 

49039 

.02728 

98559 

.686 

.315 

.01995 

91875 

.04067 

56104 

.02736 

94854 

.685 

.316 

.01988 

52480 

.04070 

58231 

.02744 

89911 

.684 

.317 

.01981 

07565 

.04073 

55433 

.02752 

83723 

.683 

.318 

.01973 

57160 

.04076 

47720 

.02760 

76280 

.682 

.319 

.01966 

01295 

.04079 

35105 

.02768 

67575 

.681 

.320 

.01958 

40000 

.04082 

17600 

.02776 

57600 

.680 

.321 

.01950 

73305 

.04084 

95216 

.02784 

46346 

.679 

.322 

.01943 

01240 

.04087 

67965 

.02792 

33805 

.678 

.323 

.01935 

23835 

•  .04090 

35859 

.02800 

19969 

.677 

.324 

.01927 

41120 

.04092 

98910 

.02808 

04830 

.676 

.325 

.01919 

53125 

.04095 

57129 

.02815 

88379 

.675 

.326 

.01911 

59880 

.04098 

10528 

.02823 

70608 

.674 

.327 

.01903 

61415 

.04100 

59120 

.02831 

51510 

.673 

.328 

.01895 

57760 

.04101 

02915 

.02839 

31075 

.672 

.329 

.01887 

48945 

.04105 

41925 

.02847 

09295 

.671 

.330 

.01879 

35000 

.04107 

76162 

.02854 

86162 

.670 

.331 

.01871 

15955 

.04110 

05639 

.02862 

61669 

.669 

.332 

.01862 

91840 

.04112 

30366 

.02870 

35806 

.668 

.333 

.01854 

62685 

.04114 

50355 

.02878 

08565 

.667 

.334 

.01846 

28520 

.04116 

65618 

.02885 

79938 

.666 

.335 

.01837 

89375  ' 

.04118 

76166 

.02893 

49916 

.665 

.336 

.01829 

45280 

.04120 

82012 

.02901 

18492 

.664 

.337 

.01820 

96265 

.04122 

83167 

.02908 

85657 

.663 

.338 

.01812 

42360 

.04124 

79642 

.02916 

51402 

.662 

.339 

.01803 

83595 

.04126 

71449 

.02924 

15719 

.661 

.340 

.01795 

20000 

.04128 

58600 

.02931 

78600 

.660 

.341 

.01786 

51605 

.04130 

41106 

.02939 

40036 

.659 

.342 

.01777 

78440 

.04132 

18979 

.02947 

00019 

.658 

.343 

.01769 

00535 

.04133 

92231 

.02954 

58541 

.657 

.344 

.01760 

17920 

.04135 

60873 

.02962 

15593 

.656 

.345 

.01751 

30625 

.04137 

24916 

.02969 

71166 

.655 

.346 

.01742 

38680 

.04138 

84373 

.02977 

25253 

.654 

.347 

.01733 

42115 

.04140 

39254 

.02984 

77844 

.653 

.348 

.01724 

40960 

.04141 

89572 

.02992 

28932 

.652 

.349 

.01715 

35245 

.04143 

35338 

.02999 

78508 

.651 

.350 

.01706 

25000 

.04144 

76562 

.03007 

26562 

.650 

TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS -CotUintied 


z  -  +  pfc;  (/(x)  —  /(H))]/A  -  m;  p  -  m  -H 


m(l 


+  A(m) 


(0 


—  m)  A*  m(l  —  m)(m  —  2)  A* 
2  A  6  A 


A« 


+  B(m)  —  +  5th  order  terms  +  6th  order  terms 
A 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

I  A(m) 

B(m) 

.350 

.01706 

25000 

.04144 

76562 

.03007 

26562 

.650 

.351 

.01607 

10255 

.04146 

13258 

.03014 

-  73088 

.649 

.352 

.01687 

91040 

.04147 

45436 

.03022 

18076 

.648 

.353 

.01678 

67385 

.04148 

73108 

.03029 

61518 

.647 

.354 

.01669 

39320 

.04149 

96285 

.03037 

03405 

.646 

.355 

.01660 

06875 

.04151 

14979 

.03044 

43729 

.645 

.356 

.01650 

70080 

.04152 

29201 

.03051 

82481 

.644 

.357 

.01641 

28965 

.04153 

38063 

.03059 

19653 

.643 

.358 

.01631 

83560 

.04154 

44275 

.03066 

55235 

.642 

.359 

.01622 

33895 

.04155 

45151 

.03073 

80221 

.641 

.360 

.01612 

80000 

.04156 

41600 

.03081 

21600 

.640 

.361 

.01603 

21905 

.04157 

33635 

.03088 

52365 

.639 

.362 

.01593 

59640 

.04158 

21266 

.03095 

81506 

.638 

.363 

.01583 

93235 

.04159 

04505 

.03103 

09015 

.637 

.364 

.01574 

22720 

.04159 

83364 

.03110 

»1884 

.636 

.365 

.01564 

48125 

.04160 

57854 

.03117 

59104 

.635 

.366 

.01554 

69480 

.04161 

27986 

.03124 

81666 

.634 

.367 

.01544 

86815 

.04161 

93771 

.03132 

02561 

.633 

.368 

.01535 

00160 

.04162 

55222 

.03139 

21782 

.632 

.369 

.01525 

09545 

.04163 

12348 

.03146 

39318 

.631 

.370 

.01515 

15000 

.04163 

65162 

.03153 

55162 

.630 

.371 

.01505 

16555 

.04164 

13675 

.03160 

69305 

.629 

.372 

.01495 

14240 

.04164 

57899 

.03167 

81739 

.628 

.373 

.01485 

08085 

.04164 

97843 

.03174 

92453 

.627 

.374 

.01474 

98120 

.04165 

33520 

.03182 

01440 

.626 

.375 

.01464 

84375 

.04165 

64941 

.03189 

08691 

.625 

.376 

.01454 

66880 

.04165 

92118 

.03196 

14198 

.624 

.377 

.01444 

45665 

.04166 

15061 

.03203 

17951 

.623 

.378 

.01434 

20760 

.04166 

33781 

.03210 

19941 

.622 

.379 

.01423 

92195 

.04166 

48290 

.03217 

20160 

.621 

.380 

.01413 

60000 

.04166 

58600 

.03224 

18600 

.620 

.381 

.01403 

24205 

.04166 

64721 

.03231 

15251 

.619 

.382 

.01392 

84840 

.04166 

66664 

.03238 

10104 

.618 

.383 

.01382 

41935 

.04166 

64441 

.03245 

03151 

.617 

.384 

.01371 

95520 

.04166 

58063 

.03251 

94383 

.616 

.385 

.01361 

45625 

.04166 

47541 

.03258 

83791 

.615 

.386 

.01350 

92280 

.04166 

32887 

.03265 

71367 

.614 

.387 

.01340 

35515 

.04166 

14110 

.03272 

57100 

.613 

.388 

.01329 

75360 

.04165 

91223 

.03279 

40983 

.612 

.389 

.01319 

11845 

.04165 

64237 

.03286 

23007 

.611 

.390 

.01308 

45000 

.04165 

33162 

.03293 

03162 

.610 

.391 

.01297 

74855 

.04164 

98011 

.03299 

81441 

.609 

.392 

.01287 

01440 

.04164 

58793 

.03306 

57833 

.608 

.393 

.01276 

24785 

.04164 

15520 

.03313 

32330 

.607 

.394 

.01265 

44920 

.04163 

68203 

.03320 

04923 

.606 

.395 

.01254 

61875 

.04163 

16854 

.03326 

75604 

.605 

.396 

.01243 

75680  ! 

.04162 

61483 

.03333 

44363 

.604 

.397 

.01232 

86365 

.04162 

02100 

.03340 

11190 

.603 

.398 

.01221 

93960  1 

.04161 

38719 

.03346 

76079 

.602 

.399 

.01210 

98495  1 

.04160 

71348 

.03353 

39018 

.601 

.400 


.01200  00000 


.04160  00000 


.03360  00000 


.600 


TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS— Con/inued 

_  _  I  _|L.  f//^\  M/a  I  A*  fn(l  “•  wi)(in  “  2)  A* 

a:  -  *0  +  pA;  \j(x)  —  /(a^))]/A  -  m;  p  »  m  +  - - - H - - - 

2  A  6  A 


+  A(m) 


(f)’ 


A^ 

+  R(*n)  ~  +  5th  order  terms  +  6th  order  terms 
A 


+  7th  order  terms  +  8th  order  terms  , 


A(m) 


B(m) 


.400 

.01200 

00000 

.04160 

00000 

.03360 

00000 

.401 

.01188 

98505 

.04159 

24685 

.03366 

59015 

.599 

.402 

.01177 

(H040 

.04158 

45415 

.03373 

16055 

.598 

.403 

.01166 

^5 

.04157 

62199 

.03379 

71109 

.597 

.404 

.01155 

76320 

.04156 

75051 

.03386 

24171 

.596 

.405 

.01144 

63125 

.04155 

83979 

.03392 

75229 

.595 

.406 

.01133 

47080 

.04154 

88995 

.03399 

24275 

.594 

.407 

.01122 

28215 

.04153 

90111 

.03405 

71301 

.593 

.408 

.01111 

06560 

.04152 

87337 

.03412 

16297 

.592 

.409 

.01099 

82145 

.04151 

80684 

.03418 

59254 

.591 

.410 

.01088 

55000 

.04150 

70162 

.03425 

00162 

.590 

.411 

.01077 

25155 

.04149 

55784 

.03431 

39014 

.589 

.412 

.01065 

92640 

.04148 

37559 

.03437 

75799 

.588 

.413 

.01054 

57485 

.04147 

15499 

.03444 

10509 

.587 

.414 

.01043 

19720 

.04145 

89615 

.03450 

43135 

.586 

.415 

.01031 

79375 

.04144 

59916 

.03456 

73666 

.585 

.416 

.01020 

36480 

.04143 

26415 

.03463 

02095 

.584 

.417 

.01008 

91065 

.04141 

89122 

.03469 

28412 

.583 

.418 

.00997 

43160 

.04140 

48048 

.03475 

52608 

.582 

.419 

.00985 

92795 

.04139 

03204 

.03481 

74674 

.581 

.420 

.00974 

40000 

.04137 

54600 

.03487 

94600 

.580 

.421 

.00962 

84805 

.04136 

02247 

.03494 

12377 

.579 

.422 

.00951 

27240 

.04134 

46157 

.03500 

27997 

.578 

.423 

.00939 

67335 

.04132 

86340 

.03506 

41450 

.577 

.424 

.00928 

05120 

.04131 

22806 

.03512 

52726 

.576 

.425 

.00916 

40625 

.04129 

55566 

.03518 

61816 

.575 

.426 

.00904 

73880 

.04127 

84632 

.03524 

68712 

.574 

.427 

.00893 

04915 

.04126 

10014 

.03530 

73404 

.573 

.428 

.00881 

33760 

.04124 

31723 

.03536 

75883 

.572 

.429 

.00869 

60445 

.04122 

49768 

.03542 

76138 

.571 

.430 

.00857 

85000 

.04120 

64162 

.03548 

74162 

.570 

.431 

.00846 

07455 

.04118 

74915  j 

.03554 

69945 

.569 

.432 

.00834 

27840 

.04116 

8203S 

.03560 

63478 

.568 

.433 

.00822 

46185 

.04114 

85540 

.03566 

54750 

.567 

.434 

.00810 

62520 

.04112 

85434 

.03572 

43754 

.566 

.435 

.00798 

76875  < 

.04110 

81729  1 

.03578 

30479 

.565 

.436 

.00786 

89280 

.04108 

74436  1 

.03584 

14916 

.564 

.437 

.00774 

99765 

.04106 

63566  1 

.03589 

97056 

.563 

.438 

.00763 

08360 

.04104 

49130 

.03595 

76890 

.562 

.439 

.00751 

15095 

.04102 

31138  1 

.03601 

54408 

.561 

.440 

.00739 

20000 

.04100 

09600  ! 

.03607 

29600 

.560 

.441 

.00727 

23105 

.04097 

84528 

.03613 

02458 

.559 

.442 

.00715 

24440 

.04095 

55931  1 

.03618 

72971 

.558 

.443 

.00703 

24035 

.04093 

23822  1 

.03624 

41132 

.557 

.444 

.00691 

21920 

.04090 

88209  1 

.03630 

06929 

.556 

.445 

.00679 

18125 

.04088 

49104  1 

.03635 

70354 

.555 

.446 

.00667 

12680 

.04086 

06517  1 

.03641 

31397 

.554 

.447 

.00655 

05615 

.04083 

60459  ' 

.03646 

90049 

.553 

.448 

.00642 

96960 

.04081 

10940  1 

.03652 

46300 

.552 

.449 

.00630 

86745 

.04078 

57971 

.03658 

00141 

.551 

.550 


.450 


.00618  75000 
-A(m) 


.04076  01562 


.03663  51562 


m 


TABLE  I:  COEFFICIENTS  OF  FOURTH  ORDER  TERMS— C(m<»nu€d 

-  I  _L.  r^/-\  -  m)  A*  .  m(l  -  mXm  -  2)  A» 

*»  +  ph;  lf(x)  —  f(Xt)\/A  -  tfi;  p  -  m  +  - - -  —  +  - - - 

2  A  6  A 


+  A(m) 


(;)■ 


A‘ 

+  B(m)  —  +  6th  order  terms  +  6th  order  terms 
A 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

A(m) 

Bim) 

1 

.460 

.00618 

75000 

.04076 

01662 

.03663 

61562 

.461 

.00606 

61755 

.04073 

41726 

.03669 

00556 

.549 

.462 

.00604 

47040 

.04070 

78468 

.03674 

47108 

.648 

.453 

.00682 

30885 

.04068 

11803 

.03679 

91213 

.547 

.454 

.00670 

13320 

.04065 

41741 

.03685 

32861 

.546 

.455 

.00567 

94375 

.04062 

68291 

.03690 

72041 

.545 

.456 

.00646 

74080 

.04069 

91466 

.03696 

08745 

.544 

.457 

.00633 

52465 

.04067 

11272 

.03701 

42962 

.543 

.458 

.00621 

29660 

.04064 

27723 

.03706 

74683 

.542 

.450 

.00500 

05396 

.04051 

40829 

.03712 

03899 

.541 

.460 

.00496 

80000 

.04048 

60600 

.03717 

30600 

.540 

.461 

.00184 

53406 

.04045 

57046 

.03722 

54776 

.539 

.462 

.00472 

25640 

.04042 

60178 

.03727 

76418 

.538 

.463 

.00150 

96736 

.04039 

60006 

.03732 

95516 

.537 

.464 

.00447 

66720 

.04036 

66540 

.03738 

12060 

.536 

.465 

.00435 

35625 

.04033 

49791 

.03743 

26041 

.535 

.466 

.00423 

03480 

.04030 

39770 

.03748 

37460 

.534 

.467 

.00410 

70315 

.04027 

26486 

.03753 

46276 

.533 

.468 

.00398 

36160 

.04024 

09950 

.03758 

52510 

.632 

.460 

.00386 

01045 

.04020 

90172 

.03763 

56142 

.531 

.470 

.00373 

65000 

.04017 

67162 

.03768 

57162 

.530 

.471 

.00361 

28055 

.04014 

40932 

.03773 

65662 

.629 

.472 

.00348 

90240 

.04011 

11491 

.03778 

61331 

.528 

.473 

.00336 

51585 

.04007 

78849 

.03783 

44469 

.527 

.474 

.00324 

12120 

.04004 

43016 

.03788 

34936 

.526 

.475 

.00311 

71875 

.04001 

04004 

.03793 

22754 

.525 

.476 

.00299 

30880 

.03997 

61822 

.03798 

07902 

.524 

.477 

.00286 

89165 

.03994 

16480 

.03802 

90370 

.623 

.478 

.00274 

46760 

.03990 

67989 

.03807 

70149 

.522 

.470 

.00262 

03695 

.03987 

16359 

.03812 

47229 

.521 

.480 

.00249 

60000 

.03983 

61600 

.03817 

21600 

.520 

.481 

.00237 

15705 

.03980 

03722 

.03821 

93252 

.519 

.482 

.00224 

70840 

.03976 

42736 

.a3826 

62176 

.518 

.483 

.00212 

25435 

.03972 

78652 

.03831 

28362 

.517 

.484 

.00199 

79520 

.03969 

11479 

.03836 

91799 

.516 

.485 

.00187 

33125 

.03966 

41229 

.03840 

52479 

.515 

.486 

.00174 

86280 

.03961 

67911 

.03846 

10391 

.514 

.487 

.00162 

39015 

.03967 

91535 

.03849 

65525 

.513 

.488 

.00149 

91360 

.03964 

12111 

.03854 

17871 

.512 

.489 

.00137 

43345 

.03960 

29651 

.03868 

67421 

.611 

.400 

.00124 

95000 

.03946 

44162 

.03863 

14162 

.510 

.401 

.00112 

46355 

.03942 

55667 

.03867 

58087 

.402 

.00099 

97440 

.03938 

64146 

.03871 

99185 

.608 

.403 

.00087 

48285 

.03934 

69636 

.03876 

37446 

.607 

.404 

.00074 

98920 

.03930 

72139 

.03880 

72869 

.495 

.00062 

49375 

.03926 

71666 

.03886 

06416 

.406 

.00049 

99680 

.03922 

68227 

.03889 

36107 

.497 

.00037 

49865 

.03918 

61830 

.03893 

61920 

.408 

.00024 

99960 

.03914 

62487 

.03897 

86847 

.409 

.00012 

49995 

.03910 

40207 

.03902 

06877 

.601 

.600 

.00000 

00000 

.03906 

25000 

.03906 

25000 

-Aim)  1 

Bim) 

m 

89 
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TABLE  II;  COEFFICIENTS  OF  FIFTH  ORDER  TERMS 


^  +  pA;  Lf(*)  -  /(*i)l/A  -  m;  p 


m(l  —  m)  A*  m(l  —  m)(m  —  2)  A* 

"  +  — 1+ - T - I 


+  4th  order  terms  +  C(m)  —  —  -f-  D(m)  —  +  6th  order  terms 
A  A  A 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

C(m)  1 

-D(m)  1 

m 

C(m)  1 

-Dim) 

.000 

.00000 

00000 

.00000 

00000 

.050 

-  .01370 

57291 

.00899 

42734 

.001 

-.00033 

20847 

.00019 

95836 

.051 

.01392 

27991 

.00915 

43790 

.002 

.00066 

16773 

.00039 

83357 

.052 

.01413 

77641 

.00931 

37379 

.003 

.00098 

87859 

.00059 

62579 

.053 

.01435 

06316 

.00947 

23517 

.004 

.00131 

34185 

.00079 

33520 

.054 

.01456 

14090 

.00963 

02222 

.005 

-.00163 

55830 

.00098 

96197 

.055 

-  .01477 

01039 

.00978 

73510 

.006 

.00195 

52874 

.00118 

50629 

.056 

.01497 

67236 

.00994 

37397 

.007 

.00227 

25396 

.00137 

96832 

.057 

.01518 

12756 

.01009 

93900 

.008 

.00258 

73476 

.00157 

34823 

.058 

.01538 

37674 

.01025 

43034 

.009 

.00289 

97192 

.00176 

64621 

.059 

.01558 

42064 

.01040 

84817 

.010 

-.00320 

96625 

.00195 

86242 

.060 

-  .01578 

26000 

.01056 

19265 

.011 

.00351 

71852 

.00214 

99703 

.061 

.01597 

89555 

.01071 

46393 

.012 

.00382 

22953 

.00234 

05023 

.062 

.01617 

32805 

.01086 

66219 

.013 

.00412 

50007 

.00253 

02217 

.063 

.01636 

55822 

.01101 

78750 

.014 

.00442 

53093 

.00271 

91305 

.061 

.01655 

58681 

.01116 

84028 

.015 

-.00472 

32289 

.00290 

72302 

.065 

-.01674 

41455 

.01131 

82044 

.016 

.00501 

87673 

.00309 

45225 

.066 

.01693 

04218 

.01146 

72822 

.017 

.00531 

19325 

.00328 

10093 

.067 

.01711 

47043 

.0116L 

56379 

018 

.00560 

27322 

.00346 

66923 

.068 

.01729 

70004 

.01176 

32730 

.019 

.00589 

11743 

.00365 

15730 

.069 

.01747 

73173 

.01191 

01892 

.020 

-.00617 

72666 

.00383 

56534 

.070 

-  .01765 

56625 

.01205 

63882 

.021 

.00646 

10169 

.00401 

89350 

.071 

.01783 

20431 

.01220 

18714 

.022 

.00674 

24330 

.00420 

14195 

.072 

.01800 

64665 

.01234 

66406 

.023 

.00702 

15227 

.00438 

31088 

.073 

.01817 

89400 

.01249 

06974 

.024 

.00729 

82937 

.00456 

40044 

.074 

.01834 

94709 

.01263 

40433 

.025 

-  .00757 

27539 

.00474 

41082 

.075 

-.01851 

80664 

.01277 

66799 

.026 

.00784 

49109 

.00492 

34217 

.076 

.01868 

47337 

.01291 

86080 

.027 

.00811 

47725 

.00510 

19467 

.077 

.01884 

94802 

.01305 

98319 

.028 

.00838 

23465 

.00527 

96849 

.078 

.01901 

23130 

.01320 

03505 

.029 

.00864 

76406 

.00545 

66380 

.079 

.01917 

32394 

.01334 

01662 

.030 

-.00891 

06625 

.00563 

28077 

.080 

-.01933 

OOAAA 

.01347 

92806 

.031 

.00917 

14198 

.00580 

81957 

.081 

.01948 

94018 

.01361 

76055 

.032 

.00942 

99204 

.00598 

28036 

.082 

.01964 

46522 

.01375 

54122 

.033 

.00968 

61718 

.00615 

66331 

.083 

.01979 

80250 

.01389 

24325 

.034 

.00994 

01818 

.00632 

96860 

.084 

.01994 

95273 

.01402 

87579 

.035 

-  .01019 

19580 

>.00650 

19639 

.085 

-.02009 

91664 

.01416 

43900 

.036 

.01044 

15081 

.00667 

34685 

.086 

.02024 

69493 

.01429 

93305 

.037 

.01068 

88397 

.00684 

42015 

.087 

.02039 

28832 

.01443 

35808 

.038 

.01093 

39605 

.00701 

41646 

.088 

.02053 

69753 

.01456 

71425 

.039 

.01117 

68780 

.00718 

33593 

.089 

.02067 

92327 

.01470 

00173 

.040 

-.01141 

76000 

.00735 

17875 

.090 

-.02081 

96625 

.01483 

22067 

041 

.01165 

61339 

.00751 

94508 

.091 

.02095 

82717 

.01496 

37123 

.042 

.01180 

24874 

.00768 

63508 

.092 

.02109 

50676 

.01509 

45356 

.043 

.01212 

66681 

.00785 

24802 

.093 

.02123 

00571 

.01522 

46783 

.044 

.01235 

86836 

.00801 

78677 

.094 

.02136 

32474 

.01535 

41419 

.045 

-.01258 

85414 

.00818 

24879 

.095 

-  .02149 

46455 

.01548 

29280 

.046 

.01281 

62490 

.00834 

63516 

.096 

.02162 

42585 

.01561 

10381 

.047 

.01304 

18141 

.00850 

94603 

.097 

.02175 

20934 

.01573 

84737 

.048 

.01326 

52441 

.00867 

18158 

.098 

.02187 

81573 

‘  .01586 

52366 

.049 

.01348 

65466 

.00883 

34196 

.099 

.02200 

24571 

.01599 

13282 

.050 

-  .01370 

57291 

j  .00899 

42734 

.100 

-.02212 

50000 

.01611 

67500 

90 
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TABLE  11 COEFFICIENTS  OF  FIFTH  ORDER  TERMS-CofUinued 

,  .  r,/  X  W  M/.  .  -  m)  A*  .  to(1  -  m)(m  -  2)  A» 

X  -  *,  +  pA;  [/(x)  -  /(Xi)]/A  -  m;  p  -  m  + - - -  -  +  - - -  - 

2  A  0  A 

A*  A*  A* 

+  4th  order  terms  +  C(m)  —  —  +  D(m)  — f-  6th  order  terms 
A  A  A 

4-  7th  order  terms  +  8th  order  terms  +  . . . 


m 

C(m) 

-D(m) 

m 

C(m) 

-Dim) 

.100 

-.02212 

50000 

.01611 

67500 

.150 

-.02616 

40625 

.02156 

78203 

.101 

.02224 

57928 

.01624 

15037 

.151 

.02620 

60656 

.02166 

11078 

.102 

.02236 

48426 

.01636 

55007 

.152 

.02624 

66628 

.02175 

38039 

.103 

.02248 

21501 

.01648 

90127 

.153 

.02628 

586(H 

.02184 

50102 

.104 

.02250 

77412 

.01661 

17712 

.154 

.02632 

36650 

.02193 

74281 

.105 

-.02271 

16039 

.01673 

3^78 

.155 

-.02636 

00830 

.02202 

83590 

.106 

.02282 

37514 

.01685 

53039 

.156 

.02639 

51209 

.02211 

87045 

.107 

.02293 

41008 

.01607 

60811 

.157 

.02012 

87851 

.02220 

84650 

.108 

.02304 

29280 

.01709 

62010 

.158 

.02646 

10821 

.02229 

76448 

.106 

.02314 

99727 

.01721 

56652 

.159 

.02640 

20182 

.02238 

62425 

.110 

-.02325 

53201 

.01733 

44750 

.160 

-.02652 

16000 

.02247 

42605 

.111 

.02335 

90050 

.01745 

26322 

.161 

.02654 

98337 

.02256 

17002 

.112 

.02346 

10073 

.01757 

01382 

.162 

.02657 

67258 

.02264 

85632 

.113 

.02356 

13420 

.01768 

69945 

.163 

.02660 

22827 

.02273 

48508 

.114 

.02366 

00186 

.01780 

32028 

.164 

.02662 

65108 

.02282 

05644 

.115 

-.02375 

70414 

.01791 

87644 

.165 

-.02664 

94164 

.02290 

57056 

.116 

.02385 

24180 

.01803 

36810 

.166 

.02667 

10058 

.02299 

02756 

.117 

.02394 

61553 

.01814 

79541 

.167 

.02660 

12855 

.02307 

42761 

.118 

.02403 

82602 

.01826 

15852 

.168 

.02671 

02617 

.02315 

77084 

.119 

.02412 

87395 

.01837 

45757 

160 

.02672 

79408 

.02324 

05739 

.120 

-.02421 

76000 

.01618 

69274 

.170 

-.02674 

43291 

.02332 

28740 

.121 

.02430 

48484 

.01859 

86415 

.171 

.02675 

94329 

.02340 

46103 

.122 

.02439 

04917 

.01870 

97198 

.172 

.02677 

32585 

.02348 

57841 

.123 

.02447 

45365 

.01882 

01636 

.173 

.02878 

58122 

.02356 

63967 

.124 

.02455 

69897 

.01892 

99745 

.174 

.02679 

71002 

.02364 

64498 

-.02463 

78580 

.01903 

91541 

.175 

-.02680 

71280 

.02372 

59446 

.02471 

71482 

.01914 

77037 

.176 

.02681 

50044 

.02380 

48826 

Bil 

.02479 

48670 

.01925 

56250 

.177 

.02682 

34330 

.02388 

32652 

mm 

.02487 

10212 

.01936 

29194 

.178 

.02682 

97210 

.02396 

10038 

.02494 

56174 

.01946 

05884 

.179 

.02683 

47746 

.02403 

83698 

.130 

-.02501 

86625 

.01957 

56336 

.180 

-.02683 

86000 

.02411 

50946 

.131 

.02500 

01630 

.01968 

10564 

.181 

.02684 

12033 

.02419 

12607 

.132 

.02516 

01257 

.01978 

58583 

.182 

.02684 

25009 

.02426 

68965 

.133 

.02522 

85573 

.01980 

00400 

.183 

.02684 

27688 

.02434 

19763 

.134 

.02529 

54645 

.01999 

36055 

.184 

.02684 

17433 

.02441 

65105 

.135 

-.02536 

08539 

.02009 

65538 

.185 

-.02683 

05205 

.02449 

05006 

.136 

.02542 

47321 

.02019 

88872 

.186 

.02683 

61066 

.02456 

39479 

.137 

.02548 

71050 

.02030 

06072 

.187 

.02683 

15077 

.02463 

68539 

.138 

.02554 

79818 

.02040 

17152 

.188 

.02682 

57300 

.02470 

92199 

.139 

.02560 

73665 

.02050 

22120 

.189 

.02681 

87795 

.02478 

10473 

.140 

-.02566 

52666 

.02060 

21015 

.100 

-.02681 

06625 

.02485 

23376 

.141 

.02572 

16887 

.02070 

13827 

.101 

.02680 

13849 

.02492 

30021 

.142 

.02577 

66304 

.02080 

00570 

.102 

.02679 

09520 

.02499 

33121 

.143 

.02583 

01253 

.02080 

81286 

.193 

.02677 

93728 

.02506 

29902 

.144 

.02588 

21529 

.02090 

55062 

.104 

.02676 

66501 

.02513 

21546 

.145 

-.02593 

27289 

.02109 

24622 

.195 

-.02675 

27914 

.02520 

07797 

.146 

.02598 

18507 

.02118 

87282 

.106 

.02673 

78025 

.02526 

88760 

.147 

.02602 

95519 

.02128 

43955 

.197 

.02872 

16806 

.02533 

64448 

.148 

.02607 

58121 

.02137 

04656 

.108 

.02670 

44586 

.02540 

34875 

.149 

.02612 

06468 

.02147 

30401 

.199 

.02668 

61156 

.02547 

00054 

.150 

-.02616 

40625 

.02156 

78203 

.200 

-.02666 

66666 

.02553 

60000 

01 


TABLE  II:  COEFFICIENTS  OF  FIFTH  ORDER  TERMS— ConUHtied 

.  .  S  „  xw.  .  -  w)  A*  .  m(l  -  m)(TO  -  2)  A‘ 

*  -  *,  +  pA;  [/(*)  -  /(a5i)I/A  -  m;  p  -  m  +  - - -  -  + - - -  - 

Z  A  O  A 

A’  A*  A* 

-f-  4th  order  terms  +  C(m)  —  —  +  D(m)  —  +  6th  order  terms 
A  A  A 

+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

C(m) 

-D(m) 

7n 

C(m) 

-D(m) 

.200 

-.02666 

66666 

.02553 

60000 

.250 

-.02441 

40625 

.02819 

82422 

.201 

.02664 

61176 

.02560 

14726 

.251 

.02434 

59488 

.02823 

93231 

.202 

.02662 

44746 

.02566 

64245 

.252 

.02427 

70281 

.02827 

99496 

.203 

.02660 

17436 

.02573 

08572 

.253 

.02420 

73059 

.02832 

01229 

.204 

.02657 

79305 

.02579 

47719 

.251 

.02413 

67877 

.02835 

98444 

.205 

-.02655 

30414 

.02585 

81702 

.255 

-.02406 

51789 

.02839 

91152 

.206 

.02652 

70821 

.02592 

10532 

.256 

.02399 

33849 

.02843 

79367 

.207 

.02650 

00586 

.02598 

34225 

.257 

.02392 

05113 

.02847 

63100 

.208 

.02647 

19769 

.02604 

52793 

.258 

.02384 

68634 

.02851 

42366 

.200 

.02644 

28429 

.02610 

66250 

.259 

.02377 

24467 

.02855 

17177 

.210 

-.02641 

26625 

.02616 

74609 

.260 

-.02369 

72666 

.02858 

87545 

.211 

.02638 

14415 

.02622 

77885 

.261 

.02362 

13285 

.02862 

53483 

.212 

.02634 

91860 

.02628 

76090 

.262 

.02354 

46378 

.02866 

15003 

.213 

.02631 

59017 

.02634 

69238 

.263 

.02346 

71999 

.02869 

72119 

.214 

.02628 

15946 

.02640 

57343 

.264 

.02338 

90201 

.02873 

24842 

.216 

-.02624 

62705 

.02646 

40418 

.265 

-.02331 

01039 

.02876 

73186 

.216 

.02820 

99353 

.02652 

18477 

.02323 

01565 

.02880 

17163 

.217 

.02617 

25948 

.02657 

91532 

.267 

.02315 

00833 

.02883 

56785 

.218 

.02613 

42549 

.02663 

59598 

.268 

.02306 

89897 

.02886 

92065 

.210 

.02609 

49213 

.02669 

22687 

.269 

.02298 

71810 

.02890 

23016 

.220 

-.02605 

46000 

.02674 

80814 

.270 

-.02290 

46625 

.02893 

49649 

.221 

.02601 

32966 

.02680 

33990 

.271 

.02282 

14394 

.02896 

71978 

.222 

.02597 

10170 

.02685 

82231 

.272 

.02273 

75172 

.02899 

90015 

.223 

.02592 

77670 

.02691 

25549 

.273 

.02265 

29010 

.02903 

03773 

.224 

.02588 

35524 

.02096 

63957 

.274 

.02256 

75962 

.02906 

13263 

.225 

-.02583 

83789 

.02701 

97468 

.275 

-.02248 

16080 

.02909 

18499 

.226 

.02579 

22522 

.02707 

26097 

.276 

.02239 

49417 

.02912 

19492 

.227 

.02574 

51782 

.02712 

49855 

.277 

.02230 

76025 

.02915 

16254 

.228 

.02569 

71625 

.02717 

68758 

.278 

.02221 

95957 

.02918 

08800 

.220 

.02564 

82109 

.02722 

82816 

.279 

.02213 

09251 

.02920 

97140 

.230 

-.02559 

83291 

.02727 

92045 

.280 

-.02204 

16000 

.02923 

81286 

.231 

.02554 

75228 

.02732 

96456 

.281 

.02195 

16215 

.02926 

61252 

.232 

.02549 

57977 

.02737 

96063 

.282 

.02186 

09962 

.02929 

37060 

.233 

.02544 

31595 

.02742 

90880 

.283 

.02176 

97293 

.02932 

08691 

.234 

.02538 

96138 

.02747 

80919 

.284 

.02167 

78260 

.02934 

76189 

.235 

-.02533 

51664 

,  .02752 

66193 

.285 

-.02158 

52914 

.02937 

39555 

.236 

.02527 

98228 

.02757 

46717 

.286 

.02149 

21306 

.02939 

98801 

.237 

.02522 

35887 

.02762 

22501 

.287 

.02139 

83489 

.02942 

53940 

.238 

.02516 

64698 

.02766 

93560 

.288 

.02130 

39513 

.02945 

04984 

.239 

.02510 

84717 

.02771 

59907 

.289 

.02120 

89430 

.02947 

51945 

.240 

-.02504 

96000 

.02776 

21555 

.290 

-.02111 

33291 

.02949 

94835 

.241 

.02498 

98602 

.02780 

78517 

.291 

.02101 

71148 

.02952 

OOAAA 

ooODD 

.242 

.02492 

92581 

.02785 

30805 

.292 

.02092 

03049 

.02954 

68451 

.243 

.02486 

77991 

.02789 

78432 

.293 

.02082 

29048 

.02956 

99201 

.244 

.02480 

54889 

.02794 

21413 

.294 

.02072 

49194 

.02959 

25929 

.245 

-.02474 

23330 

.02798 

59759 

.295 

-.02062 

63539 

.02961 

48646 

.246 

.02467 

83370 

.02802 

93483 

.296 

.02052 

72132 

.02963 

67366 

.247 

.02461 

35064 

.02807 

22509 

.297 

.02042 

75024 

.02965 

82099 

.248 

.02454 

78468 

.02811 

47118 

.298 

.02032 

72266 

.02967 

92857 

.240 

.02448 

13636 

.02815 

67055 

.299 

.02022 

63908 

.02969 

99664 

.250 

-.02441 

40625 

.02819 

82422 

.300 

-.02012 

50000 

.02972 

02500 
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TABLE  II:  COEFFICIENTS  OF  FIFTH  ORDER  TERMS-Conttnued 

.  ,  X„  N  M/.  .  "*0  -  m)  A*  .  m(l  -  TO)(m  -  2)  A‘ 

*  -  a«  +  pfc;  l/(*)  -  /(*«)1/A  -  m?  p  -  m  H - - -  —  +  - - -  - 

2  A  O  A 

A*  A*  A* 

+  4th  order  terms  +  C(m) - 1-  D(m)  -  +  6th  order  terms 

A  A  A 

4-  7th  order  terms  +  8th  order  terms  +  . .  ■ 


TABLE  II:  COEFFICIENTS  OF  FIFTH  ORDER  TERMS-CorKiniMsd 

.  .  ,,/  X  „  M,*  .  -  w)  A*  ,  m(l  -  m)(m  -  2)  A» 

z  -  «i  +  pA;  (/(z)  -  /(z»)I/A  -  m;  p  -  m  +  - - -  -  +  - - -  - 

4  A  O  A 

A*  A*  A* 

+  4th  order  terms  +  C(m)  —  —  +  D(m)  -  +  6th  order  terms 
AAA  N 

+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

C(m) 

-D(m) 

m 

C(m) 

-D{m) 

.400 

-.00800 

00000 

.02995 

20000 

.450 

-.00128 

90625 

.02893 

97109 

.401 

.00786 

66173 

.02993 

82588 

.451 

.00115 

55651 

.02891 

31156 

.402 

.00773 

31386 

.02992 

42360 

.452 

.00102 

21588 

.02888 

62881 

.403 

.00759 

95679 

.02990 

99326 

.453 

.00088 

88469 

.02885 

92293 

.404 

.00746 

59092 

.02989 

53496 

.454 

.00075 

56330 

.02883 

19403 

.405 

-.00733 

21664 

.02988 

04881 

.455 

-.00062 

25205 

.02880 

44219 

.406 

.00719 

83434 

.02986 

53490 

.456 

.00048 

95129 

.02877 

66750 

.407 

.00706 

44443 

.02984 

99334 

.457 

.00035 

66136 

.02874 

87007 

.408 

.00693 

04729 

.02983 

42423 

.458 

.00022 

38261 

.02872 

04999 

.409 

.00679 

64332 

.02981 

82767 

.459 

-.00009 

11537 

.02869 

20735 

.410 

-.00666 

23291 

.02980 

20377 

.460 

+  .00004 

14000 

.02866 

34225 

.411 

.00652 

81645 

.02978 

55262 

.461 

.00017 

38317 

.02863 

45477 

.412 

.00639 

39433 

.02976 

87433 

.462 

.00030 

61381 

.02860 

54502 

.413 

.00625 

96694 

.02975 

16899 

.463 

.00043 

83157 

.02857 

61308 

.414 

.00612 

53466 

.02973 

43672 

.464 

.00057 

03611 

.02854 

65905 

.415 

-.00599 

09789 

.02971 

67760 

.465 

.00070 

22710 

.02851 

68393 

.416 

.00585 

65700 

.02969 

89175 

.4^ 

.00083 

40421 

.02848 

68509 

.417 

.00572 

21238 

.02968 

07925 

.467 

.00096 

56709 

.02845 

66535 

.418 

.00558 

76442 

.02966 

24022 

.468 

.00109 

71542 

.02842 

62389 

.419 

.00545 

31350 

.02964 

37475 

.469 

.00122 

84886 

.02839 

56079 

.420 

-.00531 

86000 

.02962 

48294 

.470 

.00135 

96708 

.02836 

47617 

.421 

.00518 

40429 

.02960 

56489 

.471 

.00149 

06975 

.02833 

37010 

.422 

.00504 

94677 

.02958 

62070 

.472 

.00162 

15654 

.02830 

24268 

.423 

.00491 

48780 

.02956 

65047 

.473 

.00175 

22712 

.02827 

09400 

.424 

.00478 

02777 

.02954 

65431 

.474 

.00188 

28117 

.02823 

92415 

.425 

-.00464 

56705 

.02952 

63230 

.475 

.00201 

31835 

.02820 

73323 

.426 

.00451 

10602 

.02950 

58455 

.476 

.00214 

33835 

.02817 

52132 

.427 

.00437 

64505 

.02948 

51116 

.477 

.00227 

34084 

.02814 

28852 

.428 

.00424 

18452 

.02946 

41223 

.478 

.00240 

32549 

.02811 

03491 

.429 

.00410 

72479 

.02944 

28785 

.479 

.00253 

29198 

.02807 

76060 

.430 

-.00397 

266‘25 

.02942 

13812 

.480 

.00266 

24000 

.02804 

46566 

.431 

.0038:1 

80925 

.02939 

96315 

.481 

.00279 

16921 

.02801 

150-20 

.432 

.00370 

35417 

.02937 

76302 

.482 

.00292 

07930 

.02797 

81429 

.433 

.00356 

90138 

.02935 

53784 

.483 

.00304 

96996 

.02794 

45804 

.434 

.00343 

45125 

.02933 

28771 

.484 

.0a317 

84086 

.02791 

08152 

.435 

-.00330 

00414 

i  .02931 

01273 

.485 

.00330 

69169 

.02787 

68484 

.436 

.00316 

56041 

.02928 

71298 

.486 

.00343 

52213 

.02784 

26808 

.437 

.00303 

12044 

.02926 

38857 

487 

.00356 

33187 

.02780 

83132 

.438 

.00289 

mbs 

.02924 

03960 

.488 

.00369 

12059 

.02777 

37467 

.439 

.00276 

25320 

.02921 

66616 

.489 

.00381 

88799 

.02773 

89821 

.440 

-.00262 

82666 

.02919 

26835 

.490 

.00394 

63375 

.02770 

40202 

.441 

.00249 

40532 

.02916 

84627 

.491 

.00407 

35755 

.02766 

88620 

.442 

.00235 

989M 

.02914 

40001 

.492 

.00420 

05910 

.02763 

35084 

.443 

.00222 

57968 

.02911 

92967 

.493 

.00432 

73808 

.02759 

79602 

.444 

.00209 

17609 

.02909 

43534 

.494 

.00445 

39418 

.02756 

22184 

.445 

-  .00195 

77914 

.02906 

91713 

.495 

.00458 

02710 

.02752 

62838 

.446 

.00182 

38917 

.02904 

37512 

.496 

.00470 

63654 

.02749 

01573 

.447 

.00169 

00654 

.02901 

80942 

.497 

.00483 

22218 

.02745 

38398 

.448 

.00155 

63161 

.02899 

‘22012 

.498 

.00495 

78373 

.02741 

73322 

.449 

.00142 

26473 

.02896 

60731 

.499 

.00508 

32088 

.02738 

06353 

.450 

-.00128 

90625 

.02893 

97109 

.500 

.00520 

83333 

.02734 

37500 
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TABLE  II;  COEFFICIENTS  OF  FIFTH  ORDER  TERMS-Conlinued 

m(l  —  m)  A*  ^  m(l  —  m)(m  —  2)  A’ 
i  A  ^  6  A 


X  -  *»  +  pA;  [/(x)  -  /(Xi)]/A  -  m;  p  -  m  + 


A*  A*  A* 

+  4th  order  terms  +  C(m) - +  D(m)  —  +  6th  order  terms 

A  A  A 


+  7th  order  terms  +  8th  order  terms  +  . . . 


m 

C(m) 

-D(m) 

m 

C(m) 

-Z)(m) 

.500 

.00520 

83333 

.02734 

37500 

.550 

.01108 

59375 

.02527 

82578 

.501 

.00533 

32078 

.02730 

66772 

.551 

.01119 

47016 

.02523 

28937 

.502 

.00545 

78293 

.02726 

94178 

.552 

.01130 

30758 

.02518 

73849 

.503 

.00558 

21948 

.02723 

19727 

.553 

.01141 

10575 

.02514 

17320 

.504 

.00570 

63014 

.02719 

43427 

.554 

.01151 

86442 

.02509 

59359 

.505 

.00583 

01460 

.02715 

65286 

.555 

.01162 

58335 

.02504 

99974 

.506 

.00505 

37258 

.02711 

85314 

.556 

.01173 

26230 

.02500 

39173 

.507 

.00607 

70378 

.02708 

03520 

.557 

.01183 

90101 

.02495 

76963 

.508 

.00620 

00790 

.02704 

19911 

.558 

.01194 

49925 

.02491 

13354 

.509 

.00632 

28465 

.02700 

34497 

.559 

.01205 

05677 

.02486 

48351 

.510 

.00644 

53375 

.02696 

47285 

.560 

.01215 

57333 

.02481 

81965 

.511 

.00656 

75489 

.02692 

58286 

.561 

.01226 

04869 

.02477 

14202 

.512 

.00668 

94779 

.02688 

67507 

.562 

.01236 

48261 

.02472 

45069 

.513 

.00681 

11217 

.02684 

74957 

.563 

.01246 

87485 

.02467 

74576 

.514 

.00693 

24773 

.02680 

80644 

.564 

.01257 

22518 

.02463 

02730 

.515 

.00705 

35419 

.02676 

84578 

.565 

.01267 

53335 

.02458 

29539 

.516 

.00717 

43126 

.02672 

86766 

.566 

.01277 

79914 

.02453 

55010 

.517 

.00729 

47866 

.02668 

87217 

.567 

.01288 

02231 

.02448 

79152 

.518 

.00741 

49610 

.02664 

85940 

.568 

.01298 

•20262 

.02444 

01971 

.519 

.00753 

48331 

.02660 

82942 

.569 

.01308 

33984 

.02439 

23477 

.520 

.00765 

44000 

.02656 

78234 

.570 

.01318 

43375 

.02434 

43675 

.521 

.00777 

36588 

.02652 

71822 

.571 

.01328 

4&410 

.02429 

62576 

.522 

.00789 

26069 

.02648 

63716 

.572 

.01338 

49067 

.02424 

80185 

.523 

.00801 

12414 

.02644 

53923 

.573 

.01348 

45324 

.02419 

96511 

.524 

.00812 

95595 

.02640 

42453 

.574 

.01358 

37157 

.02415 

11562 

.525 

.00824 

75585 

.02636 

29314 

.575 

.01368 

24544 

.02410 

25344 

.526 

.00836 

52357 

.02632 

14514 

.576 

.01378 

07462 

.02405 

37867 

.527 

.00848 

25882 

.02627 

98061 

.577 

.01387 

85889 

.02400 

49136 

.528 

.00859 

96134 

.02623 

79964 

.578 

.01397 

59802 

.02395 

59161 

.529 

.00871 

63085 

.02619 

60231 

.579 

.01407 

29180 

.02390 

67949 

.530 

.00883 

26708 

.02615 

38871 

.580 

.01416 

‘MOOO 

.02385 

75506 

.531 

.00894 

86976 

.02611 

15891 

.581 

.01426 

54239 

.02380 

81842 

.532 

.00906 

43862 

.02606 

91301 

.582 

.01436 

09877 

.02375 

86963 

.533 

.00917 

97339 

.02602 

65108 

.583 

.01445 

60891 

.02370 

5K)877 

.534 

.00929 

47381 

.02598 

37320 

.584 

.01455 

07259 

.02365 

93592 

.535 

.00940 

93960 

.02594 

07947 

.585 

.01464 

48960 

.02360 

95114 

.536 

.00952 

37051 

.02589 

76995 

.586 

.01473 

85973 

.02355 

95452 

.537 

.00963 

76627 

.02585 

44474 

.587 

.01483 

18275 

.02350 

94614 

.538 

.00975 

12661 

.02581 

10392 

.588 

.01492 

45846 

.02345 

92605 

.539 

.00986 

45127 

.02576 

74756 

.589 

.01501 

68664 

.02340 

89435 

540 

.00997 

74000 

.02572 

37575 

.590 

.01510 

86708 

.02335 

85111 

.541 

.01008 

99252 

.02567 

98858 

.591 

.01519 

9‘)957 

.02330 

79639 

.542 

.01020 

20858 

.02563 

58611 

.592 

.01529 

08390 

.02325 

73028 

.543 

.01031 

38793 

.02559 

16844 

.593 

.01538 

11986 

.02320 

65285 

.544 

.01042 

53030 

.02554 

73565 

.594 

.01547 

10725 

.02315 

56416 

.545 

.01053 

63544 

.02550 

28781 

.595 

.01556 

04585 

.02310 

46431 

.546 

.01064 

70309 

.02545 

82500 

.596 

.01564 

93547 

.02305 

35335 

.547 

.01075 

73300 

.02541 

34732 

.597 

.01573 

77590 

.02300 

23137 

.548 

.01086 

72491 

.02536 

85483 

.598 

.01582 

56693 

.02295 

09844 

.549 

.01097 

67858 

.02532 

34763 

.599 

.01591 

30836 

.02289 

95462 

.550 

.01108 

59375 

.02527 

82578 

.600 

.01600 

00000 

.02284 

80000  ■ 

TABLE  II:  COEFFICIENTS  OF  FIFTH  ORDER  TERMS— Continued 


X  -  x,  +  pk;  lf(z)  -  f{xt)]/^ 


m(l  —  m)  A*  ,  m(l  —  m)(m  —  2)  A‘ 
i-  + - 1 - ^ 


+  4th  order  terms  +  C(m) - +  Dim)  —  +  6th  order  terms 

A  A  A 


+  7th  order  terms  +  8th  order  terms  +  •  •  • 


m 

C(m) 

-Dim) 

m 

C(m) 

1  -Dim) 

.600 

.01600 

00000 

.02284 

80000 

.650 

.01966 

92708 

.02014 

86797 

.601 

.01608 

64163 

.02279 

63465 

.651 

.01972 

83518 

.02009 

25604 

.602 

.01617 

23306 

.02274 

45863 

.652 

.01978 

68438 

.02003 

63693 

.603 

.01625 

77410 

.02269 

27203 

.653 

.01984 

47453 

.01998 

01069 

.604 

.01634 

26454 

.02264 

07491 

.654 

.01990 

20549 

.01992 

37739 

.605 

.01642 

70419 

.02258 

86735 

.655 

.01995 

87710 

.01986 

73710 

.606 

.01651 

09285 

.02253 

64942 

.656 

.02001 

48923 

.01981 

08989 

.607 

.01659 

43033 

.02248 

42119 

.657 

.02007 

04173 

.01975 

43581 

.608 

.01667 

71643 

.02243 

18274 

.658 

.02012 

53445 

.01969 

77493 

.609 

.01675 

95097 

.02237 

93413 

.659 

.02017 

96725 

.01964 

10732 

.610 

.01684 

13375 

.02232 

67544 

.660 

.02023 

34000 

.01958 

43305 

.611 

.01692 

26457 

.02227 

40674 

.661 

.02028 

65254 

.01952 

75217 

.612 

.01700 

34326 

.02222 

12810 

.662 

.02033 

90474 

.01947 

06476 

.613 

.01708 

36962 

.02216 

83960 

.663 

.02039 

09647 

.01941 

37087 

.614 

.01716 

34346 

.02211 

54130 

.664 

.02044 

22758 

.01935 

67058 

.615 

.01724 

26460 

.02206 

23327 

.665 

.02049 

29794 

.01929 

96394 

.616 

.01732 

13286 

.02200 

91559 

.666 

.02054 

30741 

.01924 

25103 

.617 

.01739 

948(H 

.02195 

58832 

.667 

.02059 

25586 

.01918 

53189 

.618 

.01747 

70997 

.02190 

25155 

.668 

.02001 

14315 

.01912 

80661 

.619 

.01755 

41846 

.02184 

90533 

.669 

.02068 

96916 

.01907 

07524 

.620 

.01763 

07333 

.02179 

54974 

.670 

.02073 

73375 

.01901 

33784 

.621 

.01770 

67440 

.02174 

18484 

.671 

.02078 

43678 

.01895 

59449 

.622 

.01778 

22149 

.02168 

81072 

.672 

.02083 

07814 

.01889 

84523 

.623 

.01785 

71442 

.02163 

42744 

.673 

.02087 

65769 

.01884 

09014 

.624 

.01793 

15302 

.02158 

03506 

.674 

.02092 

17530 

.01878 

32929 

.625 

.01800 

53710 

.02152 

63367 

.675 

.02096 

63085 

.01872 

56272 

.626 

.01807 

86650 

.02147 

22332 

.676 

.02101 

02422 

.01866 

79051 

.627 

.01815 

141(M 

.02141 

80409 

.677 

.02105 

35527 

.01861 

01271 

.628 

.01822 

36054 

.02136 

37604 

.678 

.02109 

6‘2389 

.01855 

22940 

.629 

.01829 

52483 

.02130 

93926 

.679 

.02113 

82995 

.01849 

44063 

.630 

.01836 

63375 

.02125 

49380 

.680 

.02117 

97333 

.01843 

64646 

.631 

.01843 

68711 

.02120 

03973 

.681 

.02122 

05391 

.01837 

84697 

.632 

.01850 

68475 

.02114 

57712 

.682 

.02126 

07157 

.01832 

04220 

.633 

.01857 

62651 

.02109 

10605 

.683 

.02130 

02619 

.01826 

23222 

.634 

.01864 

51221 

.02103 

62657 

.684 

.02133 

91766 

.01820 

41709 

.635 

.01871 

34169 

,  .02098 

13877 

.685 

.02137 

74585 

.01814 

59688 

.636 

.01878 

11478 

.02092 

64270 

.686 

.02141 

51066 

.01808 

77165 

.637 

.01884 

83132 

.02087 

13844 

.687 

.02145 

21197 

.01802 

94145 

.638 

.01891 

49114 

.02081 

62605 

.688 

.02148 

84966 

.01797 

10635 

.639 

.01898 

09409 

.02076 

10559 

.689 

.02152 

42362 

.01791 

26641 

.640 

.01904 

64000 

.02070 

57715 

.690 

.02155 

93375 

.01785 

42170 

.641 

.01911 

12870 

.  .02065 

04079 

.691 

.02159 

37992 

.01779 

57226 

.642 

.01917 

56005 

.02059 

49656 

.692 

.02162 

76203 

.01773 

71817 

.643 

.01923 

93388 

.02053 

94455 

.693 

.02166 

07998 

.01767 

85948 

.644 

.01930 

25003 

.02048 

38481 

.694 

.02169 

33365 

.01761 

99625 

.615 

*  .01936 

50835 

.02042 

81742 

.695 

.02172 

52294 

.01756 

12855 

.646 

.01942 

70869 

.02037 

24244 

.696 

.02175 

64774 

.01750 

25643 

.647 

.01948 

85088 

.02031 

65994 

.697 

.02178 

70795 

.01744 

37996 

.648 

.01954 

93478 

.02026 

06998 

.698 

.02181 

70346 

.01738 

49919 

.649 

.01960 

96023 

.02020 

47264 

.699 

.02184 

63418 

.01732 

61418 

.650 

.01966 

92708 

.02014 

86797 

.700 

.02187 

50000 

I  .01726 

72500 
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TABLE  II:  COEFFICIENTS  OF  FIFTH  ORDER  TERMS— Co«/«nuei 

.  .  ...  V  M,.  .  m(l  -  m)  A*  .  m(l  -  m)(m  -  2)  A* 

X  ~  Xt  +  phi  [fix)  -  /(®»)1/A  -  m;  p  -  m  +  - - -  -  +  - ^ - j 

A*A*  A* 

4-  4th  order  terms  +  C(m) - +  D(m)  —  4*  6th  order  terms 

A  A  A 


4-  7th  order  terms  4-  8th  order  terms  4-  ••• 


m 

C(m)  I 

-D(m)  j 

m 

C(m)  1 

—  Dim) 

.700 

.02187 

50000 

.01728 

72500 

.750 

.02246 

09375 

.01428 

22266 

.701 

.02190 

30081 

.01720 

83170 

.751 

.02245 

53853 

.01422 

19662 

.702 

.02193 

03653 

.01714 

93435 

.752 

.02244 

91451 

.01416 

16934 

.703 

.02195 

70705 

.01709 

03299 

.753 

.02244 

22165 

.01410 

14086 

.704 

.02198 

31227 

.01703 

12770 

.754 

.02243 

45989 

.01404 

11124 

.705 

.02200 

85210 

.01697 

21853 

.755 

.02242 

62919 

.01398 

08053 

.706 

.02203 

32645 

.01691 

30553 

.756 

.02241 

72950 

.01392 

04878 

.707 

.02205 

73521 

.01685 

38878 

.757 

.02240 

76078 

.01386 

01605 

.708 

.02208 

07830 

.01679 

46832 

.758 

.02239 

72298 

.01379 

98238 

.709 

.02210 

35562 

.01673 

61422 

.759 

.02238 

61607 

.01373 

94783 

.710 

.02212 

56708 

.01667 

61653 

.760 

.02237 

44000 

.01367 

91245 

.711 

.02214 

71259 

.01661 

68531 

.761 

.02236 

19472 

.01361 

87629 

.712 

.02216 

79206 

.01655 

75062 

.762 

.02234 

88021 

.01355 

83941 

.713 

.02218 

80540 

.01649 

81252 

.763 

.02233 

49642 

.01349 

80186 

.714 

.02220 

75253 

.01643 

87107 

.764 

.02232 

04331 

.01343 

76368 

.718 

.02222 

63335 

.01637 

92632 

.765 

.02230 

52085 

.01337 

72493 

.716 

.02224 

44779 

.01631 

97833 

.766 

.92228 

92901 

.01331 

68567 

.717 

.02226 

19576 

.01626 

02716 

.767 

.02227 

28774 

.01325 

64593 

.718 

.02227 

87717 

.01620 

07287 

.768 

.02225 

53702 

.01319 

60578 

.719 

.02229 

49194 

.01614 

11551 

.769 

.02223 

73681 

.01313 

56526 

.720 

.02231 

04000 

.01608 

15514 

.770 

.02221 

86708 

.01307 

52443 

.721 

.02232 

52125 

.01602 

19181 

.771 

.02219 

92780 

.01301 

48333 

.722 

.02233 

93562 

.01596 

22559 

.772 

.02217 

91894 

.01295 

44202 

.723 

.02235 

28304 

.01590 

25654 

.773 

.02215 

84047 

.01289 

40055 

.724 

.02236 

56342 

.01584 

28170 

.774 

.02213 

69237 

.01283 

35896 

.725' 

.02237 

77669 

.01578 

31013 

.775 

.02211 

47460 

.01277 

31731 

.726 

.02238 

92277 

.01572 

33290 

.776 

.02209 

18715 

.01271 

27565 

.727 

.02240 

00159 

.01566 

35305 

.777 

.02206 

82999 

.01265 

23402 

.728 

.02241 

01307 

.01560 

37064 

.778 

.02201 

40309 

.01259 

19248 

.729 

.02241 

95715 

.01554 

38574 

.779 

.02201 

90643 

.01253 

15108 

.730 

i  .02242 

83375 

.01M8 

39838 

.780 

.02199 

34000 

.01247 

10986 

.731 

.02243 

64279 

.01542 

40861 

.781 

.02196 

70376 

.01241 

06888 

.732 

.02244 

38422 

.01536 

41656 

.782 

.02193 

99770 

.01235 

02819 

.733 

.02245 

05796 

.01530 

42221 

.783 

.02191 

22181 

.01228 

98783 

.734 

.02245 

66394 

.01524 

42563 

.784 

.02188 

37606 

.01222 

94785 

.735 

.02246 

20210 

.01518 

42688 

.785 

.02185 

46044 

.01216 

90831 

.736 

.02246 

67238 

.01512 

42602 

.786 

.02182 

47493 

.01210 

86925 

.737 

.02247 

07470 

.01506 

42311 

.787 

.02179 

41952 

.01204 

83071 

.738 

.02247 

40901 

.01500 

41819 

.788 

.02176 

29419 

.01198 

79276 

.739 

.02247 

67524 

.01494 

41132 

.789 

.02173 

09894 

.01192 

75543 

.740 

.02247 

87333 

.01488 

40255 

.790 

.02169 

83375 

.01186 

71878 

.741 

.02248 

00322 

.01482 

39195 

.791 

.02166 

49860 

.01180 

68286 

.742 

.02248 

06485 

.01476 

37956 

.792 

.02163 

09350 

.01174 

64770 

.743 

.02248 

05816 

.01470 

36544 

.793 

.02159 

61843 

.01168 

61337 

.744 

.02247 

98310 

.01464 

34964 

.794 

.02156 

07338 

.01162 

57990 

.745 

.02247 

83960 

.01458 

33222 

.795 

.02152 

45835 

.01156 

54735 

.746 

.02247 

62762 

.01452 

31323 

.796 

.02148 

77334 

.01150 

51576 

.747 

.02247 

34710 

.01446 

29273 

.797 

.02145 

01833 

.01144 

48519 

.748 

.02246 

99798 

.01440 

27076 

.798 

.02141 

19333 

.01138 

45567 

.749 

.02246 

58021 

.01434 

24739 

.799 

.02137 

29833 

.01132 

42726 

.750 

.02246 

09375 

.01428 

22266 

.800 

.02133 

33333 

.01126 

40000 
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TABLE  II:  COEFFICIENTS  OF  FIFTH  ORDER  TERMS— Continued 


X  -  Id  +  pA;  l/(x)  -  /(a;ki)]/A  -  m\  p 


m  + 


m(l  —  m) 
2 


A*  m(l  —  OT)(m  —  2)  A’ 
A  6  A 


+  4th  order  terms  +  C(m) - +  D{m)  — I-  6th  order  terms 

A  A  A 

+  7th  order  terms  +  8th  order  terms  +  •  •  • 


m 

C(m) 

—  D(m) 

m 

!  C(m) 

-Dim) 

.800 

.02133 

33333 

.01126 

40000 

.850 

.01846 

09375 

.00827 

51484 

.801 

.02129 

29833 

.01120 

37394 

.851 

.01838 

58021 

.00821 

60616 

.802 

.02125 

19333 

.01114 

34913 

.852 

.01830 

99798 

.00815 

70092 

.803 

.02121 

01833 

.01108 

32561 

.853 

.01823 

34710 

.00809 

79917 

.804 

.02116 

77334 

.01102 

30343 

.854 

.01815 

62762 

.00803 

90094 

.805 

.02112 

45835 

.01096 

28264 

.855 

.01807 

83960 

.00798 

00627 

.806 

.02108 

07338 

.01090 

26329 

.856 

.01799 

98310 

.00792 

11521 

.807 

.02103 

61843 

.01084 

24541 

.857 

.01792 

05816 

.00786 

22780 

.808 

.02099 

09350 

.01078 

22906 

.858 

.01784 

06485 

.00780 

34408 

.809 

.02094 

49860 

.01072 

21428 

.859 

.01776 

00322 

.00774 

46408 

.810 

.02089 

83375 

.01066 

20112 

.860 

.01767 

87333 

.00768 

58785 

.811 

.02085 

09894 

.01060 

18962 

.861 

.01759 

67524 

.00762 

71543 

.812 

.02080 

29419 

.01054 

17983 

.862 

.01751 

40901 

.00756 

84685 

.813 

.02075 

41952 

.01048 

17180 

863 

.01743 

07470 

.00750 

98216 

.814 

.02070 

47493 

.01042 

16557 

.864 

.01734 

67238 

.00745 

12140 

.815 

.02065 

46044 

.01036 

16119 

.865 

.01726 

20210 

.00739 

26461 

.816 

.02060 

37606 

.01030 

15869 

.866 

.01717 

66394 

.00733 

41182 

.817 

.02055 

22181 

.01024 

15814 

.867 

.01709 

05796 

.00727 

56308 

.818 

.02049 

99770 

.01018 

15956 

.868 

.01700 

38422 

.00721 

71842 

.819 

.02044 

70376 

.01012 

16301 

.869 

.01691 

64279 

.00715 

87789 

.820 

.02039 

34000 

.01006 

16854 

.870 

.01682 

83375 

.00710 

04152 

.821 

.02033 

90643 

.01000 

17618 

.871 

.01673 

95715 

.00704 

20935 

.822 

.02028 

40309 

.00994 

18598 

.872 

.01665 

01307 

.00698 

38142 

.823 

.02022 

S2999 

.00988 

19798 

.873 

.01656 

00159 

.00692 

55777 

.824 

.02017 

18715 

.00982 

21224 

.874 

.01646 

92277 

.00686 

73844 

.825 

.02011 

47460 

.00976 

22878 

.875 

.01637 

77669 

.00680 

92346 

.826 

.02005 

69237 

.00970 

24767 

.876 

.01628 

56342 

.00675 

11288 

.827 

.01999 

84047 

.00964 

26894 

.877 

.01619 

-28304 

.00669 

30673 

.828 

.01993 

91894 

.00958 

29263 

.878 

.01609 

93562 

.00663 

50505 

.829 

.01987 

92780 

.00952 

31879 

.879 

.01600 

52125 

.00657 

70789 

.830 

.01981 

86708 

.OOiMO 

34747 

.880 

■  OlSitl 

04000 

.00651 

91526 

.831 

.01975 

73681 

.OOiMO 

.37870 

.881 

.01581 

49194 

.00646 

1-2723 

.832 

.01969 

53702 

.00934 

41253 

.882 

.01571 

87717 

.00640 

34381 

.833 

.01963 

26774 

.00928 

44901 

.883 

.01562 

19576 

.00634 

56506 

.834 

.01956 

92901 

.00922 

48817 

.884 

.01552 

44779 

.00628 

79100 

.835 

.01950 

52085 

.00916 

53006 

.885 

.01542 

63335 

.00623 

02167 

.836 

.01944 

04331 

'.00910 

57472 

.886 

.01532 

75253 

.00617 

25712 

.837 

.01937 

49642 

.00904 

62220 

.887 

.01522 

S0540 

.00611 

49738 

.838 

.01930 

88021 

.00898 

67254 

.888 

.01512 

79206 

.00605 

74248 

.839 

.01924 

19472 

.00892 

72577 

.889 

.01502 

71259 

.00599 

99247 

.840 

.01917 

44000 

.00886 

78195 

.890 

.01492 

56708 

.00594 

24737 

.841 

.01910 

61607 

.00880 

84112 

.891 

.01482 

35562 

.00588 

50723 

.842 

.01903 

72298 

.00874 

*K)331 

.892 

.01472 

07830 

.00582 

77209 

.843 

.01896 

76078 

.00868 

96857 

.893 

.01461 

73521 

.00577 

04197 

.844 

.01889 

72950 

.00863 

03694 

.894 

.01451 

3-2645 

.00571 

31692 

.845 

.01882 

62919 

.00857 

10846 

.895 

.01440 

85210 

.00565 

59697 

.846 

.01875 

45989 

.00851 

18318 

.896 

.01430 

31227 

.00559 

88215 

.847 

.01868 

22165 

.00845 

26114 

.897 

.01419 

70705 

.00554 

17251 

.848 

.01860 

91451 

.00839 

34237 

.898 

.01409 

03653 

.00548 

46809 

.849 

.01853 

53853 

.00833 

42693 

.899 

.01398 

30081 

.00542 

76890 

.850 

.01846 

09375 

.00827 

51484 

.900 

.01387 

50000 

.00537 

07500 
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TABLE  II:  COEFFICIENTS  OF  F 

+  P*;  [/(»)  —  /(*I>)]/A  -  m;  p  - 

A*  A 

+  4th  order  terms  +  C(m) - 

A  A 

+  7th  order  terms  + 

IFTH  ORDER  TERMS- 

.  m(l  —  m)  A*  m(l 
”*+  2  A  + 

*  A‘ 

+  Dim)  —  -1-  6th  order 
A 

8th  order  terms  +  •  •  • 

■Continued 

—  m)im  — 
6 

terms 

_2)A» 

A 

1 

m 

C(m) 

-Dim) 

m 

C(m) 

-Dim) 

1 

.900 

.01387 

50000 

.00537 

07500 

.950 

.00766 

92708 

.00259 

86953 

I 

.901 

.01376 

63418 

.00531 

38641 

.951 

.00752 

96023 

.00254 

48971 

f' 

.902 

.01365 

70346 

.00525 

70318 

.952 

.00738 

93478 

.00249 

11687 

1 

.903 

.01354 

70795 

.00520 

02533 

.953 

.00724 

85088 

.00243 

75105 

I 

.904 

.01343 

64774 

.00514 

35291 

.954 

.00710 

70869 

.00238 

39227 

1 

.906 

.01332 

52294 

.00508 

68595 

.955 

.00696 

50835 

.00233 

04057 

% 

.906 

.01321 

33365 

.00503 

02447 

.956 

.00682 

25003 

.00227 

69598 

r 

.907 

.01310 

07998 

.00497 

36853 

.957 

.00667 

93388 

.00222 

35852 

s 

.908 

.01298 

76203 

.00491 

71814 

.958 

.00653 

56005 

.00217 

02823 

.909 

.01287 

37992 

.00486 

07336 

.959 

.00639 

12870 

.00211 

70513 

1 

.910 

.01275 

93375 

.00480 

43420 

.960 

.00624 

64000 

.00*206 

38925 

1 

.911 

.01264 

42362 

.00474 

80072 

.961 

.00610 

09409 

.00201 

08062 

.912 

.01252 

84966 

.00469 

17293 

962 

.00595 

49114 

.00195. 

77928 

s 

.913 

.01241 

21197 

.00463 

55088 

.963 

.00580 

83132 

.00190 

48525 

.914 

.01229 

51066 

.00467 

93459 

.964 

.00566 

11478 

.00185 

19855 

.915 

.01217 

74585 

.00452 

32411 

.965 

.00551 

34169 

.00179 

91922 

.916 

.01205 

91766 

.00446 

71947 

.966 

.00536 

51221 

.00174 

64729 

.917 

.01194 

02619 

.00441 

12070 

.967 

.00521 

6*2651 

.00169 

38279 

.918 

.01182 

07157 

.00435 

52783 

.968 

.00506 

68475 

.00164 

12574 

.919 

.01170 

05391 

.00429 

94090 

.969 

.00491 

68711 

.00158 

87617 

'  ; 

.920 

.01167 

97333 

.00434 

35994 

.970 

.00476 

63375 

.00153 

63410 

1 

.921 

.01145 

82995 

.00418 

78498 

.971 

.00461 

52483 

.00148 

39958 

5 

.922 

.01133 

62389 

.00413 

21606 

.972 

.00446 

36054 

.00143 

17262 

1  1 

.923 

.01121 

35627 

.00407 

65322 

.973 

.00431 

14104 

.00137 

95326 

: 

.924 

.01109 

02422 

.00402 

09648 

.974 

.00415 

86650 

.00132 

74152 

.925 

.01096 

63085 

.00396 

54587 

.975 

.00400 

53710 

.00127 

53743 

.926 

.01084 

17630 

.00391 

00144 

.976 

.00385 

15302 

.00122 

34101 

.927 

.01071 

65769 

.00385 

46321 

.977 

.00369 

71442 

.00117 

15230 

.928 

.01059 

07814 

.00379 

93121 

.978 

.00354 

22149 

.00111 

97132 

.929 

.01046 

43678 

.00374 

40549 

.979 

.00338 

67440 

.00106 

79810 

.930 

.01033 

73375 

.00368 

88606 

.980 

.00323 

07333 

.00101 

63266 

.931 

.01020 

96916 

.00363 

37296 

.981 

.00307 

41846 

.00096 

47504 

.932 

.01008 

14315 

.00357 

86623 

.982 

.00291 

70997 

.00091 

32526 

.933 

.00995 

25586 

.00352 

36590 

.983 

.00275 

94804 

.00086 

18335 

*  !  i 

.934 

.00982 

30741 

.00346 

87199 

.984 

.00260 

13286 

.00081 

04933 

1 1 

.935 

.00969 

29794 

.00341 

38455 

.985 

.00244 

26460 

.00075 

92323 

.936 

.00956 

22758 

.00335 

90360 

.986 

.00228 

34346 

.00070 

80507 

.937 

.00943 

09647 

.00330 

42917 

.987 

.00212 

36962 

.00065 

69489 

! 

.938 

.00929 

90474 

.00324 

96130 

.988 

.00196 

34326 

.00060 

59271 

:  ' 

.939 

.00916 

65254 

.00319 

50002 

.989 

.00180 

26457 

.00055 

49856 

.940 

.00903 

34000 

.00314 

04535 

.990 

.00164 

13375 

.00050 

41246 

.941 

.00889 

96725 

.00308 

59734 

.991 

.00147 

95097 

.00045 

33444 

.942 

.00876 

53445 

.00303 

15600 

.992 

.00131 

71643 

.00040 

26452 

'  j 

.943 

.00863 

04173 

.00297 

72138 

.993 

.00115 

43033 

.00035 

20273 

j 

.944 

.00849 

489*23 

.00292 

29350 

.994 

.00099 

09285 

.00030 

14909 

w 

.945 

.00835 

87710 

.00286 

87239 

.995 

.00082 

70419 

.00025 

10364 

m 

.946 

.00822 

20549 

.00281 

45809 

.996 

.00066 

26454 

.00020 

06640 

£ 

.947 

.00808 

47453 

.00276 

0506*2 

.997 

.00049 

77410 

.00015 

03739 

.948 

.00794 

68438 

.00*270 

65002 

.998 

.00033 

23306 

.00010 

01663 

S' 

.m9 

.00780 

83518 

.00265 

25631 

.999 

.00016 

64163 

.00005 

00416 

.950 

.00766 

92708 

.00259 

86953 

1.000 

.00000 

00000 

.00000 

00000 

1 

99 
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TABLE  III:  COEFFICIENTS  OF  SIXTH  ORDER  TERMS 

.  t \  ./  M  ,  ♦'*(1  ~  ~  m)(m  —  2)  A* 

^  +  ph;  [fix)  -  /(i«)l/A  -  m;  p  -  m  +  - - - -  +  - - -  -  +  4th 

2  A  D  A 


(A*\»  .  /A‘\i  a*  a*  a* 

—  )  +  F(m)  (  —  j  +  0(m)  ~  ~  Him)  — 


+  7th  order  terms  +  8th  order  terms  +  •  •  • 


m 

Eim) 

Fim)  1 

Gim) 

1  Him) 

1 

1  ^ 

.00 

.00000 

00000 

.00000 

00000  ! 

.00000 

00000 

.00000 

00000 

.00 

.01 

.00117 

62438 

.00106 

18292  ' 

.00239 

51594 

.00162 

89224 

.01 

.02 

.00220 

99000 

.00202 

79336 

.00458 

62171 

.00318 

35923 

.02 

.03 

.00310 

82438 

.00290 

24979 

.00658 

14124 

.00466 

58424 

.03 

.04 

.00387 

84000 

.00368 

96085 

.00838 

88128 

.00607 

1 

74777 

.04 

.05 

.00452 

73438 

.00439 

32552 

.01001 

63151 

.00742  ■ 

02756 

.05 

.06 

.00506 

19000 

.00501 

73315 

.01147 

16472 

.00869 

59861 

.06 

.07 

.00548 

87438 

.00556 

56359 

.01276 

23695 

.00990 

63323 

.07 

.08 

.00581 

44000 

.00604 

18731 

.01389 

58763 

.01105 

30101 

.08 

.09 

.00604 

52438 

.00644 

96546 

.01487 

93975 

.01213 

76892 

.09 

.10 

.00618 

75000 

.00679 

25000 

.01572 

00000 

.01316 

20125 

.10 

.11 

.00624 

72438 

.00707 

38379 

.01642 

45892 

.01412 

75972 

.11 

.12 

’  .00623 

04000 

.00729 

70069 

.01699 

99104 

.01503 

60343 

.12 

.13 

.00614 

27438 

.00746 

52566 

.01745 

25505 

.01588 

88893 

.13 

.14 

.00598 

99000 

.00758 

17485 

.01778 

89395 

.01668 

77022 

.14 

.15 

.00577 

73438 

.00764 

95573 

.01801 

53516 

.01743 

39881 

.15 

.16 

.00551 

04000 

.00767 

16715 

.01813 

79072 

.01812 

92368 

.16 

.17 

.00519 

42438 

.00765 

09946 

.01816 

25743 

.01877 

49136 

.17 

.18 

.00483 

39000 

.00759 

03464 

.01809 

51696 

.01937 

24594 

.18 

.19 

.00443 

42438 

.00749 

24633 

.01794 

13606 

.01992 

32906 

.19 

.20 

.00400 

00000 

.00736 

00000 

.01770 

66667 

.02042 

88000 

.20 

.21 

.00353 

57438 

.00719 

55300 

.01739 

64606 

.02089 

03563 

.21 

.22 

.00304 

59000 

.00700 

15469 

.01701 

50704 

.02130 

93048 

.22 

.23 

.00253 

47438 

.00678 

04654 

.01657 

02803 

.02168 

69675 

.23 

.24 

.00200 

64000 

.00653 

46219 

.01606 

43328 

.02202 

46434 

.24 

.25 

.00146 

48438 

.00626 

62760 

.01550 

29297 

.02232 

36084 

.25 

.26 

.00091 

39000  • 

.00597 

76115 

.01489 

07339 

.02258 

51160 

.26 

.27 

+  .00035 

72438 

.00567 

07367 

.01423 

22707 

.02281 

03973 

.27 

.28 

-.00020 

feooo 

.00534 

76864 

.01353 

19296 

.02300 

06612 

.28 

.29 

-.00075 

92562 

.00501 

04221 

.01279 

39654 

.02315 

70945 

.29 

.30 

-  .00131 

25000 

.00466 

08333 

.01202 

25000 

.02328 

08625 

.30 

.31 

-.00185 

82562 

.00430 

07388 

.01122 

15238 

.02337 

31089 

.31 

.32 

-.00239 

36000 

.00393 

18869 

.01039 

48971 

.02343 

49560 

.32 

.33 

-.00291 

57562 

.00355 

59574 

.00954 

63518 

.02346 

75052 

.33 

.34 

-.00342 

21000 

.00317 

45619 

.00867 

94928 

.02347 

18371 

.34 

.35 

-.00391 

01562 

'.00278 

92448 

.00779 

77995 

.02344 

90115 

.35 

.36 

-.00437 

76000 

.00240 

14848 

.00690 

46272 

.02340 

00679 

.36 

.37 

-.00482 

22562 

.00201 

26955 

.00600 

32088 

.02332 

60255 

.37 

.38 

-.00524 

21000 

.00162 

42264 

.00509 

66563 

.02322 

78836 

.38 

.39 

-.00563 

52562 

.00123 

73642 

.00418 

79619 

.02310 

66218 

.39 

.40 

-.00600 

00000 

.00085 

33333 

.00328 

00000 

.02296 

32000 

.40 

.41 

-.00633 

47562 

.00047 

32975 

.00237 

55286 

.02279 

85588 

.41 

.42 

-.00663 

81000 

+  .00009 

83603 

.00147 

71904 

.02261 

36197 

.42 

.43 

-.00690 

87562 

-.00027 

04338 

+  .00058 

75149 

.02240 

92853 

.43 

.44 

-  .00714 

56000 

-.00063 

20981 

-.00029 

10805 

.02218 

&1395 

.44 

.45 

-.00734 

76562 

-.00098 

57031 

-.00115 

62891 

.02194 

59475 

.45 

.46 

-.00751 

41000 

-.00133 

03752 

-.00200 

59128 

.02168 

86563 

.46 

.47 

-.00764 

42562 

-.00166 

52958 

-.00283 

78614 

.02141 

53951 

.47 

.48 

-.00773 

76000 

-.00198 

97003 

-.00365 

01504 

.02112 

69747 

.48 

.49 

-.00779 

37562 

-.00230 

28771 

-.06444 

09000 

1  .02082 

41885 

.49 

.50 

-.00781 

25000 

-.00260 

41667 

-.00520 

83333 

1  .02050 

78125 

.50 

100 
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TABLE  III:  COEFFICIENTS  OF  SIXTH  ORDER  TERMS— CotUtnwd 


*  -  asi  +  ph;  lf(x)  -  /(a^l/A 


m(l  —  m)  A*  m(l  —  tn)(m  —  2)  A* 
m;p-m+— - -  + - - -  -  +  «h 


order  tonne  +  5th  order  terms  +  E(m)  +  ^(et)  ( 


A*  A‘  A* 

+  G(tn)  “  ~  +  H(m)  — 
A  A  A 


4-  7th  order  terms  +  8th  order  terms  +  ••• 


E(m) 

F(m) 

0{m) 

Him) 

m 

-.00781 

25000 

-.00260 

41667 

-.00520 

83333 

.02050 

781-25 

.50 

-.00779 

37562 

-.00289 

29604 

-.00595 

07750 

.02017 

86052 

.51 

-.00773 

76000 

-.00316 

86997 

-.00666 

66496 

.01983 

73081 

.52 

-.00764 

42562 

-.00843 

08751 

-.00735 

44803 

.01948 

46459 

.53 

-.00751 

41000 

-.00367 

90248 

-.00801 

28872 

.01912 

13-204 

.54 

-.00734 

76662 

-.00391 

27344 

-.00864 

05859 

.01874 

80412 

.55 

-  .00714 

56000 

-.00413 

16352 

-.00923 

63861 

.01836 

54654 

.56 

-.00690 

87562 

-.00433 

84037 

-.00979 

91899 

.01797 

42580 

.57 

-.00663 

81000 

-.00462 

37603 

-.01032 

79904 

.01757 

506-23 

.58 

-.00633 

47562 

-.00469 

64683 

-.01082 

18702 

.01716 

85056 

.59 

-.00600 

00000 

-.00485 

33333 

-.01128 

00000 

.01675 

52000 

.60 

-.00663 

52562 

-.00499 

42017 

-.01170 

16369 

.01633 

57420 

.61 

-.00524 

21000 

-.00511 

89597 

-.01208 

61229 

.01591 

07131 

.6-2 

-.00482 

22562 

-.00522 

75330 

-.01243 

2883S 

.01548 

06798 

.63 

-.00437 

76000 

-.00531 

98848 

-  .01274 

14272 

.01504 

61940 

.64 

-.00391 

01562 

-.00539 

60156 

-.01301 

13411 

.01460 

7792S 

.65 

-.00342 

21000 

-.00545 

59619 

-  .01324 

22928 

.01416 

59990 

.66 

-.00291 

67562 

-.00849 

97949 

-.01343 

40268 

.01372 

13214 

.67 

-.00239 

36000 

-.00552 

76203 

-.01358 

63637 

.01327 

42545 

.68 

-.00186 

82562 

-.00653 

95763 

-.01369 

91988 

.01282 

52792 

.69 

-.00131 

25000 

-.00553 

58333 

-  .01377 

25000 

.01237 

48625 

.70 

-.00075 

92562 

-.00651 

65929 

-.01380 

63071 

.01192 

54582 

.71 

-.00020 

16000 

-.00848 

20864 

-.01380 

07296 

.01147 

15066 

.7-2 

+  .00035 

72438 

-.00843 

25742 

-.01375 

59457 

.01101 

94352 

.73 

.00091 

39000 

-.00536 

83448 

-.01367 

22005 

.01056 

76581 

.74 

.00146 

48438 

-.00528 

97135 

-.013M 

98047 

.01011 

65771 

.75 

.00200 

64000 

-.00519 

70219 

-.01338 

91328 

.00966 

65813 

.76 

.00253 

47438 

-.00509 

06362 

-.01319 

06220 

.00921 

80472 

.77 

.00304 

59000 

-.00497 

om69 

-.01295 

47704 

.00877 

13.394 

.78 

.00353 

67438 

-.00483 

83675 

-.01268 

21356 

.00832 

68101 

.79 

.00400 

00000 

-.00469 

3.3333 

-  .01237 

33333 

.00788 

48000 

.80 

.00443 

42438 

-.00453 

63008 

-.01202 

90356 

.00744 

56378 

.81 

.00483 

39000 

-.00436 

77464 

-.01164 

99696 

.00700 

96408 

.82 

.00519 

42438 

-.00418 

81655 

-.01123 

69159 

.00657 

71149 

.83 

.00551 

04000 

-.00399 

80715 

-  .01079 

07072 

.00614 

83549 

.84 

.00677 

73438 

-.00379 

79948 

-.01031 

22266 

.00572 

36443 

.85 

.00598 

99000 

-.00358 

84819 

-.00980 

24061 

.00530 

3256-2 

.86 

.00614 

27438 

-.00337 

00941 

-.00926 

22255 

.00488 

745-24 

.87 

.00623 

04000 

-.00314 

34069 

-.00869 

27104 

.00447 

64848 

.88 

.00624 

72438 

-.00290 

90088 

-.00809 

49308 

.00407 

05945 

.89 

.00618 

75000 

-.00266 

75000 

-.00747 

00000 

.00367 

00125 

.90 

.00604 

52438 

-.00241 

94921 

-.00681 

90725 

.00327 

49598 

.91 

.00581 

44000 

-.00216 

56064 

-.00614 

33429 

.00288 

56476 

.92 

.00548 

87438 

-.00190 

64734 

-.00544 

40445 

.00250 

22771 

.93 

.00506 

19000 

-.00164 

27315 

-.00472 

24472 

.00212 

5)40-2 

.94 

.00452 

73438 

-.00137 

50260 

-.00397 

98568 

.00175 

41193 

.95 

*.00387 

84000 

-.00110 

40085 

-.00321 

76128 

.00138 

96876 

.'.)6 

.00310 

82438 

-.00083 

03354 

-.00243 

70874 

.00103 

19091 

.97 

-.00220 

99000 

-.00055 

46669 

-.00163 

96837 

.00068 

09388 

.98 

.00117, 

62438 

-.00027 

76667 

-.00082 

68^44 

.00033 

69-233 

.99 

.00000 

00000 

.00000 

00000 

.00000 

00000 

.00000 

00000 

1.00 
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TABLE  IV:  COEFFICIENTS  OF  SEVENTH  ORDER  TERMS 

,  I  r^/  \  M/*  ,  m(l  -  m)  A*  ,  m(l  -  m)(m  —  2)  A*  . 

X  -  *0  +  pA;  [/(x)  -  /(xi,)l/A  -  m;  p  -  m  H - - - -  +  - - - -  +  4th 

2  A  O  A 

/  A*\*  A*  A*  A* 

order  terms  -f-  5th  order  terms  +  6th  order  terms  +  /(m)  (  ~  )  —  +  /(»») - 

\A  /  A  A  A 

A*  A*  A’ 

+  X(m) - +  L(m)  —  +  8th  order  terms  +  ••• 

A  A  A 


1  /(w) 

J(m)  1 

A'(m) 

L(m) 

.00000 

00000 

.00000 

00000 

.00000 

00000 

.00000 

00000 

-.OlOJM 

62500 

-.00964 

60625 

-.01207 

56375 

-.01109 

36963 

-.00528 

00000 

-.00972 

80000 

-.01291 

94667 

-.01692 

67200 

.00443 

62500 

-.00540 

70625 

-.00805 

32375 

-.01895 

72738 

.01104 

00000 

-.00008 

53333  1 

-.00136 

32000 

-  .01837 

05600 

.01171 

87500 

.00423 

17708 

.00462 

23958 

-.01611 

32813 

.00696 

00000 

.00660 

80000 

.00847 

68000 

-.01292 

54400 

-.00019 

87500 

.00688 

37708 

.00963 

92625 

-.00936 

95388 

-.00672 

00000 

.00541 

86667 

.00820 

05333 

-.00585 

72800 

-.00761 

62500 

.00286 

89375 

.00470 

93625 

-.00267 

38663 

.00000 

00000 

.00000 

00000 

.00000 

00000 

.00000 

00000 

TABLE  V:  COEFFICIENTS  OF  EIGHTH  ORDER  TERMS 

.  .  1«  X  ,/  M/.  .  m(l  -  m)  A*  ,  m(l  -  m)(m  -  2)  A*  . 

X  -  xo  +  p*;  l/(x)  -  /(xo)l/A  -  m;  p  -  TO  H - - - -  H - - - —  +  4th 

2  A  0  A 

/a*\‘ 

order  terms  +  5th  order  terms  +  6th  order  terms  +  7th  order  terms  +  M(m)  l—J 

a*/a*\*  /a*\*a*  /a<\*  a*  a*  a*  a*  a* 

I  (a  )  +  v)  A  (a  j  1 1  +  A  A  I  ” 


^  m 

Q{m) 

A(m) 

S(m) 

0 

.00000  00000 

.00000  00000 

.00000  00000 

-  .1 

.00740  61525 

.00974  08950 

.00956  83130 

.2 

.00707  07200 

.00999  50933 

.01438  77120 

.3 

.00352  32925 

.00578  82650 

.01587  67168 

..4 

-.00047  10400 

.00044  60800 

.01515  57120 

.5 

-.00345  05208 

-.00403  64583 

.01309  20410 

.6 

-.00486  97600 

-.00667  32800 

.01034  03520 

.7 

-.00478  13675 

-.00721  03150 

.00737  85118  ' 

.8 

-.00358  05867 

-.00589  05600 

.00453  93920 

.9 

-  .00180  73275 

-.00325  83450 

i  .00203  88230 

1.0 

.00000  00000 

.00000  00000 

.00000  00000 

THE  TENSOR  REPRESENTATION  OF  THE  FIGURES  OF  STUDY’S 
“GEOMETRIE  DER  DYNAMEN” 

Bt  Domina  Ebehle  Spencer 

In  his  important  work,  “Geometrie  der  Dynamen,”  Eduard  Study  has  con¬ 
sidered  a  number  of  important  geometric  figures  which  have  noteworthy  applica¬ 
tions  in  mechanics.  The  simplest  of  these  figures  is  the  vector.  Vector  analysis 
has  received  universal  acclaim  in  physics  and  engineering  and  it  seems  probable 
that  some  of  the  more  complicated  figures  of  Study  may  likewise  have  important 
applications.  The  investigation  of  the  subject  has  been  handicapped  in  the  past 
in  several  ways.  The  greatest  difficulty  has  been  the  lack  of  systematic  classifica¬ 
tion  under  the  affine  and  metric  groups.  Since  Study  did  not  clearly  define  the 
group  under  which  his  figures  have  meaning,  he  was  not  led  to  a  convenient 
notation.  By  a  systematic  consideration  of  the  groups  under  which  these  figures 
are  defined  and  the  tensor  notation  belonging  to  these  groups,  the  previous 
difficulties  tend  to  disappear  and  the  whole  subject  takes  on  new  life  and  in  terete. 

An  earlier  paper,*  “Geometric  Figures  in  Affine  Space”,  has  treated  the  affine 
ancestors  of  the  Study  figures  and  has  thus  laid  the  foundation  for  the  tensor 
representation  of  the  figures  themselves.  The  present  paper  continues  the  work 
by  the  introduction  of  the  metric  and  the  detailed  study  of  the  various  figures. 

The  investigation  discloses  considerable  overlapping  among  the  figures  of 
“Geometrie  der  Dynamen.”  Such  overlapping  is  eliminated  in  the  revised  set 
proposed  in  this  paper.  It  is  believed  that  the  systematic  approach  to  the  sub¬ 
ject  given  in  these  two  papers  will  make  possible  important  applications  which 
were  obscured  by  the  previous  unsatisfactory  development. 

Introduction  of  the  Metric 

The  introduction  of  a  metric  into  affine  space  permits  the  geometric  figures 
to  have  associated  with  them,  not  only  a  support  and  a  polarization,  but  also  a 
scalar  magnitude  (the  metric  normalization).  It  also  gives  a  number  of  new 
correspondences  between  the  descendants  of  the  figures  of  affine  space.  If  the 
support,  polarization,  and  metric  normalization  are  known,  then  the  tensor 
coordinates  of  the  figure  are  completely  defined. 

The  metric  space  is  obtained  by  introduction  into  the  affine  space  of  a  metric 
tensor  g‘^.  This  tensor  permits  comparison  of  lengths  in  different  directions  and 
of  angles  measured  about  different  axes.  Affine  normalizations  can  be  replaced 
by  lengths  and  angles. 

There  is  an  infinite  number  of  ways  in  which  the  tensor  g’*'  can  be  defined.  Of 
this  infinitude  we  take  the  simplest  one,  the  Evclidean  Metric.  Single  out  a 
symmetrical  tensor  g"^  of  rank  three,  satisfying  the  condition, 

g'^ao  =  0. 

*  Presented  at  the  Poughkeepsie  meeting  of  the  American  Mathematical  Society,  Sep¬ 
tember,  1942.  Journal  of  Mathematics  and  Physics,  23,  1944,  p.  1. 
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Introduce  the  further  specialization  of  identical  scales  on  orthogonal  coordinate 
axes  and  a  rotation  geometry  (A  +1).  Then  the  coordinate  matrix  of 
may  be  defined  by 


0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

(1) 


Since  this  matrix  is  of  rank  three,  it  does  not  have  a  unique  inverse. 

It  will  be  convenient  to  consider  also  the  tensor  whose  matrix  is  a  sub¬ 
matrix  of  Eq.  (1).  This  tensor  has  a  unique  inverse,  and 


gi 


1  0  0 
0  1  0 
0  0  1 


=  gik 


9%u 


6t 


(2) 


The  metric  tensor  permits  raising  and  lowering  of  indices  and  allows  correspond¬ 
ences  between  contravariant  and  covariant  figures,  relations  that  are  not  found 
in  affine  space.  Combination  of  the  metric  tensor  with  the  figures  of  afiine 
space,  which  were  discussed  in  the  previous  paper*,  gives  the  tensor  representa¬ 
tion  of  all  of  the  figures  of  Study. 


The  Stab 


The  Stab  is  defined  by  Study  as  the  figure  of  two  proper  points.  Its  support 
is  the  line  joining  the  two  points  and  its  polarization  is  the  order  in  which  the  two 
points  are  taken,  while  its  magnitude  is  the  distance  between  the  points.  Two 
Stabe  are  defined  as  equal  if  they  lie  on  ^he  same  support  and  if  their  endpoints 
can  be  brought  into  coincidence  by  translation  of  one  Stab  along  the  common 
line  of  support. 

The  affine  ancestor  of  the  Stab  of  Study  is  the  affine  figure  of  two  proper  points* 
defined  by 

-  iV-  (3) 


This  is  a  figure  of  two  proper  pioints  having  the  same  support  and  polarization 
as  the  Stab.  A  scalar  magnitude  may  be  associated  with  it  as  follows: 


“  y/gnj^l^’-  (4) 


However,  this  scalar  has  in  general  no  simple  geometric  meaning.  To  obtain 
the  tensor  representation  of  the  Stab,  the  foregoing  tensor  must  be  multiplied 
by  a  scalar  factor,  giving 


(5) 


The  new  figure  has  the  same  support  and  polarization  as  while  its  normaliza¬ 
tion  is  the  distance  between  the  points  x*  and  y", 


S*"  =  Vga  ^  VW^  (6) 


*  The  proper  rhabdel  of  Reference  1 . 
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Since,  by  the  defimtion  of  the  Stab,  both  the  points  are  proper,  the  metric 
normalization  must  always  remain  finite.  The  null  Stab  has  the  metric  nor¬ 
malization  zero. 

The  StSbepiure 

The  Stdbepaare  may  be  defined  as  the  sum  of  two  parallel  complanar  St&be. 
An  axial  vector  is  associated  with  every  Stabepaare,  and  vice  versa.  If  a  definite 
sense  of  rotation  is  introduced  into  the  plane  containing  the  Stabepaare,  the 
parallelogram  formed  by  the  component  Stabe  has  a  fully  defined  positive  or 
negative  area.  This  area  (and  the  Stabepaare)  remains  unchanged  when  the 
lengths  of  the  two  Stabe  are  changed  in  reciprocal  ratio,  or  when  the  figure  is 
rotated  in  its  plane  or  moved  parallel  to  itself.  The  area  associated  with  the 
Stabepaare  is  called  its  moment.  The  associated  vector  is  defined  so  that  its 
direction  is  normal  to  the  plane  of  the  Stabepaare.  The  polarization  is  asso¬ 
ciated  in  a  1 : 1  way  with  that  of  the  plane,  and  the  length  of  the  vector  is  equal 
to  the  moment. 

The  affine  ancestor  of  the  Stabepaare  is  the  affine  figure  of  two  free  vectors.* 
In  metric  space,  this  geometric  figure  whose  tensor  representation  is 

(7) 

becomes  identical  with  the  Stabepaare.  The  support  and  polarization  of  the 
two  are  identical.  Their  metric  normalization  is 

•  .  .  -  - . . 

»  -  tW)*  +  -  v*w^)*  -I-  {vho*  -  pHc*)*. 

Evidently  Eq.  (8)  gives  the  area  of  the  parallelogram  determined  by  the  free 
vectors  v'  and  w*,  which  is  the  moment  of  the  Stabepaare.  Since  the  free 
vectors  are  of  finite  length,  the  metric  normalization  must  always  remain  finite. 
If  the  normalization  becomes  zero,  the  Stabepaare  reduces  to  the  null  Stab. 

A  1 : 1  correspondence  can  be  set  up  between  a  St&bepaare  S'^  and  a  free  vector 
V*  by  the  following  relations: 

S‘^E^ng"‘  =  t;‘ 

(Q) 

5^'  »  E^%iv\  t;’  -  5”,  V*  -  5“ 

The  supports  of  free  vector  and  Stabepaare  are  mutually  orthogonal,  and  to¬ 
gether  they  form  an  improper  Ldnienkreuz  of  Study.  When  the  screw  sense 
of  the  space  is  given,  polarizations  correspond.  Their  metric  normalizations 
are  then  equal,  by  definition. 

The  Proper  Keil 

The  proper  Keil  is  defined  by  Study  as  the  figure  formed  by  two  planes  that 
are  not  perpendicular,  nor  parallel  unless  coincident.  'The  line  of  intersection  » 

*  The  improper  rhabdel  of  1. 
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is  the  support  of  this  figure,  and  its  p>oIarization  is  the  order  in  which  the  planes 
are  taken.  Study  defines  the  magnitude  (called  the  opening)  of  the  Keil  as  the 
tangent  of  the  angle  between  the  planes.  Two  Keile  are  defined  as  equal  if 
they  have  the  same  support  and  polarization  and  if  their  planes  can  be  brought 
into  coincidence  by  rotation  about  the  support. 

The  affine  ancestor  of  the  proper  Keil  is  the  affine  figure  of  two  proper  planes.* 
It  is  defined  by  the  equation, 

Pa  “  (10) 

This  is  a  figure  of  two  proper  planes  having  the  same  support  and  pdarization 
as  the  proper  Keil.  The  metric  normalization  associated  with  the  proper 
strophel  is  defined  by 

pA  -  Vgii  E^‘puE*>^^p^  (11) 

a  scalar  which  has  no  specific  geometric  meaning.  To  obtain  the  tensor  repre¬ 
sentation  of  the  proper  Keil,  one  must  find  a  similar  figure  whose  normalization 
the  taneent  of  the  angle  between  the  two  planes.  Such  a  figure  is 


Ka 


g^UiVf' 


(12) 


Its  normalization  is  the  tangent  of  the  angles  between  the  planes,  or 

^  ViuxVi  —  UtViY  -h  (uiPi  -  u»t;i)»  -i-  (utP»  -  UiV<i)i 

UiVi  +  VhVt  +  UtVt 

The  proper  Keil  differs  also  from  the  affine  figure  of  two  proper  planes*  in  that 
its  planes  may  not  be  perpendicular  without  making  the  normalization  infinite. 
The  null  Keil  has  the  metric  normalization  zero. 


The  Improper  Keil 

The  improper  Keil  is  the  geometric  figure  defined  by  Study  in  terms  of  two 
parallel  planes.  Its  support  is  the  direction  normal  to  the  planes  and  its  polariza¬ 
tion  is  the  order  of  the  planes.  Its  magnitude  (the  Parting)  is  the  separation  of 
the  planes.  A  vector  ca/i  be  associated  with  it  in  a  1:1  way.  The  direction 
of  the  vector  is  normal  to  the  planes,  its  polarization  is  uniquely  associated 
with  that  of  the  improper  Keil,  and  its  length  is  equal  to  the  parting  of  the 
Keil. 

The  affine  ancestor  of  the  improper  Keil  is  the  affine  figure  of  a  free  and  an 
improper  plane  or  of  two  non-coincident  parallel  proper  planes.*  If  the  co¬ 
ordinates  are  defined  in  the  latter  way. 

Pa  -  if  =  'KUk  .  (14) 

Thus, 

Po<  ^  0,  pki  =  0. 

‘  The  proper  ttrophel  of  1. 

•  The  semi-free  strophel  of  1. 
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The  support  is  a  free  plane  direction  and  the  polarization  is  the  same  as  that  of 
the  improper  Keil.  The  magnitude  of  the  figure  is 

Poi  =  y/g**poiPoi  -  (15) 

The  tensor  representation  of  the  improper  Keil  is  obtained  by  multiphnng 
this  figure  by  a  scalar  factor,  or 

^  -  (16) 

g^UiVf 

where  u*  =  Xv*  and  pu  =  0. 

Thus  the  metric  normalization  is 

=  Vg^^PoiPo, 

_  y/juovi  —  uivoy  +  (Tiot>i  —  utVoY  +  (upvt  —  U3t>o)*  (^^) 

MlVl  +  UtVt 

which  is  the  parting  or  separation  of  the  parallel  planes.  The  null  Keil  is  ob¬ 
tained  when  the  two  planes  are  coincident. 

The  Motor,  Rotor,  and  Translator 

The  Motor  of  Study  is  the  geometric  figure  representing  the  general  sum  of 
St&be  or  Keile.  The  Motor  can  be  defined  in  terms  of  two  lines,  with  the 
restriction  that  both  be  proper  and  they  do  not  cross  one  another  at  right  angles. 
The  support  is  the  common  normal  of  the  two  lines,  and  the  polarization  is  the 
order  of  the  lines.  The  Motor  has  both  a  contravariant  and  a  covariant  repre- 
•  sentation. 

t  Let  us  first  consider  the  c6ntra variant  representation.  The  affine  ancestor 
of  the  contravariant  representation  is  the  proper  affine  figure  of  sums  of  figures 
of  points.*  If  the  length  of  the  Motor  is  defined  as  the  separation  of  the  two 
lines,  the  restriction  that  both  lines  be  proper  corresponds  to  the  restriction  that 
the  Stabepaare  of  the  decom{}osition  be  of  finite  metric  normalization.  If  the 
opening  is  defined  as  the  tangent  of  the  angle  between  the  lines,  the  restriction 
that  they  do  not  cross  at  right  angles  corresponds  to  the  restriction  that  the 
length  of  the  proper  Stab  be  finite. 

By  the  methods  described  in  the  previous  paper',  the  decomposition  of  the 
Motor  can  be  effected.  has  the  components 

5“  =  M** 

S*'  = 

and  the  Stabepaare  component  o  is 

5“  = 

where 

^  (3/«)*  +  (M“)*  +  ■ 

*  The  proper  kineal  of  1. 


(18) 

(19) 
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V 


The  support  of  the  proper  Stab  is  the  same  as  the  support  of  the  Motor.  In 
terms  of  two  lines  (X,  F), 


Length  of  Motor  =  dist  (X,  F)  S“ 

^  3/^*3/”  +  -H 

\/(3/»‘)*  +  (3/“)*  +  (3i«)*  * 

Opening  of  Motor  =  tan  ang  (X,  F)  »■ 

-  \/(3/»‘)*  +  (^”)*  +  (3f«)». 

The  restrictions  can  be  written  in  symbols  as  follows: 

(1)  X  and  F  proper  corresponds  to  finite. 

(2)  X  and  F  not  orthogonal  corresponds  to  S'*  finite. 

The  special  cases  are 

(1)  S**  «  0 

S*‘  =  V(3f'*)*  +  (3/“)*  +  (3/»)* 
which  is  the  Translator  of  Study 

(2)  S*‘  =  0 

-  VCAf”)*  +  (3/«)*  +  (3f«)* 


(20) 

(21) 

(22) 


(23) 


(24) 


which  is  the  Rotor  of  Study. 

Now  take  the  covariant  representation  of  the  Motor,  the  affine  ancestor  in 
this  case  being  the  proper  affine  figure  of  sums  of  figures  of  planes.^  The  re¬ 
striction  that  both  lines  be  proper  corresponds  to  the  restriction  that  the  planes 
defining  the  proper  Keil  be  both  proper  or  that  the  metric  nonnalization  of  the 
Keil  be  finite.  The  restriction  that  the  lines  do  not  intersect  at  right  angles 
corresponds  to  the  restrictions  that  the  planes  of  the  proper  Keil  do  not  intersect 
at  right  angles. 

The  decomposition  of  the  covariant  representation  of  the  Motor  has  the 
proper  Keil  component  . 


Koi  -  3f«  - 

Kii  =  Mii. 


(25) 


/ 

* 


The  improper  Keil  component  Koi  is 

Koi  = 


where 


3/oi3fis  4*  3/(b3/ij  -|-  3/oi3/u 
(A/a)*  -h  (.lf„)*  +  (3/u)>  • 


(26) 


*  The  proper  helissel  of  1. 
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The  support  of  the  proper  Keil  is  identical  with  the  support  of  the  Motor.  In 
terms  of  two  lines  (X,  Y), 

Length  of  Motor  =  dist  (X,  V)  =  Rot 

_  MaiMu  +  MaiMii  AfotMu 

{Mnf  +  {MnY  +  (Ma)*  ’  ^ 

Opening  of  Motor  =  tan  ang  (X,  Y)  — 

.=  V(A/a)’ +  (Af„)‘  '(28) 

In  symbols,  the  restrictions  can  be  written 

(1)  X  and  Y  proper  corresponds  to  Rm  finite. 

(2)  X  and  Y  not  orthogonal,  corresponds  to  R^^  finite.  ' 

The  special  cases  are 

(1)  »  0 

^0-  =  V(il/oi)*  +  +  (Afo,)*  (30) 

which  is  the  Translator  of  Study. 

(2)  =  0 

=  V(M„)’  +  (Af»)*  +  (Afa)*  (31) 

which  is  the  Rotor  of  Study. 

If  the  two  lines  of  a  Motor  intersect  at  a  proper  point,  the  length  of  the  Motor 
is  zero  and  the  figure  is  called  a  iEotor.  Note  that  its  decomposition  then  de¬ 
generates  into  a  proper  Stab  or  proper  Keil. 

If  the  lines  of  the  Motor  are  parallel,  the  opening  of  the  Motor  vanishes  and 
the  figure  is  called  a  Translator.  In  this  case,  the  decomposition  degenerates 
into  a  Stabepaare  or  an  improper  Keil. 

The  Proper  Quirl 

Study  takes  as  the  proper  Quirl  the  figure  of  a  proper  point  and  a  proper  plane 
that  do  not  coincide.  These  elements  are  defined  as  the  initial  point  and  the 
final  plane  or  as  the  initial  plane  and  the  final  point  of  the  Quirl.  The  support 
is  the  line  perpendicular  to  the  plane  and  passing  through  the  point;  and  the  Quirl 
is  unchanged  if  point  and  plane  move  along  the  line,  their  polarizatioh  and 
separation  remaining  unchanged.  The  length  of  the  Quirl  is  the  reciprocal  of 
the  distance  between  the  point  and  the  plane.  A  Stab  and  a  proper  Keil  having 
the  same  support,  a  corresponding  polarizati(Hi,  and  the  same  normalization  are 
uniquely  associated  with  the  proper  Quirl.  If  the  proper  point  goes  to  infinity, 
the  null  Quirl  is  obtained. 
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The  affine  ancestor  of  the  proper  Quirl  is  the  affine  figure  of  a  proper  pcant 
and  plane' 

p\  =  x^ux  .  (32) 

The  metric  normalization  associated  wth  it  is 


p.x 


p.,Vi 


(33) 


which  is  not  a  qRantity  with  simple  geometric  meaning. 

The  tensor  representation  of  the  proper  Quirl  is  obtained  by  expressing  a 
proper  figure  of  points'  and  a  proper  figure  of  planes'  in  terms  of  the  proper  figure 
of  a  point  and  a  plane.'  A  free  vector  is  associated  with  this  figure.  This 
vector  is  normal  to  the  proper  plane,  has  a  corresponding  polarization,  and  its 
length  is  equal  to  the  reciprocal  of  the  normalization  of  the  proper  figure  of  a 
point  and  a  plane.' 

The  vector  is  defined  by  the  equation, 

1 


1 


p\  +  p\  +  p\  +  pS 


(34) 


p.<. 


Similarly,  a  free  plane  Is  associated  with  the  figure  of  a  point  and  a  plane'  by 

^  ‘  "  (36) 


p?<. 


A  proper  figure  of  points  may  be  associated  with  the  proper  figure  of  a  point 
and  a  plane'  by  defining  this  figure  so  that  it  will  have  the  direction  of  the  vector 
V*  and  will  pass  through  the  proper  point  x*.  This  gives  one  tensor  representa¬ 
tion  of  the  proper  Quirl: 

_l«  pXl  u  0 

or'  =  p  (36) 

I  P-.  I  P-o 

A  proper  figure  of  plants'  may  also  be  associated  with  the  proper  figure  of  a 
point  and  a  plane'  by  choosing  the  proper  figure  of  planes'  associated  with  the 
figure  of  Eq,  (36),  by  the  method  of  the  previous  paper: 


I  _«  I  _0 


p..|p.o 


(37) 


This  gives  a  covariant  tensor  representation  of  the  proper  Quirl 

Equations  (36)  and  (37)  are  the  analytic  representation  of  the  proper  Quirl  of 
Study.  The  figure  is  defined  in  terms  of  a  proper  point  and  a  proper  plane. 
The  support  is  normal  to  the  proper  plane  and  contains  the  proper  point.  The 

*  The  proper  charybdei  of  1. 
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magnitude  is  the  reciprocal  of  the  separation  of  the  proper  point  and  the  proper 
plane,  and  the  same  figure  is  defined  by  all  suitably  ordered  proper  points  on  the 
support  and  planes  normal  to  the  support,  all  of  equal  separation.  Thus,  many 
proper  figures  of  points  and  planes^  which  have  the  same  polarization  and 
normalization  and  which  are  associated  with  the  same  line  support  define  the 
same  proper  Quirl. 


The  Improper  Quirl 

The  improper  Quirl  of  Study  is  the  figure  of  a  proper  plane  and  an  improper 
point  not  in  the  plane.  If  the  poipt  is  in  the  plane,  the  figure  consists  of  a 
proper  plane  and  a  group  of  parallel  lines  making  an  angle  different  from  zero 
with  the  plane.  The  support  of  the  improper  Quirl  is  the  set  of  parallel  lines 
orthogonal  to  the  proper  plane.  Its  p>olarization  is  the  order  of  proper  plane 
and  improper  point.  The  normalization  is  the  cotangent  of  the  angle  between 
proper  plane  and  the  set  of  parallel  lines  representing  the  improper  point.  If 
the  improper  p(^t  lies  on  the  support,  the  null  Quirl  is  obtained. 

The  afiine  ancestor  of  the  improper  Quirl  is  the  figure  of  a  proper  plane  and 
an  improper  point*  whose  tensor  representation  is 

P*x^x*ux.  (38) 


The  normalization  is  the  tangent  of  the  angle  between  the  direction  and  the 
proper  plane,  or 


IPwl 

y/gapUpU  -  {.pUy 


(39) 


The  tensor  interpretation  of  Study’s  figure  is  found  by  defining  a  free  vector 
and  a  free  plane  in  terms  of  the  figure  of  a  proper  plane  and  an  improper  point.* 
The  free  vector  is  normal  to  the  plane  of  the  semi-improper  figure*  and  its  length 
is  the  reciprocal  of  the  normalization  of  the  same  figiue.  Therefore,  the  contra- 
variant  tensor  representation  of  the  improper  Quirl  is 


Q’ 


y/gapUpU  -  (p?<)*l 


V*i 


(40) 


Similarly,  the  free  plane  associated  with  this  figure  is 

I  V^ff.yP’opio  -  (p?<)* 


Q.= 


pU 


p^ 


^g'^pWi 


(41) 


This  is  the  covariant  tensor  representation  of  the  improper  Quirl. 

The  figure  represented  analytically  by  Eqs.  (40)  and  (41)  is  the  improper  Quirl 
of  Study.  It  is  defined  in  terms  of  a  proper  and  an  improper  point.  The 
magnitude  is  the  reciprocal  of  the  normalization  of  the  associated  figure  of  a 
proper  plane  and  an  improper  point.*  The  same  figure  is  defined  by  all  suitably 


*  The  »emi-itnproper  charybdel  of  1. 
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ordered  free  vectors  and  proper  planes  of  equal  angle.  Thus  there  are  many 
affine  ancestors  defining  the  same  improper  Quirl.  All  such  figures  which  have 
the  same  polarization  and  normalization  and  which  are  associated  with  the 
same  free  support  define  the  same  improper  Quirl. 


The  Impulsor,  Torsor,  and  Ejector 

The  Impulsor,  is  defined  as  the  generalized  sum  of  Qiiirle.  It  can  therefore 
be  represented  by  a  contravariant  or  by  a  covariant  alternating  tensor  of  valence 
two,  which  does  not  in  general  satisfy  Plticker’s  relation.  A  decomposition  can 
always  be  made  into  a  proper  Quirl  and  an  improper  Quirl. 

It  is  now  possible  to  show  how  the  Impulsor  can  be  defined  in  terms  of  two 
lines,  as  was  done  by  Study.  The  restrictions  on  the  two  lines  are  that  at  least 
one  of  them  must  be  proper  and  that  they  must  not  lie  in  the  same  plane.  The 
length  of  the  Impulsor  is  defined  as  the  separation  of  the  two  lines.  The  re¬ 
striction  that  the  lines  must  not  he  in  the  same  plane  corresponds  to  the  restric¬ 
tion  that  the  point  and  plane  of  the  proper  Quirl  must  not  cdncide.  If  the 
opening  is  defined  as  the  tangent  of  the  angle  between  the  lines,  the  restriction 
that  at  least  one  of  them  be  proper  corresponds  to  the  restricticHi  that  the  line 
and  plane  of  the  improper  Quirl  must  not  coincide. 

If  the  two  lines  of  the  Impulsor  are  parallel,  the  length  of  the  Impulsor  is 
infinite  and  the  Impulsor  is  called  a  Torsor.  The  decomposition  then  degenerates 
into  a  proper  Quirl. 

If  one  of  the  Unes  of  the  Impulsor  is  proper  and  one  improper,  the  opening  of 
the  Impulsor  is  infinite  and  the  figure  is  called  an  Ejector.  Then  the  decom¬ 
position  degenerates  into  an  improper  Quirl. 

As  with  the  Motor,  a  decomposition  can  be  written  for  the  Impulsor  /**  or 
I A .  The  proper  Quirl  component  or  Q,x)  has  the  coordinates. 


JgO.  ^  jQi 

i  Q“  =  /“  -  X 

(1) 

fQo*  ■=  /«  —  \  lugij 

iQii  =  lit  . 


(42) 


The  improper  Quirl  (Q‘  or  Q<)  has  the  coordinates. 


Q‘  -  X  7^ 

(j) 


(t) 


(43) 


where 
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The  support  of  the  proper  Quirl  is  that  of  the  Impulsor. 

In  terms  of  two  lines  (X,  Y), 

Length  of  Impulsor  *«  dist  (X,  Y)  »»  1/Q'^  =  l/y/ (/®‘)*  +  (/“)*  +  (/")* 

*  ,  _ _  (45) 

=  1/Qa  =  i/VHu)*  +  (/u)*  +  (/«)* 

Opening  of  Impulsor  =  tan  ang  (X,  Y)  =  l/Q* 

_  Vm'  +  (/")» +  (/")« 

/01  /a  ^  /M  /u  /w  JU 

=  ^  V(/i.)«  +  (/u)« +  (/«)« 

/oi/«  +  /«/u  +  /c/u 

The  restriction  can  be  written  symbolically  as  follows: 

(1)  X  and  Y  are  not  both  improper  corresponds  to  and  I5«x  finite.  . 

(2)  X  and  Y  do  not  lie  in  the  same  plane  corresponds  to  Q'  and  Qi  finite.  ^  ' 

The  special  cases  are 

(1)  =  0 

O’  =  V(/“)*  +  (/“)*  +  (/**)*  (48) 

-  0< »  V(/oi)‘  +  (/«)*  +  iuy, 

which  is  the  Ejector  of  Study. 

(2)  0’  =  0*  =  0. 

-  V(/“‘)*  +  (/”)*  +  (f“)*  (49) 

0^  =  V(/»)*  +  (/u)‘  +  (/«)*, 

which  is  the  Torsor  of  Study. 

This  completes  the  tensor  representation  of  the  figures  of  Study. 

A  System  of  Figures  Proposed  for  Future  Investigations 

The  following  system  of  geometric  figures  contains  the  significant  free  and 
attached  vectorial  figures  of  metric  space.  It  would  be  possible  to  use  the 
figures  of  Study  without  modification,  but  this  would  introduce  non-essential 
difficulties  into  the  definitions.  The  figures  of  Study  are  defined  in  terms  of 
points,  lines,  and  planes;  but  the  eeeentials  are  the  support,  the  potarizations,  and 
the  normalization. 

On  this  basis,  it  is  more  convenient  to  define  six  new  terms: 

(1)  Proper  rhabdor  (4)  Proper  chary bdor 

(2)  Improper  Rhabdor  (5)  Improper  charybdor 

(3)  Kineor  (6)  Djmator. 

The  Proper  Rhabdor 

The  proper  rhabdor  is  represented  by  an  alternating  contravariant  tensor 
p**  of  valence  two  satisfying  PlUcker’s  relation, 

p^^jT'  =  0. 
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Support  ■=  line 

Polarization  =  sense  along  or  about  support. 

Magnitude  -=  +  (p**)*  d" 

Restriction,  magnitude  must  be  finite. 

The  Improper  Rhabdor 

The  improper  rhabdor  is  similar  to  the  proper  rhabdor,  but  p®*  »»  0.  The 
tensor  representation  is  p‘^ 

Support  *  free  plane 

Polarization  »  sense  of  rotation  in  plane  or  sense  along  perpendicular  to 
plane. 

Magnitude  *  V(p“)*  +  (p**)*  +  (p**)* 

Restriction,  magnitude  must  be  finite. 

The  Kineor 

The  general  sum  of  rhabdors  is  a  kineor.  The  kineor  is  an  alternating  contra- 
variant  bivalent  tensor  p"*  of  valence  two,  which  does  not  in  general  satisfy 
PlUcker’s  relation.  It  can  be  decomposed  into  proper  and  improper  rhabdors 
with  respect  to  any  proper  points  as  follows: 

q  ^  X  p  X 

fSO) 


The  Proper  Charybdor 

The  proper  charybdor  is  represented  by  an  alternating  contravariant  tensor 
p"*  of  valence  two,  which  satisfies  PlOcker’s  equation, 

piV'*  -  0. 

Support  =  line  p^. 

Polarization  =  sense  along  or  about  support. 

Magnitude  =  1/V(p'*‘)*  +  (p®*)*  +  (p®*)* 

Restriction,  magnitude  must  be  finite. 

The  Improper  Charybdor  . 

The  improper  charybdor  is  like  the  proper  charybdor  except  that  p®*  ■  0. 
Its  tensor  representation  is  p*'. 

Support  =  free  plane  p'\ 

Polarization  «  sense  pf  rotation  in  plane  or  sense  along  perp>endicular  to 
plane. 

Magnitude  =  VVCp**)*  +  (p**)*  +  (p”)* 

Restriction,  magnitude  must  be  finite. 

The  Dynator 

The  dynator  is  the  general  sum  of  charybdors  and  is  represented  by  a  contra¬ 
variant  alternating  bivalent  tensor  p*^,  which  does  not  in  general  satisfy  Pliicker’s 
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relation.  It  can  be  decomposed  with  respect  to  any  proper  point  into  a  proper 
and  an  improper  chary bdor: 


r  — >  p  —  X  p  /X  . 


(51) 


The  foregoing  set  of  six  figures  will  be  useful  in  practical  apphcations  to  me¬ 
chanics  and  other  branches  of  physics.  With  these  figures  it  will  be  possible  to 
develop  a  discipline  analogous  to  vector  analysis.  Such  a  development  would 
be  very  difficult  on  the  basis  of  the  original  Study  figures,  but  with  the  new  set 
it  is  perfectly  feasible. 
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A  BOUNDARY  VALUE  PROBLEM  IN  PLANE  PLASTICITY  FOR  THE 
COULOMB  YIELD  CONDITION* 

Bt  N.  Coburn 


1.  Introduction.  We  shall  consider  a  semi-inhnite  plane  z  >  0,  composed 
of  plastic  material  which  follows  the  Coulomb  yield  condition.  The  normal 
stresses  o,  ,  Vy  and  the  shear  stress  acting  along  x  0  will  be  considered  as 
known.  Our  problem  will  be  to  determine  the  stresses  acting  at  any  point  in 
the  interior  of  the  semiplane  x  >  0. 

The  Coulomb  yield  condition  in  the  plane  plasticity  problem  has  been  investi¬ 
gated  both  geometrically  and  analytically.  The  geometrj'  of  the  slip  lines  for 
this  yield  condition  has  Ijeen  studied  by  W.  Hartmann,  A.  Nadai  [1],*  and  I. 
Capuano  [2).  Further,  the  geometry  of  the  lines  of  maximum  shearing  stress 
for  the  same  yield  condition  has  been  investigated  by  the  author  [3].  The 
analytical  determination  of  the  stresses  depends  upon  the  solution  of  a  second 
order  nonlinear  partial  differential  equation.’  Several  particular  solutions  of 
this  differential  equation  have  been  obtained  [4].  Furthermore,  W.  Sokolovsky 
[5]  has  shown  that  a  line  of  rupture  exists  for  a  plane  material  obeying  this  yield 
condition. 

Our  approach  to  the  problem  will  be  analytic.  In  p)articular,  we  shall  modify 
a  method  used  in  stud3'ing  the  stress  distribution  in  a  semi-infinite  plane  x  >  0 
for  a  perfectly  plastic  material  [6].  First,  we  expiand  the  stresses  <r, ,  <r,,  «r,y, 
acting  at  any  pmint  and  the  functions  sin  2^,  cos  2^  (where  y  is  the  angle  between 
the  x-axis  and  the  tangent  to  a  line  of  maximum  shearing  stress  at  the  p)oint 
under  consideration)  in  pjower  series  of  the  friction  coefficient.  Substituting 
these  pwwer  series  into  Levy’s  equations,*  we  obtain  an  infinite  set  of  Levy  equa¬ 
tions  for  the  various  approximations  to  the  stress  components.  Further,  if 
each  set  of  approximations  is  required  to  satisfy  the  equilibrium  relations,  we 
obtain  an  infinite  set  of  second  order  piartial  differential  equations.  Each  set 
consists  of  a  system  of  two  equations  and  involves  an  Airy  stress  function  and 
‘an  undetermined  function.  The  first  set  of  these  equations  (the  zero  approxi¬ 
mation  to  the  stress  comp>oncnt8)  is  the  system  associated  with  a  p)erfectly  plastic 
material  [6].  The  known  boundary  conditions  are  considered  as  belonging  to 
the  zeroth  approximation;  the  boundary  stresses  for  a, ,  associated  with  the 
remaining  approximations  are  assigned  the  value  zero.  It  is  shown  that  the 
various  approximations  to  the  stresses  can  be  determined  by  a  8tep>-by-step 
method  of  computation.  Further,  a  condition  for  a  line  of  rupture  [7]  is  ob- 


*  Received  January  28, 1944;  presented  to  the  American  Mathematical  Society,  February 
27,  1944. 

‘  The  numbers  in  bracketts  refer  to  the  bibliography. 


*  This  equation  is 


[d*F 
dy* 


?!fT+4ri^^T-4r^( 

dz*J  L^V 


d*F 

dx* 


0. 


*  See  [1]. 
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tained.  Finally,  it  is  shown  that  in  the  special  case  where  vanishes  along 
X  =  0,  the  approximations  for  vtt  converge. 

2.  Formulation  of  the  problem.  We  consider  a  material  satisf3dng  the  Cou¬ 
lomb  yield  condition  and  occupying  the  semi-plane  x  >  0.  At  any  point  of  the 
r^on  occupied  by  this  material,  the  following  stress  components  exist:  normal 
stresses,  a.  and  Oy  ,  acting  parallel  to  the  x  and  p-axis,  respectively;  a  shear  stress 
Ozy .  We  denote  the  mean  normal  stress  by  v  where  by  definition  ‘ 

(2.1)  2<r  “  ff,  -H  <r»  . 

Further,  if  <ri ,  (tj  (ai  >  v*)  denote  the  two  principal  normal  stresses  and  y  de¬ 
notes  the  angle  between  the  x-axis  and  the  tangent  to  one  family  of  lines  of 
maximum  shearing  stress,  then  the  Levy  relations*  are 

(2.2)  »,,  +  ^L:^*8in27, 

(2.3)  <r,  =  <r  —  — — 2~  ^7, 

(2.4)  <r;n»  “ 

The  Coulomb  yield  condition  may  be  written  as 

(2.5)  +  *,  A  0, 

where  h  and  k  are  constants,  the  former  having  the  nature  of  a  friction  coefficient.* 
^e  shall  assume  that  the  stresses  ffz  >  ,  (r«v  and  the  functions  sin  27,  cos  27  can 

be  expanded  in  convergent  power  series  of  this  friction  coefficient  and  various 
unknown  approximations  (functions  of  x  and  y).  That  is. 


(2.6) 

9, 

- 

—  <r* 

+ 

+  • 

+ 

(2.7) 

cry 

- 

—  (Ty 

+ 

+  bVi” 

+  • 

+ 

(2.8) 

- 

—  ffry 

+ 

+ 

+  • 

*•  bvi;’ 

+ 

(2.9) 

sin  27 

+ 

+  •• 

•  -1-  • 

(2.10) 

cos  27 

+ 

+ 

+  •• 

•  6"c<"’  -1-  • 

In  view  of  the  relation 

(2.11)  -  8in*27  -f-  co8*27  =  1, 

the  equations  (2.9),  (2.10)  furnish  relations  between  the  approximations  and 
These  relations  are  of  the  form 

(2.12)  =  1, 

*  Relations  (2.1),  (2.2),  (2.3)  are  dependent. 

‘See  [11 
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(2.13)  + 


j»-i)  fi) 


=  0,  n  =  1,  2,  •  • 


Further,  by  substituting  (2.5)  through  (2.10)  into  equations  (2.2)  through  (2.4), 
we  obtain 

(2.14)  vi®  = 

(2.15)  <ri®  =  (r‘®  -  iba^®, 

(2.16)  criS’  =  -  ifcc‘®. 


.(») 


(2.17) 

(2.18)  ffi"’ 

(2.19)  «!<;>  =  -  ikc<">  -  -  <r‘®c<-®  - 

where  by  definition 

(2.20) 


_(»-»  fO) 


c‘"S  n  =  1,  2, 


2«r^ 


<rr'  +  <r<-\  n  =  0,  1,  2, 


Because  of  the  equation  (2.20),  it  is  easily  seen  that  equations  (2.14),  (2.15)  and 
(2.17),  (2.18)  are  dependent,  respectively.  If  we  condition  the  approximations 
in  (2.6),  (2.7),  (2.8)  by  requiring  that  Vx  ,  Vy  ,  <r,y ,  satisfy  the  equilibrium  rela¬ 
tions'  for  all  values  of  6,  then  we  may  introduce  the  Airy  stress  functions  /^"^(x,  y) 
such  that 


(2.21) 


.<») 


n  =  0,  1,  2, 


dy*  ’  ax*  ’  dxdy  ’ 

*  Using  (2.21)  and  subtracting  equation  (2.15)  from  (2.14),  and  equation  (2.18) 
from  (2.17),  we  obtain  the  systems 


(2.22) 

(2.23) 

(2.24) 

(2.25) 


dy* 


dy* 


dx* 
dV<® 
dx  dy 
_  d*F'"’ 
dx* 

.  d*F<"’ 
dx  dy 


=  2;fcs‘®, 

=  2[jfca<"'  -f  v‘®a<-®  +  <r‘®a<-® 


+  ' 
+ 


Note,  the  equations  (2.22),  (2.23)  are  the  relations  which  determine  the  stress 
function  for  a  perfectly  plastic  material.^ 

Our  analysis  of  the  boundary  conditions  will  be  similar  to  that  used  in  [6]. 
Let  the  known  boundary  stresses  be 


(2.26) 


v.(o,  y)  =  <t>(.y),  Vryio,  y)  =  «(y). 


*See  (1) 

’  See  [6],  equations  (2.0),  (2.7). 
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where  0(y)  and  Biy)  are  arbitrary  fxinctions  of  y  which  poesess  piecewise  con¬ 
tinuous  second  derivatives.  We  assume  that  the  boundary  conditions  for  the 
various  approximations  to  the  stresses  are 

(2.27)  a‘®(0,  y)  =  ^(y),  y)  »  e{y\ 

(2.28)  ai-'(o,  y)  =  0,  <ri;>(o,  y)  -  0,  n  -  1,  2,  •  •  .  . 

Hence,  from  (2.14),  (2.16),  (2.-17),  (2.19)  and  the  above  equation,  we  obtain  the 
boundary  conditions 

(2.29)  fa;"']..,  =  (?(y), 

(2.30)  a"'  +  ks^%.,  *  «(y), 

(2.31)  =  0, 

(2.32)  <r‘"'  +  fa}'"’  +  -I-  . . .  ff'"-”®"’]..,  =  0,  a  =*  1,  2,  •  •  •  . 

Equations  (2.29)  through  (2.32)  when  used  in  conjunction  with  (2.12),  (2.13) 
furnish  boundary  data  for  a'"',  c'"',  s'"'.  Thus,  (2.29)  determines  c'*';  then 
(2.12)  determines  s'*’;  (2.30)  determines  o-'®';  (2.31)  determines  c'*';  (2.13)  de¬ 
termines  s'”;  (2.32)  determines  «■'*',  etc.  From  (2.12),  we  see  that  s'®’  is  unde¬ 
termined  to  within  a  sign.  The  effect  of  this  ambiguity  is  to  interchange  x  and 
y  wherever  these  variables  occur.  If  the  value  of  cr'®’  relative  to  a"’  is  known, 
then  by  use  of  (2.30),  the  sign  of  s'®’  may  be  determined.  However,  the  above 
outlined  step-by-step  process  does  fail  if  6(y)  *  d:  fc.  In  this  special  case,  a 
simple  computation  shows  that  the  relations  (2.29)  through  (2.32)  will  be  con-, 
sistent  only  if  ^(y)  vanishe.s.  Furthermore,  the  coefficients  s'"'  and  c'"'  are  no»  ^ 
longer  uniquely  determined.  Hence,  in  our  future  work,  we  shall  exclude  those 
lx)undary  points  for  which  d(y)  =  ±  fc. 

By  use  of  (2.21),  (2.27),  (2.28),  we  find  the  Cauchy  data  necessary  for  the 
integration  of  the  system-s  (2.22)  through  (2.25).  Thus,  from  (2.21),  (2.27), 
we  find  bj'  integration 

(2.33)  F‘®’(o,  y)  -  a(y)  ^  f  dy  f  <l>{y)  dy, 

•'no  ■'*0 

(2.34)  -  =  /8(l/)  =  j^'Hy)dy. 

Similarly,  by  use  of  (2.21)  and  (2.28),  we  find 

(2.35)  F'"’(o,  y)  -=  0,  ^  |  ^  -  0,  n  -  1,  2,  ... . 

It  is  to  be  noted  that  a(y)  and  j3(y)  are  undetermined  to  within  a  linear  function 
of  y  and  a  constant,  respectively.  However,  the  stresses  <r"’,  a"'  are  com-  , 
pletely  determined  when  ^(y),  d{y)  are  known,  as  we  shall  show  in  the  next 
section. 
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3.  Integration.  Our  method  of  integration  is  similar  to  that  used  in  [6].* 
First,  we  consider  the  stress  function  y).  By  integrating  (2.22),  we  find 

(3.1)  F"”(f,  ,)  -  l[a(,  -  f)  +  a(r,  +  {)  +  ^  ^ 

In  (3.1),  the  coordinates  ({,  ij)  are  those  of  an  arbitrar>'  point  P  in  the  plastic 
region  R;  the  multiple  integral  is  taken  over  the  triangle  bounded  by  the  jz-axis 
and  the  characteristics  of  (2.22)  passing  through  the  point  P.  Note,  those 
characteristics  are  straight  lines  inclined  at  45®  and  135®  to  the  x-axis. 


By  use  of  (2.21)  and  (3.1),  we  can  calculate  the  zeroth  approximation  to  the 
stresses  in  terms  of  the  known  boundary  data  and  the  unknown  function 
We  write 

(3.2)  u  =  ri  -  + 

Forming  the  second  derivatives  of  (3.1),  we  find 

(3.3)  aT  =  =  il<^(w)  +  ^(v)  +  B{u)  -  e(v)]  dx  dy, 

(3.4)  -  ik(«)  +  ^(p)  +  9iu)  -  e{y)]  dx  dy, 

(3.5)  C  “  -  i(^(M)  -  +  «(u)  +  <>(01  +  k^f  dxdy. 

Substituting  (3.5)  into  (2.23),  we  obtain  the  integral-differential  relation  between 
and  c*", 

(3.6)  1  Mu)  -  -f  e(u)  +  0(y)]  +  ^  //^  dx  dy. 


See  (6),  section  3. 
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Equation  (3.6)  has  lx>en  solved  in  [6].  Here,  we  shall  briefly  review  the  high¬ 
lights  of  our  former  results  in  a  form  applicable  to  finding  c^’'\  If  /(x,  y)  possesses 
continuous  second  partial  derivatives  in  the  domain  considered,  then  it  can  be 
shown  that* 


y)dxdy  ^  j  dxdy  +  f(o,  ij  +  {)  -  f{o,  n  -  {). 


Further,  it  can  be  shown  that  if  the  operator 


(3.8) 


Z)*  «  -  - 
ae  ayf' 


is  applie<l  to  the  integral  in  the  right  hand  side  of  (3.7),  then*® 

(3.9)  /)’// 


dxdy  =  2  ^  . 
dx  dy  dx  dy 


We  apply  the  results  of  the  proceeding  paragraph  to  (3.6). 
Z>*  on  (3.6),  we  find** 


(3.10) 


Operating  with 


Hence,  by  use  of  (3.7),  (3.10),  we  see  that  (3.6)  may  be  written  as 


(3.11) 


-  *(')  +  *(“)  +  »(-)l  +  V+  C  -  n  -  £) 


In  view  of  a  characteristic  property**  of  the  operator  D*,  it  follows  by  direct 
substitution  into  (3.11)  that 


(3.12)  c*®>  =  1[^(«)  -  +  e{u)  -I-  e{v)]  -I-  «'*'(o,  7  +  {)  -  «'®’(o,  V  -  f) 

is  the  solution  of  (3.11).  Further,  by  use  6f  (2.29)  and  (2.12),  the  value  of  «*®* 
along  the  boundary-  may  be  computed  in  terms  of  known  functions.  Hence, 
c^®*  is  completely  determined  at  P.  It  follows  that  «*®*  at  P  may  be  determined 
by  use  of  (2.12).  The  ambiguity  of  sign  in  «*®’  may  be  removed  by  knowledge 
of  the  sign  of  s‘®’  along  the  boundarj'  (see  discussion  following  2.32).  Further, 
the  value  of  o-*®*  at  P  may  be  found  by  use  of  (3.3),  (3.4). 

Next,  let  us  consider  the  first  approximation.  Integrating  the  equation  (2.24) 
forn  =  1  and  using  the  proper  boundary  data  (2.85),  w'e  find 

(3.13)  F**’(^,  r,)  =  -ff^  -I-  a‘®’ «‘®']  dx  dy. 

*  Sec  [6],  equation  (3.20) 

>•  See  [6],  equation  (3.26). 

“  Note,  if  g{v)  and/(u)  possess  continuous  second  derivatives  then  D*f{u)  —  D*g{p)  »■  0. 
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Hence,  it  follows  that 


Further,  by  use  of  (3.16)  and  (2.25),  we  obtain 


(1)  ,  _(0)  JO) 


+ 


The  equation  (3.17)  may  l)e  solved  in  exactly  the  same  manner  as  equation  (3.6). 
Thus,  corresponding  to  (3.11),  we  have 

-  IHV*'  + 


iiisi-ih 


+<r«>c«>]dx(iy. 


Reasoning  as  in  (3.12),  we  obtain  the  result 

(3.19)  ifcc”’  +  . 

Finally,  by  use  of  (2.32),  we  obtain  the  result 

(3.20)  far"'  +  <r"’c‘?'  =  <r"'(o,  i;  -  f)  -  (r"'(o,  v  +  {)• 

It  should  be  noted  that  the  kno\\7i  boundary  value  conditions  furnish  the  right 
hand  side  of  (3.20).  Further,  <r^®’  is  determined  by  (3.12)  and  <jr“”  is  found  by  use 
of  (3.3),  (3.4).  Hence,  equation  (3.20)  furnishes  c"'  at  P{i,  ij).  |The  quantity 
may  be  computed  by  use  of  (2.13)  and  hence  v"’  may  be  found  from  (3.14), 
(3.15).  This  step-by-step  method  of  calculating  the  approximations  may  be 
continued  to  c"'  etc.  We  shall  list  the  results  for  the  n"‘  approximation. 

(3.21)  F'*’(4,  ,)  -  -  jj  [»:><■>  +  +  •  •  •  s“’J  dx  dy, 

(3.22)  +  . . .  .'•>]  dx  dy, 

(3.23)  .'•>  =  +  ••  •  .'-"•“’I  it#.  • 


(3.24)  =  - 


di  dri  d(  dr/  J 


far<-'  -h  (t'-V-"  + 


.(i«-I)^(W _ («) 


<r  (o,  1?  -  f)  -  (T  (o,  V  +  i), 
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Further,  from  (2.25),  (3.25),  we  see  that 

(3.26)  .  -  «r<"’(o,  ,  -  {)  -  .r<-’(o,  ,  +  {),  n  -  1,  2,  •  •  • , 

and  from  (2.23),  (3.12),  we  find  that  the  corresponding  equation  for  the  zeroth 
approximation  is 

—  I)  “  +  {)  +  Hv  ~  0  +  +  1)1 

^  +  ^‘"’(0,  ^  +  f)  -  fc>(0,  ,  -  {). 

These  last  two  relations  will  be  used  in  discussing  the  ccmvergence  of  (^|*^ 

It  should  be  noted  that  the  previously  outlined  method  of  step-by-step  calcu¬ 
lation  fails  if  at  P  ({,  fi) 

(3.28)  «  0  or  -  drl. 

Further,  the  arguments  used  in  [6]‘*  show  that  as  P((,  i;)  approaches  a  point  on 
the  locus  (3.28),  Uie  quantity  becomes  unbounded.  Fdlowing  the 

terminology  of  S.  dJhristianovich  [7],  we  shall  call  the  locus  (3.28)  a  line  of  rup¬ 
ture.  Thus,  our  method  of  determining  the  stresses  fails  at  two  types  of  points: 
(1)  those  points  P(f,  ij)  for  which  the  power  series  (2.6)  through  (2.10)  fail  to 
converge;  (2)  those  noints  P(f,  ij)  which  lie  on  the  locus  (3.28). 

4.  Convergence  of  die  iqiprozimations  aj”’.  We  shall  show  that  the  approxi¬ 
mations  converge  in  the  case 

(4.1)  v.,(o,  v)  »  9{y)  -  0. 

First,  we  consider  the  values  of  along  the  boundary  a:  —  0.  From  (4.1), 

(2.29) ,  we  concludA“ 

(4.2)  -  0,  -  1. 

By  use  of  (2.31)  and  the  first  relation  in  (4.2),  we  obtain 

(4.3)  =0,  n  -  1,  2,  ...  . 

Substituting  (4.2)  into  (2.13),  we  find 

(4.4)  =  0,  a  -  1,  2,  ...  . 

Further,  from  (4.2),  (4.4),  and  (2.32),  we  obtain 

(4.5)  -  0,  I,  -  1,  2,  ...  . 

Hence,  the  power  series 

(4.6)  V  =  +  bV*^  -h  . . .  +  .  • .  , 

for  the  mean  normal  stress  a  along  the  boundary,  converges  if  |  6  |  <  1.  It 
should  be  noted  that  only  for  such  values  of  b  do  two  distinct  families  of  slip 

8ee  (6],  equations  (3.30)  through  (3.3fi). 

**  We  omit  the  possible  value  •<*>  *  —1. 
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lines  exist.**  Finally,  we  note  that  may  be  explicitly  determined  by  use  of 
(4.2),  (4.5),  and  (2.30).  We  find  ' 

(4.7)  =  m  -  fc,  -  (-  DXy)  -  fc],  n  =  1,  2,  . .  •  . 

Next,  we  consider  the  stresses  acting  at  P(|,  ii).  From  (4.7)  and  (3.26), 
we  find 

(4.8)  (r|;*  -  (-l)Xn  -  {)  -  ^(n  -h  f)l.  n  =  1,  2,  . .  •  . 

Further,  by  use  of  (4.1),  (4.2),  and  (3.27),  we  obtain 

(4.9)  <ri5*  =  -  i)  -  +  {)]. 

The  relations  (4.8)  are  sufficient  to  prove  that  the  series  (2.8)  converges  for 
j  5  1  <  1.  In  fact,  by  use  of  (4.8),  (4.9),  the  series  (2.8)  may  be  summed.  We 
obtain 

(4.10)  a.,  »  -I- b)  +  i)J- 

The  discussion  of  the  convergence  of  the  stresses  aj"*,  ai**  is  difficult  even  in 
the  case  (4.1).  The  principal  difficulty  lies  in  estimating  a^*"*  from  the  equations 
(3.22),  (3.23). 
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TRANSVERSALITY  IN  HIGHER  SPACE 
Br  Jacques  Dutka 

Transversality  relations  first  arose  in  problems  of  the  calculus  of  variations. 
In  deriving  sufficiency  conditions  for  a  curve  to  exist  which  makes 

(1)  I  /(a;,  y,  y')  a  minimum,  Weiersti-ass' introduced  the  concepts  of 
field  and  the  e  function  which  is  closely  related  to  the  transversality  condition: 

(2)  fix,  y,p)  +  (S'  -  p)f, ,  (x,  y,  p)  =  0 

that  must  be  satisfied  when  one  of  tlie  limits  of  integration  is  permitted  to  vary 
along  y  »  $f(x).  Hilbert^  used  this  function  in  finding  other  sufficiency  condi¬ 
tions  and  defined  the  int^ral,  since  named  after  him  which  we  shall  writ^  as 

(3)  //(x,  y)  =  /  {(/(z,  y,  p)  -  p/,'(x,  y,  p)  dx  +  /»-(x,  y,  p)  dy\ 

The  curves  //(x,  y)  »  constant  are  called  the  transversals.  Denoting  the  slope 

^  of  the  transveii^ls  by  tjf'  and  substituting  in  the  differential  equation  of  the 
dx 

family  H,  we  obtain  (2).  At  every  point  (x,  y)  the  direction  S'  is  transversal 
to  the  direction  p(x,  y)  of  the  extremal  passing  through  that  pmnt.  The  term 
transversal  was  introduced  by  Kneser*  and  used  in  formulating  his  fundamental 
theorem. 

*  Transversality  relations  also  came  up  in  Lie’s  theory  of  infinitesimal  contact 
transformations  but  were  not  explicitly  named  such.  Kasner*  first  proposed  the 
use  of  transversal  in  this  connection. 

A  transversality  in  n-spaoe  may  be  defined  as  a  special  one-to-one  corre¬ 
spondence  between  lineal  elements  and  hypersurface  elements  having  a  common 
base  point.  It  is  the  object  of  this  paper  to  investigate  this  corresix>ndence 
more  closely.  Vessiot*  considered  these  correspondences  in  connection  with 

>  See  Schwarz’s  Abhandlnngen,  vol.  1,  p.  223.  A  held  is  defined  as  a  one  parameter  family 
of  extremals  y  “  y  {x,  o)  of  (1)  such  that  through  every  point  of  a  region  there  passes  ex¬ 
actly  one  extremal.  ^  * 

F'(x,  y,  y')  -  /(*,  y,  y')  -  /(x,  y,  p)  -  (y'  -  p)JAx,  y,  p) 

where  p  »  p(x,  y)  is  the  slope  function  and  ]7  is  a  comparison  curve  lying  entirely  in  the  field. 

*  See  Berichl  des  Mathematischen  Vereins,  Ciottingen,  1900,  p.  10. 

*  Kneser,  Iiehrbuch  der  Variationarechnung,  Braunschweig,  1900,  p.  57  cf,  however  Rulsa, 
Voreletungen  uber  Varialionsrechnung,  Ixiipzig,  p.  44.  1909,  N'ote  2. 

Kneser’s  theorem  asserts  that  two  transversals  //(i,  y)  -  c,  and  //(x,  y)  ••  Ci  of  a  field 
intersecting  the  extremals  cut  off  arcs  on  the  extremals  for  which  the  integral  //(z,  y,  y')  dx 
has  the  same  value. 

*  The  infinitesimal  contact  transformations  of  mechanics,  Bull.  A.  M.  S.,  vol.  16  (1910),  pp. 
406-412. 

*  Vessiot,  Sur  L’ Interpretation  Mecanigue  Des  Transformations  de  Contact  Infinitesimales, 
Bulletin  de  la  Societe  Mathematique  de  France,  vol.  34  (1906),  pp.  230-269. 
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infinitesimal  transformations  and  their  relations  to  a  class  of  problems  of  the 
calculus  of  variations  in  three  dimensions.  Douglas'  developed  this  method  - 
further  in  a  general  theorem  characterizing  the  composite  of  extremals  and 
transversality  which  is  valid  in  n-dimensions.  Kasner^  found  a  fundamental 
geometric  criterion  for  a  transversality  to  belong  to  a  three  dimensional  problem 
of  the  calculus  of  variations.  It  is  here  shown  that  in  n-dimensions,  a  necessary 
and  sufficient  condition  for  a  given  correspondence  between  a  lineal  element  and 
a  hypersurface  element  to  be  a  transversality  is  that  a  certain  induced  correla¬ 
tion  should  be  a  polarity. 

In  this  paper,  the  results  are  developed  in  space  of  foiu:  dimensions  for  brevity 
of  notation  and  it  is  finally  shown  how  they  can  be  carried  over  to  n-dimensions 
mutatis  mutandis. 

Let  us  consider  the  infinitesimal  contact  transformation  defined  by  the 
characteristic  function 

(4)  W(x,y,z,v,pyq,r),  P  =  ^  ^ 


the  simple  integral 


(5)  j  G(x,  y,  z,  V,  y\  z\  t/)  dx  *  minimum 

and  the  3-fold  integral 


(6) 


}fl  Fix,  y,  z,  V,  p,  q,  r)dxdydz 


mimmum 


In  (4)  the  infinitesimal  contact  transformation  carries  any  hypersurface  element 
(x,  y,  z,  V,  p,  q,  r)  into  a  nearby  element  (x  -f  &r,  •  •  •  ,  r  -f-  8r).  The  equations 
of  transformation  are  given  by 


(7)  Sx  *  ^V^,  6y  =  WSf  *  WMy  Sv  =  (pfFp  +  qW^  rWr  —  W)bl 

disregarding  terms  0(4<*).  Connecting  the  base  point  of  the  first  element  with 
that  of  the  second,  we  obtain  a  definite  direction  element,  i.e.  (x,  y,  z,  v,  y',  «/) 

where 


(8) 


/  _  PW^P  +  (iW,  -\-rWr-W 
'  .  Wp 


The  lineal  element  is  transversal  to  the  hypersurface  element.  That  is,  fixing 
the  base  point  (x,  y,  z,  v),  there  is  a  definite  association  or  correspondence  be¬ 
tween  the  00*  direction  elements  iy',  z',  v')  and  the  oo*  tangent  three-flats*  (p, 

•  Douglas,  Extremals  and  Traneversality.  .  .  ,  Trans.  Amer.  Math.  Soc.,  vol.  29  (1927), 
pp.  401-420. 

^  Kasner,  Tranevereatity  in  Space  of  Three  Dimeneions,  Trans.  Amer.  Math.  Soc.,  vol.  30 
(1928),  pp.  447-462.  Professor  Kasner  first  called  that  author’s  attention  to  the  possibi¬ 
lity  of  extending  these  results  to  higher  dimensions. 

•  The  terminology  has  been  adopted  from  Forsyth’s  two  volume  work,  Geometry  of  Four 
Dimeneions,  Cambridge  Press  (1930). 
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q,  r).  It  will  be  seen  later  that  when  the  direction  elements  are  given  the  hypei^ 
surface  elements  are  also  fully  determined  so  that  the  correspondence  is  biunique. 

In  problem  (5)  the  end  point  of  a  curve  minimizing  the  integral  is  constrained 
to  lie  on  a  given  hypersurface  <p(x,  y,  z,  v)  0.  The  transversality  of  the  tan¬ 
gent  three-flat  (p,  q,  r)  of  ^  to  the  direction  element  (y',  z',  v')  of  the  curve  at 
that  point  is  given  by  the  relationship 

(9)  (y'Gf’  +  -|-  t/Gf'  —  G)ix  —  Gg’  by  —  G,>Jbz  —  Gp>  5t>  »  0 

or 

y'Gp’  -f-  z^Gg’  -4*  v’Gg'  —  G  G^'  (?»' 

ITiis  is  readily  recognized  to  be  a  dual  form  of  (8),  in  which  the  hypersurface 
elements  are  determined  when  the  direction  elements  are  given.  Making  the 
transformations 

(10)  P  -  Q^y\R^  z\  V  ^q,Z'  ^  r,  V  -  p,  Q,  ft) 

-  G((?,  ft,  -  P) 

we  obtain 


y 


POp  -4-  QGq  -|-  RGm  —  0 

0, 


which  is  of  the  same  form  as  (8)  a  correspondence  from  the  hypersurface  ele¬ 
ments  (P,  Q,  ft)  to  the  line  elements  (Y',  Z',  V). 

In  problem  (6),  a  hypersurface  ^(x,  y,  z,  v)  =  0  is  said  to  be  transversal  to  a 
given  field  ^  of  extremals  if  ^  satisfies  the  partial  differential  equation 

(12)  F^g  -H  +  F4g  -I-  (pPp  -I-  qFg  +  rF,  -  F)^,  =  0 

Analogously  to  (2)  and  (3),  on  every  portion  of  one  of  these  hypersurfaces,  the 
Hilbert  Integral  vanishes.  The  set  of  transversal  curves  of  the  field  7  are  the 
characteristic  curves  of  the  equation  (12).  They  satisfy  the  ordinary  differential 
equations 

^  ^  ^  _ dr 

^  ^  P,  P,  Fr  pF,  -I-  qF,  +  rFr-  F 

CJomputing  the  directions  y\  z',  v'  we  have  the  same  form  as  (8)  and  (11). 
At  a  given  point  ^  goes  through  a  certain  direction  determined  by  and  transver¬ 
sal  to  the  tangent  three-flat  element  of  the  extremal  surface  at  that  point. 

Given  any  one  function  say  W  in  (4),  the  other  integrand  functions  P  and  G 
in  (5)  and  (6)  are  determined  up  to  a  factor  of  the  form  X(x,  y,  z,  v)  and  simi¬ 
larly  for  P  and  G.  It  is  known  that  tnmsversality  is  unchanged  by  such  a 
factor  in  any  one  of  the  problems  (4),  (5)  and  (6).  Thus  we  have  established 
a  principle  of  transference  associating  contact  transformations,  simple  and 
three-fold  integrals  in  four  dimensional  space  when  they  determine  equivalent 
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transveraalities.  The  three  kinds  of  transversalitiee  reduced  to  one.  Therefore 
in  order  to  study  the  transversalitiee  of  problems  (4),  (5),  (6)  we  have  only  to 
turn  our  attention  to  one  of  them,  the  results  are  applicable  to  all. 

A  correspondence  of  the  form  (8)  is  of  special  analytic  character.  There  is 
only  one  arbitrary  function  W  depending  on  seven  variables  whereas  a  general 
analytic  cprrespondence  would  be  of  the  form 

(14)  T:  y'  ^  aix,y,z,v,p,q,r),  z'  » $ix,y,z,v,p,q,r), 

v'  =  y{x,  y,  z,  V,  p,  q,  r),  J  ^  0 


namely  three  random  functions  each  involving  seven  arguments.  To  formulate 
an  analytic  criterion  for  transvejsality  we  rewrite  the  equations  (8)  in  the  form 


(15) 


W,' 


/?=  51^ 


_  pWp  +  qWf  +  rlF,  —  W 

W, 


To  obtain  a  relation  independent  of  W,  we  form  the  equations 


(16) 


W 


1 


p  +  qa  r0  —  y* 
Wr 


w 


p  +  qa  +  rl3  —  y' 


W  p  +  qa  +  rfi  -  y 

from  (15).  Eliminating  W  by  setting  up  the  (*)  =  3  conditions  for  integra- 
bility,  i.e. 

(17) 

we  obtain  by  differentiating  (16)  partially 


N  A  E?  EE* 

dq  W  dp  W 


M  AE»  EE 

^  dr  W  “  dp  W 


v  d  Wr  _  d  Wf 


(18)  a)  qa,  +  r/3,  —  7,  +  (p  +  —  y)ap  —  ra0,  +  ay,  -  0 

b)  qor  +  r/5,  —  7,  +  (p  +  ?«  —  y)l3p  —  qlSop  +  /3yp  *  0 

c)  (p  +  qa  -  y)$g  -  fiiqa,  —  7,)  —  (p  +  r/3  -  7)01,  +  a(r/3,  -  7,)  -  0 

This  is  the  criterion  for  transversality  in  analytic  form.  It  is  both  necessary 
and  sufficient.  If  in  (9)  we  had  set  up  integrability  conditions  and  eliminated 
G  we  would  have  obtained  three  conditions  which  are  the  duals  of  (18). 

To  obtain  a  geometric  criterion  equivalent  to  the  analytic  conditions  that  a 
transversality  belongs  to  an  infinitesimal  contact  transformation  (4)  or  to  prob¬ 
lems  of  the  calculus  of  variations  (5)  and  (6),  consider  the  transformation  T 
associating  hypersurface  and  lineal  elements.  T  is  assumed  to  be  non-singular. 
At  an  arbitrary  fixed  point  0  we  direct  our  attention  to  the  three  flat  (p,  q,  r) 
denoted  by  ti  ,  through  it. 

There  is  induced  by  T  a  correspondence  between  the  directions  in  ri  at  the 
point  0  and  the  planes  in  n  passing  through  0.  This  correspondence  is  defined 
as  follows: 

Ijet  Ti  be  the  nearby  three  flat  (j>  +  dp,  q  +  dq,  r  +  dr).  The  directions 
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associated  with  n  and  xj  by  T  namely  h  :  (a,  j8,  y)  and  k  :  (a  da,  0  d0,  y  -h 

dy)  span  a  plane  Q.  Let  the  line  L  be  the  intersection  of  Q  with  xi .  Further 
let  P  be  the  plane  of  cleavage  of  xt  and  xj . 

Evidehtly  L  and  P  depend  on  the  choice  of  xj ,  that  is,  on  dp,  dq,  dr.  We 
shall  see  that 

1)  the  lines  {L\  obtained  by  varying  dp,  dq,  dr,  arbitrarily,  include  all  lines 
in  xi  through  0; 

2)  the  correspondence  L  to  P  is  independent  of  the  choice  of  dp,  dq,  dr  i.e., 
if  L  and  P  are  associated  with  dp,  dq,  dr  and  L'  and  P*  are  associated  with 
dp',  dq',  dr',  then  the  relation  L  ^  L'  implies  that  P  »  P'; 

3)  the  correspondence  L  to  P  is  linear,  non-singular  hence  a  (proper)  correla¬ 
tion.  ' 

Consider  an  arbitrary  correspondence 


a(p,  q,  r),  z'  =  0(jp,  q,  r). 


7(P,  q,  r),  J  0 


between  the  hypersurface  elements  and  the  direction  elements  at  a  given  point 
0  regarded  as  fixed.  Since  the  relation  of  transversality  is  not  affected  by  a  rigid 
motion  of  the  coordinate  system,  the  relations  (18)  retain  their  form.  Accord¬ 
ingly  we  may  choose  0  as  the  origin  and  the  flat  xi  through  it,  regarded  as  fixed, 
as  the  X,  y,  z  coordinate  space.  Corresponding  to  xi  whose  equation  is  v  =  0, 
there  is  a  direction  fi :  l:ao;/3o:7o.  Here  oto  =  a(0,  0,  0, —1)  where  (0,  0,  0, —1) 
are  the  direction  numbers  of  xi  and  similarly  for  0q  and  yo .  To  a  consecutive 
three  flat  element  X2  denoted  by  xdp  -f  ydq  -j-  rdz  —  dv  —  0,  corresponds  the 
direction  /j  :  Iroo  -j-  da:/3o  d0:yo  4-  dy.  Here  da  *  a^dp  a^  +  a,dr 
and  d0,  dy  have  the  same  form.  These  directions  h  and  U  determine  a  plane 
Q.  Vector  It  —  h  is  represented  by  the  equations 


(19)  It  —  li  i  x  =  (k-|-l,  J/  =  tda  4-  oo ,  z  —  td0  4“  /8o ,  r  =  tdy  4~  70 


To  find  the  intersection  of  Q  with  xi  namely  L,  we  put  r  =  0  and  from  (19) 


we  get  t  =  —3^  .  The  equations  of  the  line  L,  therefore  become 


—iy  yeda  —  aody  yod0  —  0ody 


xi  and  xj  intersect  in  a  plane  of  cleavage  P  whose  equations  are 


xdp  4-  ydq  -f  zdr  =  0,  t>  =  0 


For  the  proof  of  1)  it  will  suflSce  to  show  that  the  functional  matrix  M  of  the 
direction  numbers  of  L  with  respect  to  dp,  dq,  dr  is  of  rank  three.  M  may  be 
written  as 


-yp  -7«  -7r 

{yoUp  —  ao7p)  (70a,  —  007,)  (7oOr  —  0,7,) 

(7o^j»  ~  /3o7»)  (70/8,  —  /3«7f)  (7o/8r  —  /So7r) 
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As  is  well  known,  the  rank  of  the  matrix  is  left  invariant  under  elementary 
transformations.  Consequently  M  takes  the  form 


yp 

-7r 

yotxp 

7oa, 

7oar 

7o/3p 

y<>09 

yc0r 

The  determinant  of  this  matrix  is  non-vanishing  since  it  is  the  product  of  the 
non-sero  Jacobian  of  (14')  and  the  factor  7*  which  may  be  taken  as  non-sero. 
(In  the  contrary  case,  for  70  =  0,  equations  (16)  are  meaningless.  Geometri¬ 
cally  however,  h  ,  is  perpendicular  to  ri .  The  transversality  relation  in  this 
case  is  simply  orthogonality — the  characteristic  property  of  natural  families.) 
It  follows  therefore  that  M  is  of  rank  three  and  thus  1)  is  proved. 

For  the  proof  of  2)  denote  the  direction  numbers  of  L  depending  on  dp,  dq,  dr 
by  i,  g,  2: 

(22)  i  *  -  (7»  dp  -I-  7«  dg  +  7r  dr) 

y  =  (7oap  —  cuTfp)  dp  -h  (70a,  —  007,)  dq  (700,  —  007,)  dr 

2  =  (7<i^p  —  A7p)  dp  -f  (70^,  —  Ai7f)  dq  -b  (7W3r  —  Ay,)  dr 

The  corresponding  direction  numbers  of  L'  depending  on  dp',  dqf,  dr'  are  denoted 
by  i',  2',  respectively.  If  L  a  L',  then  the  direction  numbers  of  L  are 

respectively  proportional  to  the  corresponding  direction  numbers  of  L'.  We 
thus  obtain  three  equations  in  the  three  quantities  (dp  —  kdp'),  {dq  —  kdq'), 
{dr  —  kidr')  where  k  is  the  constant  of  proportionality.  The  right  hand  members 
of  the  equations  are  zero. 

We  shall  see  that  these  quantities  are  each  equal  to  zero  and  that  consequently 
the  planes  associated  with  L  and  U,  namely  P  and  P'  are  equivalent.  The 
matrix  of  the  coefficients  of  these  quantities  is  M  or  the  equivalent  form  Af. 
For  the  homogeneous  equations  to  have  non-zero  solutions,  the  determinant  of 
the  coefficients  must  vanish.  But  this  is  contradicted  by  the  non-vanishing  of 
the  Jacobian  of  (14').  Consequently  the  quantities  (dp  —  kdp'),  {dq  —  kdq'), 
{dr  —  kdP)  are  zero  identically  and  P  *  P'. 

For  the  proof  of  3),  dp,  dq,  dr,  denote  the  direction  numbers  of  the  plane  P. 
The  direction  numbers  of  L :  x,  y,  2,  given  by  equations  (22)  are  linear  in  dp, 
dq,  dr.  The  matrix  of  coefficients  of  these  numbers  namely  M  is  non-singular, 
hence  the  correspondence  between  L  and  P  is  a  (proper)  correlation.  If  the 
matrix  is  symmetric,  this  induced  correlation  is  a  polarity  and  conversely. 
A  fortiori  we  have  then 

(23)  —7,  —  yoa,  -b  007,  =  0 
-7,  —  7o/3p  -b  =  0 

—ytfig  +  /3o7t  "b  70Or  —  <VYr  =*  0 

But  these  relations  are  simply  what  (18)  becomes  when  p,  q,  r  are  set  equal  to 
zero.  Since  the  conditions  (18)  were  necessary  and  sufficient  for  transver- 
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sality,  the  criterion  that  the  induced  correlation  between  the  plane  P  and  the  line 
L  be  a  polarity  ia  also  necessary  and  suficient. 

In  three  dimensions  the  correlation  reduces  to  a  homography  and  the  condition 
for  trahsversality  is  that  the  homography  be  involutorial.  This  is  precisely 
the  condition  obtained  by  Kasner  who  pointed  out  that  if  the  correspondence 
between  the  three-flat  and  the  line  h  is  assumed  to  be  projective,  it  will  satisfy 
the  transversality  condition  when  the  correspondence  is  reciprocity  with  respect 
to  any  quadric  hypercone  at  the  given  point.  An  analogous  statement  holds 
for  n  dimensions  where  n  >  3.  To  put  it  differently,  hypersurface  transver¬ 
sality  is  projective  only  when  it  reduces  to  duality. 

The  results  proved  here  are  valid  in  n-dimensional  homaloidal  space  but  the 
calculations  are  much  lengthier.  The  infinitesimal  contact  transformation 

dXfi 

P»— l)i  Pi  ~  I  1 

the  simple  integral 


J  0(xi  ,Xt,  ,Xn)dXi 


mmimum, 


/  dxi 


t  =  2,  3,  •  •  • ,  n 


and  tlie  (n  —  1)  fold  integral 


//  •  •  •  f  F(xi  ,xt,  •  •  • ,  x,  ,  pi ,  Pi  ,  •  •  •  ,  p,_i)  dxi  dXi  (ir,_i 


minimum 


have  equivalent  transversalities.  There  are  (n  —  1)  equations  of  the  form  (8) 


and  eliminating  If'  we  olitain 


i-  (”  2  0  ' 


integrability  conditions  from  the  cross 


derivatives.  The  geometric  reasoning  carries  through  in  an  analogous  manner 
and  we  finally  obtain  a  bilinear  form  in  6pi ,  Spt ,  ■  ■  *  ,  Spn-i  and  dpi ,  dpt ,  ■  *  ■  , 
dpn-i  containing  (n  —  1)*  elements.  The  symmetry  of  this  form,  necessary  for 

polarity,  yields  (n  —  1)*  —  2  conditions  which  are  identical  with 

the  ^”2  integrability  conditions  previously  obtained.  Here  too,  the 

necessary  and  sufficient  condition  for  transversality  is  that  a  certain  induced 
correlation  is  a  polarity. 

In  two  dimensions  transversality  relations  are  of  arbitral^'  character.  In  the 
simplest  problem  of  the  calculus  of  variations,  the  int^and  has  a  transversality 
given  by 


(2) 


fix,  y,  p)  +  (S'  -  p)fi,'ix,  y,  p)  -  0 


Rewriting  the  equation  in  the  form  ^  *  p~^  S 


and  solving  this  differential 
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equation  we  have  /  =  g{x,  y)e*  where  ®  =  /  - T, .  Stromquist*  has  given 

*%  •  y 

*  fl®  1) 

some  examples  where  y'  *  — 3 ,  A  0.  In  particular  the  cases  where  the 

cp  a 

transversals  are  is(^onal  and  orthogonal  to  the  extremals  are  discussed. 

In  spaces  of  dimensionality  n  >  3,  only  special  correspondences  can  be  trans- 
versalities.  In  three  dimensions  if  we  consider  the  characteristic  function  W 
(x,  y,  z,  p,  g),  p  Zg ,  q  =  Zg ,  and  set  up  the  equations  anal(%ous  to  (16)  namely 

f24)  ^  „  I  ^  «  y'  =  «(p>  9) 

W  p-hga  —  /3’  W  p  +  qa  —  P*  2^=®  0ip,  q) 
and  solve,  we  find  the  solutions 


log 

‘“8  =  j['  p  +  ‘“8  P) 

thus 


(25) 


W 


F,  exp  (j('  exp  (^'  ^ 


If  we  form  the  integrability  conditions  from  (24)  and  set  the  equation  equal  to 
lero  to  obtain  particular  solutions  we  get 


(26) 

Solving  (26) 


^ _ ^ _ 

dqp  +  qa  -  0 


d  a 

dp  p  +  qa  — 


=  0 


(27) 
thus 

(28) 


>1 

p  +  qa  —  ^ 


Mp), 


The  Jacobian  J  =  -7; 

A* 


-BA, 

B, 


-4*  +  A, 
B 


trivial. 


*a 

p  +  qa  —  0 


^.B{q) 


pA  +  qB  —  I 
A 

is  non-vanishing  and  thus  (28)  is  non' 


Columbia  University, 
New  York  City 


*  Stromquist,  Annals  of  Mathematics,  (2),  vol.  9  (1907)  p.  67. 
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Part  I 

Bt  W.  H.  Ingram 

Introduction.  Part  I  essays  an  orderly  arrangement  of  some  elementaiy 
topological  ideas  in  combination  with  some  analytical  ones  of  an  essentially 
dynamical  nature.  A  combination  of  the  simplest  examples  from  these  two 
classes  of  ideas  first  appeared  in  the  work  of  Kirchhofif  and  subsequent  develop* 
ment  of  the  theory  of  electrical  networks  has  been,  in  fact  if  not  in  statement, 
an  amalgamation  of  the  two  mathematical  sciences.  But  the  elementary  theory, 
up  until  the  present,  has  been  incomplete  in  one  particular,  or  at  least  has  re¬ 
quired  clarification,  namely  in  regard  to  the  implication  of  the  circuital  flow  of 
electricity  from  Kirchhoff’s  Second  Law.  This  defect  is  removed  in  Theorem  4 
where  it  is  proved  that  the  chord  currents  for  any  tree  in  the  graph  of  a  network 
have  circuital  properties. 

The  relation  between  the  branch  currents  in  a  network  and  the  circuital  cur¬ 
rents  employed  in  their  representation  is  commonly  given  by  a  rule  which  goes 
back  to  von  Helmholtz  and  whicti  assigns  a  circuital  current  to  one  mesh  after 
another  in  the  graph  of  a  network  until  every  branch  is  travelled  by  at  least  one 
such  circuital  current.  This  rule  can  be  justified  by  an  induction  similar  to 
that  given  by  Brueckner  for  Euler’s  relation  between  the  vertices,  edges  and 
faces  of  a  polyhedron,'  and  in  particular  for  the  specialization  of  Euler’s  relation  $ 
to  a  network  of  connected  polygons  in  a  plane,  namely  V  —  B  -f-  N  =  1.  Alter-  • 
natively,  there  is  the  formula  N  =  B  —  V  -f-  1,  one  of  the  oldest  in  topology,  for 
the  cyclomatic  number  of  Listing,  whose  derivation  of  the  same  may  be  made 
the  basis  of  a  more  satisfactory,  if  not  more  general,  proof  of  the  von  Helmholtz 
rule.  As  Quade  has  made  clear,*  it  is  possible  to  obtain  a  criterion  as  to  the 
adequacy  of  a  set  of  circuital  currents  for  the  representation  of  the  branch  cur¬ 
rents  by  resort  to  the  notion  of  the  topological  linear  dependence  of  a  set  of  cir¬ 
cuits;  if  Cl ,  Cl ,  •  •  •  ,  Cn  is  ttny  set  of  linearly  independent  circuits  in  the  graph 
of  a  network  and  if  the^  inclusion  of  any  other  closed  path  whatever  gives  a 
properly  augmented  set  which  is  not  linearly  independent,  then  the  correspond¬ 
ing  circuital  currents  ii ,  U ,  •  •  •  ,  i^  are  adequate  to  the  repi'esentation  of  the 
branch  currents.  A  set  of  circuits  Ci ,  Ci ,  •  •  •  ,  Cjj  is  said  to  be  topologically 
linearly  dependent  if  there  exists  integers  ai ,  ai ,  ■  ■  ■  ,  a^  not  all  zero  such  that 
SiCi  -f  aiCi  +  •••-!-  anCN  is  a  null-circuit,  otherwise  independent.  The  cir¬ 
cuits  must  p>os8C88  sense  and  it  is  necessary  to  define  addition,  subtraction  and 
the  null-circuit.*  The  circuital  flow  of  the  chord  currents  for  any  tree  in  the 

*  Brueckner,  “  Viclecke  und  Vielflaeche”,  Leipzig,  1900,  p.  51. 

*  Quade,  “  Klasaification  der  Schwingungsvurgaenge  in  gekuppeltcn  StromkreUcn,” 
Borna-Leipzig,  1933,  Chapt.’s  I,  II. 

*  Vide  Koenig,  “Theoric  der  P^ndlichen  und  Unendlichen  Graphen,”  lAsipzig,  1936, 
Cbapt.  X. 
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graph  of  a  network  having  been  established  in  Theorem  4  of  Part  I,  the  von 
Helmholtz  rule  follows  for  any  equivalent  set  of  circuits  Ci ,  C* ,  •  •  •  Cn.  This 
is  proved  by  Cramlet  in  Part  II. 

The  representation  of  the  branch  currents  of  the  tree  in  terms  of  the  chord 
currents  which  is  implied  by  Kirchhoff’s  Second  Law  is  thus  the  same  as  the 
representation  obtained  by  von  Helmholtz’s  rule  on  the  assumption  that  the 
chord  currents  are  circuital  currents.  The  circuital  currents  may  be  said  to  be 
generalized  currents,  in  the  sense  employed  for  velocities  in  dynamics,  and  the 
chord  currents  regarded  as  circuital  currents  accordingly  afford  a  basis  for  all 
transformations  in  the  linear  manifold  which  they  determine.  This  manifold 
contains  at  once  the  ranges  and  domains  for  the  transformations  and  projections 
of  cvurents  distinguishable  in  time  (e.g.  the  Fortescue  resolutions)  and  the  ranges 
and  domains  for  the  transformations  considered  by  Cramlet  in  Part  II  where 
the  currents  are  distinguishable  topologically.  It  also  contains,  obviously,  the 
domains  if  not  the  ranges  of  those  little-understood  transformations  which  have 
been  interpreted  as  carrying  one  network  into  a  topologically  different  one  and 
an  example  of  which  has  been  given  by  Foster. 

The  chord  charges  become  generalized  coordinates,  in  the  sense  employed  in 
dynamics,  if  we  assume  that  they  and  the  branch  charges  satisfy  a  set  of  linear 
homogeneous  relations  of  constraint  which,  when  differentiated  with  respect  to 
the  time,  give  the  Kirchhoff  equations,  that  is,  if  we  assume  that  the  vertices 
have  no  capacity. 

A  word  must  be  said  about  the  place  of  Kirchhoff’s  First*  Law  in  the  present 
theory.  There  are  two  objections  to  taking  this  “law”  as  a  postulate  for  a 
theory  of  electrical  networks.  The  first  objection  is  that,  in  the  form  given  by 
Kirchhoff,  it  is  not  general  Enough  and  the  second  is  that  it  and  its  complete 
generalisation  can  be  derived  from  the  fundamental  equation  (2)  of  Part  1. 
For  us,  the  latter  equation  has  the  status  of  a  postulate. 

1.  First  Theorems.  Every  electrical  network  has  a  topological  representation 
called  a  graph  consisting  of  two  or  more  vertices,  branches  connecting  them  and 
separate  or  separable*  loops.  We  shall  assume  that  the  number  of  vertices  and 
branches  is  finite.  A  sub-graph  is  a  graph  contained  in  a  graph. 

The  branches  and  loops  represent  the  channels  of  electric  currents  in  conductors 
which  have  the  physical  properties  of  resistance,  inductance  and  electrical  stiff¬ 
ness  and  which  are  the  seats  of  the  electromotive  forces  which  originate  the 
currents. 

Corresponding  to  every  vertex  of  a  graph  there  is  a  Kirchhoff  condition  of 
constraint  on  the  currents;  thus  the  branch-currents  are  not  independent.  The 
number  of  independent  constraints  is  always  less  than  the  number  of  vertices 

*  We  follow  the  numbering  finally  chosen  by  Kirchhoff  (Pogg.  Annal.,  Vol.  72,  1847). 
Many  text  books  follow  the  numerical  designation  of  his  laws  given  in  his  original  communi¬ 
cation  (Pogg.  Anna!.,  Vol.  64,  1845). 

*  Examples  of  separable  graphs  arc  given  by  R.  M.  Foster,  “Geometrical  Circuits  of 
Electrical  Networks.”  Trans.  .\m.  Inst.  El.  Engrs.,  51,  (1932)  p.  309. 
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and  is  given  by  the  rank  of  the  matrix  of  coefficients  in  the  Kirchhoff  equations 
of  constraint.  '' 

A  fundamental  theorem  states  that  the  rank  of  this  functional  matrix  is 
numerically  equal  to  the  number  of  vertices  V  minus  the  number  of  separate 
parts  P  of  the  graph  and  is  a  consequence  of  the  fact  that  every  connected  graph 
has  a  tree  and  every  tree  has  one  more  vertex  than  branches. 

DEnNiTioN.  A  circuit  is  a  connected  sub-graph  the  vertices  of  which  can 
be  arranged  in  cyclic  order  and  the  branches  of  which  connect,  and  correspond 
with,  one-to-one,  each  pair  of  vertices  juxtaposed  in  the  cycle.  Specially,  an 
isolated  loop  and  a  branch  which  is  terminated  at  both  ends  by  the  same  vertex 
are  circuits. 

Definition.  A  tree  is  a  connected  sub-graph  of  a  connected  graph  which 
consists  of  all  the  vertices  of  the  graph  and  some  or  all  of  the  branches  but  which 
contains  no  circuits. 

Theorf..\i  1  (Von  Staudt).  Every  connected  graph  has  a  tree. 

Proof.  If  the  graph  is  not  itself  a  tree,  it  contains  at  least  one  circuit  and  the 
same  is  true  of  the  residual  graph  left  after  the  removal  of  any  branch  in  this 
circuit,  and  so  on.  Finally,  a  residual  graph  which  connects  all  vertices  of  the 
graph  proper  must  remain  after  the  destruction  in  this  way  of  all  circuits  in  the 
graph. 

Definition.  If  u  connected  graph  contains  a  proper  sub-graph  which  is 
connected  to  its  complement  at  but  a  single  vertex,  the  graph  is  said  to  be  sepa¬ 
rable.  A  vertex  and  a  branch  which  leaves  and  rejoins  the  vertex  are_  separable 
into  a  vertex  and  an  isolated  loop.  An  isolated  loop  may  be  a  part  of  a  graph. 

Definition.  The  branches  complementary  to  a  tree  of  a  non-separable 
graph  are  called  the  chords  to  the  tree.  * 

Theorem  2.  In  any  non-separable  graph  and  for  any  branch  of  the  graph  a  tree 
always  exists  which  has  the  branch  as  a  member  and  a  tree  always  exists  which  has 
the  branch  as  a  chord. 

Proof.  By  Theorem  1,  the  graph  has  at  least  one  tree.  If  the  branch  is  in 
the  tree,  the  first  part  of  the  theorem  is  verified.  If  the  branch  is  a  chord,  the 
sub-graph  consisting  of  the  tree  and  this  chord  has  one  circuit  and  this  circuit  is 
through  the  chord  and  at  least  one  other  branch  of  the  sub-graph;  the  removal 
of  this  other  branch  makes  the  sub-graph  into  a  tree  and  the  first  conclusion  of 
the  theorem  is  established. 

If  the  branch  is  a  chord,  the  second  part  of  the  theorem  is  verified.  If  the 
branch  is  a  branch  of  the  tree  there  mu.st  be  a  chord  which,  directly  or  indirectly, 
spans  it,  for  otherwise  the  graph  would  be  separable,  contrary  to  hypothesis. 
The  sub-graph  consisting  of  the  tree  and  the  spanning  chord  reaches  all  vertices 
and  contains  one  circuit.  The  removal  of  the  branch  converts  this  sub-graph 
into  a  tree  \vith  respect  to  which  in  the  graph  the  branch  in  coasideration  is  a 
chord  and  the  second  conclusion  of  the  theorem  is  established. 

Theorem  3  (Von  Staudt).  Every  tree  hm  one  more  vertex  than  branches. 

Proof.  Since  a  tree  has  no  circuits,  every  path  in  the  tree,  no  matter  where 
commenced,  must  end  in  a  cul-de-sac,  i.o.,  cveiy  tree  has  terminal  vertices  (or 
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vertices  terminating  only  one  branch).  If  we  I'emove  one  such  terminal  vertex 
and  its  connected  graph  branch,  the  residual  part  of  the  ti-ee  must  have  the  same 
property,  i.e.  possess  terminal  vertices.  Hence  we  may  remove  terminal  vertices 
and  branches,  one  at  a  time,  until  only  one  branch  of  the  tiee  remains.  But  this 
branch  must  connect  two  vertices;  hence  the  theorem. 

Corollary.  The  number  of  branches  complementary  to  any  tree  in  a  connected 
graph  is  B  —  V  -f-  1. 

Theorem  4.  For  any  tree,  the  Kirchhoff  equations  of  constraint  imply  circuital 
flow  of  the  chord  currents. 

Proof.  This  theorem  is  a  consequence  of  Kirchhoff’s  Second  Law  which 
says  that  the  algebraic  sum  of  all  currents  entering  any  vertex  is  zero. 

Corresponding  to  any  vertex,  a  constraint  equation  of  this  kind  exists  and 
can  be  solved  for  the  current  in  one  branch  of  the  tree  terminating  there  in  terms 
of  the  currents  in  the  chords  and  other  possible  branches  of  the  tree  terminating 
there.  Each  of  said  latter  branches,  if  there  are  any,  leads  to  other  vertices 
corresponding  to  which  an  equation  of  constraint  e.xists  in  each  case  and  can  be 
solved  as  in  the  first  instance  for  the  current  in  the  branch  from  the  first  vertex 
in  terms  of  the  current  in  chords  and  other  possible  branches  terminating  in  this 
ne.xt  considered  vertex,  and  m  on.  Finally,  corresponding  to  every  terminal 
vertex  of  the  tree,  an  eiiuation  of  constraint  exists  and  can  be  solved  for  the  cur¬ 
rent  in  the  branch  of  the  tree  terminating  there  in  terms  of  the  current  in  the 
there  connected  chords.  Hence  the  current  in  the  branch  first  taken  in  the  tree 
ultimately  can  be  expressed  in  terms  of  chord  currents  exclusively,  i.e.  the  current 
in  any  branch  of  the  tree  can  be  expressed  in  terms  of  the  chord  currents. 

In  particular,  the  current  in  any  branch  Bo  of  a  tree  can  be  expressed  in  terms 
of  the  currents  in  the  chords  and  tree-branches  terminating  in  one  of  its  vertices 
Vi .  Let  the  current  in  Bo  be  lo  and  let  L  enter  the  vertex  Vi .  It  may  be 
assumed  for  the  part  of  the  tree  which  has  Vi  as  a  vertex  when  Bo  is  cut,  and 
w'ithout  loss  of  generality,  that  all  branch  currents  have  directions  away  frtim 
Vi  in  the  graph. 

The  Kirchhoff  equations  for  Vi  accoi-dingly  have  the  form  lo  =  L.i  -f-  L.j  +  •  •  • 
±i  ii.i  ±  ii.j  db  •  •  •  and  in  general,  for  this  part  of  the  tree,  there  is  the  eijuation 
Ik_i  =  Ik.i  +  Ik.j  4-  •  •  •  ±  ik.i  ±  ik.*  ±  •  •  •  for  the  current  entering  the  kth 
vertex  expressed  in  terms  of  the  branch  curi'ents  entering  neighboring  vertices 
further  along  in  the  tree  and  in  terms  of  the  chord  currents  entering  or  leaving 
this  vertex.  For  a  terminal  vertex  Vi  of  the  tree,  there  is  the  equation  Ii_i  = 
±  ii.i  ±  ii.*  ±  •  •  •  with  no  branch  current  represented  on  the  right-hand  side. 

C'onsider  any  chord  connected  with  any  two  vertices  in  this  part  of  the  tree, 
say  Vj  and  Vk,  and  let  the  corresponding  chord  current  i'  flow  from  Vj  to  Vk . 
Then  in  the  equation  for  the  jth  vertex,  i'  will  appear  with  a  coefficient  1  and 
in  the  equation  for  the  kth  vertex  with  a  —  1.  It  follows  that,  after  a  series  of 
substitutions  in  which  the  branch  current  entering  any  sink  vertex  is  substituted 
into  the  Kirchhoff  equation  for  the  source  vertex,  and  so  on,  the  final  expression 
of  lo  in  terms  of  the  chord  currents  can  contain  io  only  as  two  terms  with  opposite 
signs.  On  the  other  hand,  the  current  i"  for  any  chord  which  is  connected  to 
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only  one  vertex  of  this  part  of  the  tree  will  appear  precisely  once  in  the  final 
expression  and  with  a  +  sign  if  leaving  the  vertex  and  with  a  —  sign  if  entering. 
Obviously  this  chord  must  span  Bo  directly  or  span  Bo  in  series  with  other 
branches  of  the  tree.  The  circuital  flow  of  the  chord  currents  is  indicated. 

Let  io  be  any  chord  current  whatever  and  let  its  chord  span  the  branches  Bo  , 
Bi ,  •  •  • ,  Bk  in  series  and  be  connected  with  a  vertex  of  Bo  and  a  vertex  of  Bk . 
By  the  preceding  part  of  the  protjf,  each  of  the  corresponding  branch  currents 

10 ,  Ii ,  ■  ■  ■  ,  Ik  can  l)e  expressed  as  a  corresponding  linear  combination  with 
coefficients  1  or  —  1,  of  chord  currents  and  each  expression  must  contain  a  term 
in  io  .  Ijet  li  ,  Ii ,  •  •  •  ,  Ik  be  a  set  of  currents  equal  in  absolute  value  to  Io , 

11 ,  •  •  •  ,  Ik  respectively  and  let  their  sigas  be  chosen  in  agreement  with  the  signs 

of  the  latter  when  the  latter  have  directions  in  agreement  with  the  direction  of 
io  in  the  circuit  formed  by  the  chord  carrying  io  and  the  branches  Bo  ,  Bj ,  •  •  •  , 
Bk ,  and  otherwise  chosen  in  disagreement.  Then  there  is  a  fundamental  se¬ 
quence  of  Kirchhoff  equations  Io  =  Ii  +  •  •  •  ,  Ii  *  I*  +  .ii-i;+i*-*, 

=t  . . .  -j-  _j_  . . .  ^  which  are  characterized  by  the  presence  of  io  in  the  last  ex¬ 

pression  and  by  its  absence  in  all  the  others  including  the  first  (since  the  first 
equation  of  constraint  is  for  that  vertex  of  Bo  which  is  not  a  terminal  of  the 
chord).  But  a  substitution  of  the  last  of  these  equation  expressions  into  the 
preceding  one,  then  a  substitution  of  the  result  into  the  next  to  last,  and  so  on, 
shows  in  turn  that  Ik-i ,  Ik-j ,  •  •  • ,  Io  have  each  a  component  io .  This  proves  the 
theorem. 

Corollary.  No  current  can  flow  between  a  separable  part  of  a  network  and  its 
complement,  nor  in  any  branch  which  is  not  spanned  directly  or  indirectly  by  some 
other  branch,  nor  in  a  network  whose  graph  is  its  own  tree. 

Corollary.  The  number  of  linearly  independent  currents  in  a  network  is  at 
most  the  nullity*  N  of  the  network  given  by  the  equation  N  ■*  B  —  V  -f  P,  where  P 
is  the  number  of  separate  or  separable  parts  of  the  graph. 

2.  D3mamical  developments.  For  a  connected  graph,  the  nullity  is  B  — 
(V  —  1)  and  hence  the  number  of  independent  constraints  is  V  —  1  at  most. 
If  any  vertex  of  the  connected  graph  is  made  a  ground  point  then  the  remaining 
vertices  correspond  to  V  —  1  constraints.  The  extended  graph  formed  by  ad¬ 
joining  to  the  graph  G  the  Ixigrangean  connections^  l^etween  the  ground  point 
and  the  V'  —  1  other  vertices  obviously  has  B  -|-  (V  —  1)  branches  and  nullity 
B  if  the  Lagrangean  connections  are  counted  as  branches.  Since  the  Liagrangean 
connections  radiate  from  the  ground-point,  we  have 

I'^EOREM  5.  The  Lagrangean  connections  form  a  tree  with  respect  to  the  ex¬ 
tended  graph. 

Corollary.  The  number  of  independent  constraints  is  N  —  1. 

F*roof.  There  are  V  —  1  branches  in  any  tree  in  the  graph  and  V  —  1  ver- 

*  The  term  nullity  is  due  to  Hossler  Whitney,  “Non-Separable  and  Planar  Graphs,” 
Trans.  Am.  Math.  Soe.,  34,  (19.32),  p.  339;  it  is  the  nullity  or  degeneracy  of  the  functional 
matrix. 

» Ingram,  Phil.  Mag.,  26,  (1938),  p.  270. 
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tices  other  than  the  ground  point.  Corresponding  to  each  of  these  V  —  1  ver¬ 
tices  there  is  a  branch  of  the  tree  leading  to  the  ground  point.  There  exists  then 
a  one-to-one  correspondence  between  the  Lagrangean  connections  and  the 
branches  of  the  tree.  Considering  the  expressions  for  the  currents  in  the  branches 
of  the  radial  tree  formed  by  the  I..agrangean  connections  themselves  in  the  ex¬ 
tended  graph,  it  is  seen  that  they  are  also  in  one-to-one  correspondence  with  the 
branches  of  the  tree. 

Definttion,  a  Blakesky  step  for  a  directed  quantity  associated  with  some 
branch  of  a  graph  is  the  transference  of  the  quantity  into  association  with  all 
other  branches  connected  with  one  of  the  terminal  vertices  of  the  branch  in  such 
a  way  that  the  sense  of  direction  of  the  directed  quantity  is  preserved  under  the  * 
transfer  with  respect  to  all  circuits  in  the  graph  through  the  branch. 

Definition,  The  activity  of  any  force  in  a  branch  is  the  product  of  the  force 
and  the  current  in  the  branch. 

Theorem  6  (Blakesley).  The  activity  of  an  external  e.m.f.  under  a  Blakesley 
step  is  invariant. 

Proof.  As  has  been  made  clear  in  the  proof  of  Theorem  4,  the  current  in 
any  branch  of  a  tree  can  be  expressed  exclusively  in  terms  of  those  chord  currents 
which  directly  or  indirectly  span  the  branch  and  moreover  expressed  in  agree¬ 
ment  with  the  concept  of  the  circuital  flow  of  the  chord  currents.  In  any  net¬ 
work,  therefore,  all  the  currents  can  be  expressed  algebraically  and,  exclusively 
in  terms  of  circuital  currents  which  are  either  the  chord  currents  assumed  to 
flow  in  their  circuits  relative  to  the  tree  or  are  properly  the  loop  currents  of 
separable  or  isolated  loops. 

Any  circuit  in  the  network,^  in  relation  to  any  branch  and  terminal  vertex  of 
the  network,  either  (a)  excludes  the  branch  and  vertex,  (b)  includes  both  branch 
and  vertex  or  (c)  excludes  the  branch  but  not  the  vertex.  In  case  (a)  the  activity 
of  the  c.m.f.  on  the  circuital  current  is  constantly  zero.  In  case  (b)  the  circuit 
must  also  include  some  other  branch  having  the  same  terminal;  the  e.m.f.  acts 
either  in  the  first  branch  or  in  their  other  branch  and  in  the  same  sense.  In  case 
(c)  the  circuit-current  must  enter  the  vertex  the  same  number  of  times  that  it 
leaves.  Before  the  step  the  activity  of  the  e.m.f.  on  this  circuit-current  is  zero 
because  it  does  not  act  upon  it;  after  the  step  the  activity  is  effectively  zero  be¬ 
cause  in  circuits  through  the  vertex  the  e.m.f.  transferred  in  association  is  trans¬ 
ferred  as  many  times  in  the  negative  sense  as  in  the  positive.  This  proves 
the  theorem. 

Theorem  7.  A  force  acting  in  a  branch  of  a  tree  of  a  network  is  equivalent  to  a 
set  of  equal  forces  acting  in  those  chords  which  directly  or  indirectly  span  the  branch. 

Proof.  We  first  establish  a  correspondence  between  any  Blakesley  step  at  a 
vertex  and  the  process  of  equating  one  branch  current  to  the  other  branch  cur¬ 
rents  at  the  vertex  in  accordance  with  Kirchhoff’s  Second  Law.  If  we  disregard 
the  direction  of  the  current  in  any  branch,  a  one-to-one  correspondence  obviously 
exists  between  any  Blakesley  step  at  the  vertex  and  the  process  of  equating  one 
branch  current  there  to  the  others  in  accordance  with  Kirchhoff’s  Second  Law. 
Thus  without  regard  to  signs  of  terms,  the  equation,  L  =  I*  —  I*  -f-  L  corre- 
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spends  to  a  Blakesley  step  from  some  branch  1  into  branches  2,  3  and  4,  for 
example.  By  the  proof  of  Theorem  4  the  current  in  any  branch  of  a  tree  can  be 
expressed  by  a  finite  number  of  applications  of  Kirchhdf’s  Second  Law  in  terms 
of  the  currents  flowing  in  those  chords  which,  directly  or  indirectly,  span  the 
branch  in  discussion.  It  follows  that  a  finite  number  of  Blakesley  steps  will 
bring  the  force  first  associated  with  this  branch  into  final  association  with  the 
chords  of  the  theorem. 

Corollary.  Any  set  of  external  e.m.ffs  is  equivalent  to  a  set  of  e.m.f.’s  located 
in  the  chords  to  any  tree  of  the  graph.  » 

.48  we  have  seen,  the  chord  currents  have  circuital  properties.  The  idea,  due 
to  von  Helmholts,*  of  representing  the  motion  of  electricity  in  a  network  by  a 
system  of  electrical  currents  flowing  in  circuits  is  thus  almost,  if  not  quite,  im¬ 
plicit  in  Kirchhoff’s  2nd  I.AW  and  the  concept  of  a  graph  and  its  topology.  In 
the  graph  of  any  network  and  for  any  tree  in  the  graph,  we  may  assume  a  set  of 
currents  ii ,  ij  *  •  •  flowing  in  closed  polygonal  circuits  each  of  which  consists  of 
branches  of  the  tree  and  one  (corresponding)  chord  where  its  direction  may  be 
taken  in  agreement  with  the  direction  of  the  chord  current;  if  It  is  a  chord  cur¬ 
rent,  then  It  -=  it ,  etc.  More  generally,  all  the  branch  currents  may  be  ex¬ 
pressed  in  terms  of  the  loop  currents  in  the  form 

(1)  i  =  ri 

where  I  is  a  columnar  matrix  whose  elements,  B  in  number,  are  the  branch  cur¬ 
rents  of  the  graph,  raBX(B  —  V-|-l)  rectangular  matrix  and  i  a  columnar 
matrix  whose  B  —  V  +  1  elements  are  the  circuital  currents.  The  elements  of  i 
are  not  necessarily  linearly  independent.  ' 

Definition.  The  first  incidence  matrix  of  a  graph  and  for  any  directed 
({uantities  associated  one-to-one  with  the  branches  of  the  graph  (e.g.  the  direc¬ 
tions  of  the  line-segments  of  the  graph  if  possessing  sense*)  is  a  matrix  n  in  which 
the  element  in  the  i*^  row  and  j**"  column  is  4-  1  if  the  j***  directed  quantity 
leaves  the  i‘‘‘  vertex.  —  1  if  the  j“*  directed  quantity  enters  the  i***  vertex  and  aero 
if  the  j***  quantity  avoids  the  i“*  vertex. 

By  definition,  the  incidence  matrix  IT  is  one  such  that  II I  is  a  columnar  matrix 
each  of  whose  elements  is  the  algebraic  sum  of  the  branch  currents  leaving  the 
vertex  corresponding  to  the  position  of  the  element  in  the  column.  By  e<]ua- 
tion  (1),  nri  is  a  columnar  matrix  each  of  whose  elements  is  the  algebraic  sum 
of  the  circuital  currents  leaving  the  vertex  in  (|uestion.  Therefore  Iir  is  an 
incidence  matrix  for  the  circuital  currents.  But  the  incidence  of  any  circuital 
current  at  a  vertex  is  both  -|- 1  and  —  1  if  the  vertex  is  in  the  circuit  and  0  other¬ 
wise  and  we  have,  accordingly,  the  Lemma  (Veblen*®):  The  VX(B  —  V  -f-  1) 
matrix  ITF  is  one  all  of  whose  elements  are  zero. 

The  analog>'  lietween  the  current  flowing  in  a  circuit  and  the  velocity  of  a 

•  H.  von  Helmholz;  “  Pognundorff’s  Annalcn,”  8.3  (1851)  p.  512. 

*  Poincart*,  Proc.  I.iond.  Math.  Soc.,  32  (IflOl),  p.  280. 

'*Cf  Veblen,  .Analysis  Situs  p.  65.  It  can  be  shown  with  the  aid  of  certain  results  in 
Part  II,  that  F  is  a  matrix  consisting  of  the  linearly  independent  columns  of  Veblen’s  Et . 
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material  particle,  established  by  Maxwell,  also  holds  between  the  currents  in  the 
branches  of  a  network  and  the  velocities  of  a  system  of  particles  with  kinematical 
connections.  For  every  graph  implies  its  extended  gnqih  with  respect  to  which 
all  its  branches  are  chords  and  in  which  all  its  branch  currents  may  be  identified 
with  currents  flowing  in  circuits  and  in  the  Lagrangean  connections  of  which  the 
forces  of  constraint  may  be  assumed  to  act  to  keep  the  algebraic  sum  of  the  last 
named  circuital  currents  constantly  zero  in  each  said  Lagrangean  connections. 
For  these  circuital  currents  the  forces  of  constraint  have  the  nature  of  external 
forces:  accordingly  the  equation  of  voltage  for  the  k***  branch  current  has  the 
form 

(2)  Ek  +  V+k  -  V_k  =  Z  Uj  ^  +  Rklk  +  Sk/ikdt 

where  Vk  is  the  force  of  constraint  associated  with  the  source  vertex  for  the  current 
Ik  ,  V-k  the  force  of  constraint  associated  with  the  sink  vertex  for  Ik  and  Ek  is  the 
external  e.m.f.  acting  in  the  k*^  branch. 

The  correspondence  between  the  force  of  constraint  associated  with  a  vertex 
and  the  incidence  of  the  branch  currents  at  the  vertex  may  be  exhibited  by  means 
of  the  constraint  matrix  A  where  the  j  row  indicates  the  force  of  constraint  at  the 
vertex  upon  the  branch  currents  locally  identified  with  the  circuital  currents 
in  the  Lagrangean  connecticm  and  where  at  the  same  time  the  k***  column  is 
the  array  of  forces  of  constraint  acting  upon  the  k*'‘  such  circuital  current. 
When  the  letter  Vj  is  taken  as  the  incidence  of  any  branch  current  at  the 
vertex,  then  A  may  be  thought  of  as  a  kind  of  incidence  matrix:  obviously 
A  =  [V]n  where  [V]  is  a  square  diagonal  matrix  of  elements  (Vi ,  Vt ,  •  •  •  ,  Vv). 

Lemma  :IfY  is  the  vector  force  of  constraint  on  the  network,  then  IIxV  is  a  columnar 
matrix  whose  i*^  dement  is  the  algebraic  sum  of  the  forces  of  constraint  on  the  current 
in  the  branch  of  the  rwtwork}^ 

Proof.  Since  Ax  =■  nx[V]  is  a  matrix  where  the  i*^  row  gives  the  incidence  of 
the  i*^  ciurent  at  the  vertices  of  the  Lagrangean  connections  (which  are  soim» 
and  sink  vertices  for  that  current),  the  algebraic  sum  of  the  terms  of  that  row 
gives  the  net  f(sx:e  of  'constraint  on  that  current.  This  algebraic  sum  is  given 
by  |IxV  where  V  is  the  result  of  compressing  [V]  into  a  column,  by  a  property  of 
matrices. 

It  is  readily  verified  that  the  equations  (2),  k  »  1,  2,  •  >  •  ,  B  are  contained  in 
the  vector  equation 

(3)  E  +  nx  V  -  IL]  +  [R]I  -H  IS]  /  Idt 

where  IIx  is  the  transposed  arrangement  of  11,  [L],  [R],  [C]  are  square  matrices, 
and  where  E  and 'I  are  columnar  matrices  with  the  elements  Ei ,  Ei ,  •  •  •  ,  Eb  and 
Ii ,  Is ,  *  •  *  ,  Ib  ,  respectively.  As  in  the  preceding  lemma,  V  is  a  cdumnar  ma¬ 
trix  of  elements  Vi ,  Vt  •  •  •  Vt  .  Multiplication  of  (3)  on  the  left  by  Tx  gives  a 

“  This  theorem  although  known  (vide  Cauer,  M<Uk.  Annaten  106  (1931),  p.  00)  seenu  not 
to  have  been  itated  nor  proved  before. 
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system  of  voltage  equations  free  of  the  forces  of  constraint  since  FtIIx  *  (nr)T 
is  a  matrix  of  aeros.  The  resulting  equation 

(4)  TtE  -  rT[L]Q  +  rT[Rl<5  +  TtISIQ 

where  I,  may  be  interpreted  as  a  matric  statement  (rf  a  generalisation  of 
Kirchhoff’s  First  Law  to  networks  containing  inductance  and  electrical  stiffness  as 
well  as  resistance.  But  in  this  equation  there  are  more  scalar  unknowns  than 
scalar  equations  in  general  and  to  solve  for  the  unknown  in  (4)  the  equations 
constraint  IK^  >=  0  must  be  taken  into  account.  More  elegantly,  we  may  make 
the  substitution  ^  =  Fq  into  (4)  and  take  as  our  equations  for  the  network  the 
system 

fe  =  [l]ti  +  [r]<l  +  [slq 

(5)  \l  -  FA 

where  [1]  =  Ft[L]F,  [r]  *  Ft[R]F,  [s]  ■=  FjfSjF,  e  *»  FtE  and  where  i  «  A- 
Theorem  8.  When  the  external  e.m.f.’s  suddenly  originate  at  time  t  0  in  the 
chords  to  any  tree  of  an  electrically  quiescent  network,  are  all  L-functions^  of  the 
time  and  are  linearly  independent,  and  when  the  impedance  matrix  has  an  inverse, 
then  the  chord  currents  are  linearly  independent. 

Proof.  It  is  known**  that  under  these  conditions  both  the  e.m.f.’s  and 
currents  have  L^lace  transforms.  Then  equation  (6)  implies 

(6)  e*0i)  =  Z(M)A*0i) 

a  vector  equation  in  which  the  columnar  matrices  A*(m)  have  as  their  k^ 
components,  respectively 

ek*(M)  -  j[*  «~'“ek(t)  dt,  (u(u)  -  j[’  r"*  Ak(t)  dt 

the  Laplace  transforms  of  ek(t)  and  qk(t)  respectively  and  where  Z(ji)  is  the  N 
X  N  impedance  matrix  OkjM  +  rk)  +  8kjM~‘). 

If  the  componentsi  ei ,  ei ,  •  •  ■  ,  ex  of  the  columnar  matrix  e(t)  are  linearly 
independent,  then  aiei(t)  +  asei(t)  +  •  •  •  +  aMeN(t)  =  <>(t)  where  ^(t)  is  an 
L-function  not  identically  zero  for  any  set  of  constants  ai ,  at ,  •  •  •  ,  rn  real  or 
complex.  Since  every  such  fimction  has  a  non-zero  Laplace  transform,  the 
components  of  the  vector  are  linearly  independent.  If  this  is  so,  i.e.  if 
there  exists  no  line  vector  a  with  non-zero  norm  and  components  in  the  field  of 
complex  numbers  such  that  the  inner  product  ae*(ji)  »  0  identically  in  y,  then 
there  is  no  line  vector  bZ~*  of  non-sero  norm  with  components  of  the  line-matrix 
b  of  elements  bk  in  the  field  of  complex  numbers  such  that  the  inner  product 
bZ~*e*0i)  ==  0  identically  in  y',  that  is  there  is  no  vector  b  of  non-sero  norm  such 
that  the  inner  product  bq^Ot)  is  sero  identically.  Hence  thh  components  of 
A*(m)  are  linearly  independent  and  it  follows  that  the  components  of  the  vector 
A(t)  are  linearly  independent,  the  proof  being  by  contradiction. 

t*  Doetsch,  “Theorie  u.  Anwendung  der  Laplace-Transfonnationen,”  p.  13. 

*•  Doetsch,  p.  330. 
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Corollary.  The  chord  currents  are  necessarily  independent  when  a  set  of  e.m.f.’s 
active  anywhere  in  the  network  is  equivalent  to  a  set  of  independent  e.m.ffs  each 
an  L-function  of  the  time  and  active  in  all  the  chords,  and  are  not  necessarily  inde¬ 
pendent  when  the  equivalence  does  not  hold. 

Proof.  The  last  part  of  the  corollary  follows  from  the  fact  that  in  a  Wheat¬ 
stone  bridRe  of  resistances  with  one  external  force  all  branch  currents  are  linearly 
related  and  none  is  independent  of  any  other. 

3.  On  the  Propagation  of  Blakesley  Steps. 

Theorem  9.  In  any  non-separable  graph,  V  steps  arc  necessary  to  restore  the 
relation  of  any  directed  quantity  to  the  graph  and  nV  sufficient,  with  n  any  natural 
number. 

Proof.  Ix;t  the  directed  quantity  Ei  initially  be  in  association  with  the 
branch  Bi .  By  Theorem  2,  there  exists  a  tree  in  the  giniph  with  respect  to 
which  Bi  is  a  chord  and  there  is  a  closed  path  through  Bi  and  completed  in  this 
tree.  Blakesley  steps  made  in  order  at  the  vertices  of  this  path  will  transfer  Ei 
again  into  as8(x;iation  with  B| ,  obviously.  If  the  closed  path  has  l)een  across 
all  the  vertices  of  the  graph  the  ass(x;iation  is  in  two  and  nullifying  sen.ses  in 
every  chord  and  the  directed  quantity  is  in  its  initial  relation  to  the  graph.  If 
fewer  than  V  vertices  are  traversed,  the  quantity  Ei  will  be  in  association  not 
only  with  Bi  but  once  with  all  branches  of  the  graph  having  one  terminal  (and 
only  one)  a  vertex  of  the  path.  One  or  more  of  these  branches  must  I)elong  to 
the  tree  in  this  case.  Blakesley  steps  away  from  these  vertices  may  be  made  in 
all  such  latter  branches  until,  in  all,  one  step  has  l)cen  made  for  each  vertex  in  the 
tree  and  then  the  association  is  ^vith  no  branch  of  the  tree  and  is  nullified  in 
each  every  chord  except  Bi .  The  first  step  puts  Ei  into  association  with  a 
branch  of  the  tree  and  a  step  for  each  bi-anch  of  the  tree  is  necessary  to  transfer 
the  association  out  of  the  tree.  By  Theorem  3,  the  steps  necessary  to  restore 
the  relation  of  Ei  to  the  graph  is  thus  V. 

The  proof  of  the  second  conclusion  of  the  theorem  is  obvious  when  the  closed 
path  through  the  tree  and  Bi  crosses  every  vertex  of  the  tree.  When  a  proper 
part  only  of  the  tree  is  in  the  path  and  the  path  is  gone  over  n  times,  each  branch 
of  the  graph  having  a  one-terminal  connection  with  the  path  has  Ei  brought  into 
association  with  it  n  times  and  n  Blakesley  steps  at  each  vertex  are  sufficient  to 
produce  n  nullifications  in  each  chord  of  the  graph  except  Bi . 

Definition.  An  external  connection  of  a  graph  is  a  branch  having  one  and 
only  one  terminal  which  is  a  vertex  of  the  graph. 

i'iiEOREM  10.  Any  directed  quantity  associated  with  an  external  connection  of  a 
graph  is  transferred  with  sense  reversed  to  all  other  external  connections  of  the  graph 
under  V  progressive  Blakesley  steps  at  most,  V  being  the  number  of  vertices  of  the 
graph,  and  after  V  such  steps  the  association  is  only  with  the  other  external  connec¬ 
tions. 

Proof.  The  vertices  of  any  sequence  of  Blakesley  steps  form  a  path  which 
cannot  be  re-entrant  upon  itself  at  any  vertex  for  every  branch  connected  with  - 
any  vertex  in  the  path  except  the  branches  of  the  path  itself  are  in  association 
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witli  the  directed  quantitj'.  Hence  the  patli  contains  no  circuits.  Since  every 
vertex  is  connected  to  ever>'  other  vertex  in  the  graph  and  since  any  path  from 
any  vertex  to  any  other  is  a  possible  path  for  a  sequence  of  Blakesley  steps  it 
follows  that  there  is  no  vertex  not  in  the  path  when  all  possible  steps  have  been 
taken  and  the  path  then  is  a  tree.  After  V  steps  or  less  the  quantity  is  trans¬ 
ferred  into  association  with  ail  external  connections  if  no  step  is  taken  back 
across  the  vertex  of  the  preceding  step.  After  the  Vth  forward  step  the  quantity 
is  in  association  only  w'ith  the  external  connections  for  the  association  in  each 
chord  is  once  in  each  of  two  opposite  senses  which,  from  the  definition  of  sense  of 
a  directed  quantity,  nullify  each  other. 

Corollary.  The  number  of  such  nullifications  is  the  nullity  of  the  graph. 

Corollary.  The  path  of  the  steps  is  in  a  tree  and  the  miUifications  are  in  the 
chords. 

Corollary.  The  relation  of  the  directed  quantity  to  the  external  connections 
after  the.  V  steps  is  the  same  as  after  one  step  when  the  graph  is  taken  as  coalesced  to 
a  point. 

Corollary.  The.  association  is  re^ed  in  all  respects  when  any  transferred 
directed  quantity  {in  association  with  any  one  external  connection)  again  is  subjected 
to  any  V  steps  backward  in  the  graph. 

New  York,  N.  Y. 

Part  II 

Bt  C.  M.  Cramlet 

Introduction.  The  graph  a  network  provides  both  a  means  for  charting 
the  flow  of  electricity  in  the  network  and  at  the  same  time  a  frame  on  which  to 
attach  the  electrical  constants.  The  matrix  11,  as  the  arithmetical  equivalent 
of  the  graph,  can  be  made  to  serve  in  both  these  capacities  with  the  aid  of  appro¬ 
priate  matrices  of  branch  constants  and  the  matrix  F.  But  while  the  matrix  11 
and  the  matrices  of  branch  constants  are  unique  (to  within  the  lettering  of  the 
vertices  and  branches)  tlie  matrix  F  is  not  and  among  the  set  of  all  possible  trees 
and  corresponding  F’s  for  any  graph  there  is  sometimes  a  particular  tree  having 
advantages  over  the  others  for  the  discernment  of  some  particular  property  of 
the  network.  In  other  cases,  the  electrical  state  of  the  network  is  best  described 
in  terms  of  circuital  currents  whose  circuits,  although  indirectly  determined  by 
every  tree,  are  not  directly  determined  by  any.  Nevertheless,  in  the  general 
case,  the  adequacy  of  a  basis  of  a  set  of  circuital  currents  is  more  easily  decided 
topologically  than  algebraically  and  the  notion  of  a  tree  is  a  useful  meaas  to  this 
decision. 

The  set  of  differential  equations  for  the  branches  of  the  electrical  network  and 
the  Kirchh(^  equations  of  constraint  determine  the  currents  in  ail  branches  at 
all  times.  The  branch-currents  are  also  determined  by  the  differential  equa¬ 
tions  for  the  chord-circuital  currents  and  the  matrix  F,  as  Part  I  has  made  clear. 
All  trees  in  the  graph  are  equivalent  in  this  respect  and  in  general  there  are 
equivalent  sets  of  chord-circuital  currents.  Moreover,  there  are  other  sets  of 
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circuital  currents  which  are  not  chord-circuital  currents  but  which  determine 
the  state  of  the  network  equally  well  (e.g.,  the  von  Helmholtz  currents)  and 
there  arises  the  problem  of  the  invariants  of  the  class  of  the  corresponding  differ¬ 
ential  equations.  In  the  course  of  a  review  of  this  problem,  it  became  apparent 
that  interesting  results  would  probably  come  out  of  a  development  of  a  matric 
technique  of  circuit  transformation  whereby  peculiarities  of  a  network  may  be 
described  in  an  appropriate  choice  of  basis.  Part  II  is  concerned  mainly  with 
a  technique  for  obtaining  equivalent  circuit  bases  and  contains  an  application 
which  may  point  to  a  broader  utility  of  the  technique  developed. 

1.  The  first  and  second  incidence  matrices  of  a  connected  sagittal  gni|A.  The 
element  in  the  A***  row  and  k“*  column  of  the  first  incidence  matrix  II  will  be 
represented  by  Ilk  ,  A  1,  2,  •  •  •  ,  V,  k  »  1,  2,  •  •  •  ,  B.  In  later  sections  some 
significance  may  be  attached  to  the  position  of  an  index  but  such  interpretations 
will  not  apply  to  the  matrices  11  and  F.  The  k***  column  of  11  contains  two  non¬ 
zero  elements,  namel}'  a  —  1  in  row  P  and  a  1  in  row  Q  indicating  that  Bk  is 
directed  Q  — »  P.  The  vertices  Vp ,  V,  are  said  to  bound  branch  Bk  and  the 
boundaries  of  this  branch  are  represented  by  the  k‘^  column  of  11.  Any  linear 
combination  with  integral  coefficients  of  branches,  called  a  chain,  will  have  a 
boundar3'  determined  by  the  same  linear  combination  of  the  corresponding 
columns  of  11.  For  a  closed  chain,  the  linear  combinations  of  these  columns 
gives  a  column  of  zeros.'*  A  linear  combination  of  branches  having  this  property 
and  representing  a  closed  chain  will  be  represented  by  the  letter  C  with  a  suitable 
subscript. 

The  columns  of  any  matrix  n  may  be  arranged  so  that  the  first  V  —  1  columns 
represent  the  branches  of  a  tree  and,  since  no  linear  combination  of  these  branches 
can  ever  represent  a  circuit,  the  rank  of  n  must  be  at  least  V  —  1.  Since  each 
of  the  then  succeeding  N  columns  represents  a  chord,  the  rank  of  n  must  be 
exactly  V  —  1.  Each  of  the  latter  columns  determines  a  unique  linear  combina¬ 
tion  of  branches  representing  a  closed  circuit  C« ,  o  =■  1,  2,  •  •  •  ,  N.  The  basis 
for  the  branches  Bk  ,  k  *  1,  2,  •  •  •  ,  B,  may  be  replaced  by  the  equivalent  basis 
B| ,  1  “  1,  2,  •  •  •  ,  V  —  1  and  C«,  a  —  1,  2,  •  •  •  ,  N,  the  C’s  being  evidently 
independent  linear  combinations  of  the  B’s  for  each  ccmtains  a  imique  chord 
branch.  Therefore  there  are  precisely  N  independent  linear  combinations  of 
these  columns  of  11.  But  to  each  linear  combination  of  these  columns  corre- 
8F>ond8  a  closed  circuit  Ca  .  Hence  any  other  closed  circuit  is  a  linear  combina¬ 
tion  of  these.  It  follows  that  the  C’s  constitute  a  basis  for  closed  circuits.  We 
have  proved: 

(1 : 1)  There  is  a  unigiie  set  of  basic  circuits  associated  with  a  ffiven  tree  in  a  sagittal 
graph. 

We  shall  take  the  expressions  for  the  C’s  as  linear  combinations  of  the  B’s  in 
the  form 

(1:2)  C.  ^r^Bk. 

><More  details  may  be  found  in  Seifert-Threlfall,  ‘‘Lehrbuch  der  Topologie”,  Chapt. 
Ill,  to  be  referred  to  as  S-T. 
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In  this  equation  and  in  all  other  equations  dealing  with  the  second  incidence 
matrix  F*,  the  first  incidence  matrix  11,  the  matrix  F,  and  in  the  general  circuit 
theory',  the  following  conventions  will  be  made  regarding  the  use  of  indices: 

(1)  A  repeated  letter  will  indicate  a  summation  over  the  range  of  the  letter 
used. 

(2)  Latin  capitals  take  the  range  of  vertices,  namely  1,  2,  •  •  •  , 

(3)  Small  latin  letters  run  over  the  range  of  branches,  namely  1,  2,  •  •  •  ,  B. 

(4)  Small  greok  letters  take  the  range  of  circuits,  namely  1,  2,  •  •  •  ,  X;  N  = 
B  -  V  +  1. 

(5)  An  upper  index  indicates  the  row  of  a  matrix  and  a  lower  index  the  column 
unless  both  indices  are  on  the  same  level  in  which  case  the  first  and  second  are 
the  row  and  column  index,  respectively. 

The  direction  of  C«  maj'  be  changed  by  multiplying  the  right-hand  side  of 
(1:2)  by  —1,  that  is,  by  multiplying  the  a'**  column  of  F*  by  —1.  It  may  be 
convenient  to  do  this  in  order  to  bring  the  direction  of  the  circuit  into  agreement 
with  the  direction  of  the  chord  forming  part  of  the  circuit.  Since  C.  is  a  closed 
chain,  its  boundary  vanishes  (S— T),  that  is 

(1:3)  BdCa  =  Fl^fidEk  =  0. 

The  incidence  matrix  II  gives  the  boundary  of  Bk  , 

(1:4)  ^f/Bk  *  II^Va 

hence 

(1:4.1)  F^B^Va  =  0. 

But  the  V’s  are  a  basis  for  vertices  so 

(1:5)  BkF!^  =*  0;  BF*  »  0. 

The  matrix  F*  is  of  rank  X.  This  is  a  consequence  of  e(}uation  (1:2)  which  ex¬ 
presses  the  X  chains  Ca  as  X  linearly  independent  functions  of  the  Bk  .  The 
elements  of  the  first  incidence  matrix  B  are  0,  1  and  —  1.  When  the  elements  of 
the  second  incidence  matrix  F*  are  0,  1  and  —1,  each  circuit  contains  no  branch 
more  than  once.  We  prefer  to  restrict  our  attention  to  such  circuits.  Consider 
the  unsigned  or  neutral  matrices  fl  and  F  obtained  from  B  and  F*  above  by 
replacing  each  element  — 1  by  a  1.  It  is  seen  that  the  graph  described  by  the 
new  matrices  is  the  original  graph  but  with  undirected  branches,  i.e.  the  neutral 
graph.  The  reverse  operation  of  passing  from  the  neutral  incidence  matrix 
F  to  F*  may  be  done  by  first  assigning  sense  to  all  branches  in  an  arbitrarj- 
manner,  then  assigning  sense  to  each  circuit  C.  .  In  going  around  the  circuit 
in  the  positive  sense,  the  element  F«‘'  will  be  1  or  —  1  according  as  the  k‘*'  branch 
is  directed  in  agreement  with  C,  or  oppositely.  The  modular  ranks  of  the  neu¬ 
tral  incidence  matrices  fl  and  F  are  V  —  1  and  X,  respectively,  as  may  be  seen 
by  a  proof  like  that  for  the  corresponding  theorem  for  B  and  F*. 

t^rom  (1:2)  it  appears  that  the  sum  of  two  circuits  is  given  by  an  equation 

Ca  -|-  Ctf  “  (ft  -|-  rtf)Bk 
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where  the  over-lining  indicates  the  neutral  graph.  A  new  circuit  matrix  f '  may 
therefore  be  obtained  by  replacing  the  column  by  the  sum  of  the  and  the 
columns  and  in  general,  when  operations  are  restricted  modulo  2,  to  ele¬ 
mentary  operations  on  columns.  If  the  two  added  circuits  have  branches  in 
common,  the  sum  will  be  a  circuit  having  the  boundary'  of  both  circuits  not 
including  the  common  branches.  If  there  are  no  common  branches,  the  result- 
ing.circuit  will  be  composed  of  two  closed  loops.  This  latter  type  of  circuit  will 
be  called  ditjoirU,  the  former  consisting  of  a  single  closed  loop  ^^ill  be  called 
simple. 

Let  the  branches  of  the  graph  be  so  re-lettered  that  the  first  N  are  chords  and 
Ba  is  the  chord  of  the  circuit  C.  .  Since  each  chord  is  on  one  and  only  one  cir¬ 
cuit,  the  first  N  rows  of  f  form  a  matrix  with  I’s  on  the  diagonal  and  O’s  else¬ 
where.  The  remaining  rows  will  then  describe  the  tree.  The  set  of  undirected 
or  neutral  circuits  determined  by  a  tree  will  be  called  a  chord  frame.  When, 
corresponding  to  an  appropriate  numbering  of  the  branches,  the  first  N  rows  of 
r  is  a  unit  matrix,  the  chord  frame  will  be  said  to  be  a  canonical  chord  frame. 
Trees  may  be  selected  in  a  graph  in  various  ways  and  hence  it  follows  that  there 
is  a  class  of  chord  frames  associated  with  any  graph.  It  is  characteristic  of  a 
chord  frame  that  each  chord  is  associated  one-to-one  with  a  simple  circuit. 

It  may  be  shown,  as  in  the  proof  of  theorem  (1 : 1),  that  any  N  independent 
undirected  circuits  constitute  a  basis  for  all  undirected  circuits  in  a  graph.  We 
may  select  as  such  a  basis  a  canonical  chord  frame.  Then  all  circuits  no  one  of 
which  includes  any  branch  more  than  once  are  obtainable  by  independent  linear 
combinations  of  these  modulo  2,  i.e., 

(1:6)  Cl  *=  UtCfi,  detH  =  I,  modulo  2. 

The  new  basis,  not  in  general  a  chord  frame,  will  be  called  a  coordinate  frame. 

The  number  M  of  non-singular  N  X  N  matrices  fi  is 

(1:7)  M  =  (2^  -  1)(2^  -  2)(2N  -  2*)  •  •  •  (2^  -  2~“*). 

These  matrices  form  a  group  of  order  M  under  the  operation  of  multiplica¬ 
tion  modulo  2.  The  number  of  frames,  not  distinguishing  the  N!  ways  of  num¬ 
bering  them,  is 

(1:7.1)  u  -  M/N! 

The  numl)er  of  chord  frames  is  less,  in  general,  than  the  number  of  coordinate 
frames.  For  example,  if  the  graph  is  the  tetrahedron  ABCD,  a  coordinate 
frame  is  given  by  the  circuits  ABCDA,  ABDCA  and  ADCA.  Every  branch  of 
this  third  loop  is  on  one  or  more  of  the  first  and  second  loops  so,  although  these 
circuits  constitute  a  coordinate  frame,  they  do  not  constitute  a  chord  frame. 

The  following  theorem  states  a  property  of  chord  frames: 

(1:8)  Txdo  circuits  of  a  chord  frame  have  at  most  one  connected  chain  in  common. 

The  theorem  may  be  proved  by  making  the  contrary  assumption,  namely  that 
the  connected  chains  K  and  K'  are  each  common  to  the  two  circuits  and  have  no 
vertex  in  common.  Let  V  and  V'  be  vertices  at  ends  of  these  respective  chains. 
Since  these  are  on  the  first  circuit  Ci  they  are  connected  through  the  tree  by  a 
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chain  Ki  on  Ci .  Not  all  branches  of  Ki  can  be  on  the  second  circuit  Ci  by  hy¬ 
pothesis.  Similarly,  these  vertices  are  connected  by  a  chain  Kt  on  Cj  and  in 
the  tree  but  not  wholly  on  Ci .  Therefore  Ki  Kj  and  Kj  -f  Kj  forms  a  closed 
chain  or  circuit.  But  a  tree  contains  no  circuits  and  the  theorem  follows. 

By  theorem  (1:1),  the  directed  circuit  C,  corresponding  to  C«  is  linearly 
related  to  the  circuit  corresponding  to  the  undirected  ,  i.e. 

(1:9)  Cl  =  aiC,. 

Equations  (1:6)  and  (1:9)  are  topolc^cal  equations  but  they  correspond  to  the 
numerical  equations 

(1:10)  T'  =  fi,  modulo  2, 

and 

(1.11)  r*'  =  r*o, 

respectively.  Since  F*  and  F*'  correspond  to  f  and  f',  that  is,  by  the  direction 
assigning  process 

(1:12)  r-*F*,  r'->F*', 

and  the  matrices  F*  and  F*'  have  elements  1,  0  and  —1;  the  correspondences 
(1:12)  imply 

(1:13)  r  =  F*,  f'  =  F*',  modulo  2. 

Here  the  C’s  constitute  a  canonical  chord  frame  so  that  the  first  N  rows  of  F 
form  a  unit  matrix  y.  With  a  similar  notation  for  the  other  F’s,  (1:10)  and 
(1:11)  give 

(1 : 14)  f '  =»  a,  modulo  2,  y*  *  o, 

and  from  (1:13),  =  y',  so  that 

(1 : 16)  0  =  a,  modulo  2. 

From  (1 : 10)  and  (1:11),^  =  f '(fi)~\  modulo  2,  y  ■=  The  left  members  of 

these  equations  are  equal  to  each  other  and  since  (a)~‘  is  a  matrix  with  elements 
1,  0,  it  follows  that  f '(a)~‘  ,=*  7'(fi)~*  =  7^(o)~S  modulo  2,  so  that 

(1:16)  y[(fi)"‘  +  (o)"*]  =  0,  modulo  2. 

By  (1:6),  (1:10)  and  the  second  equation  of  (1:13),  del  y'  =  1,  modulo  2  and 
y'  has  an  inverse;  hence  equation  (1:16)  implies 

(1 : 17)  (o)“‘  =*  (a)“\  modulo  2. 

Equations  (1 : 15)  and  (1 : 17)  show  that  a  and  its  inverse  are  matrices  of  integers. 
From  this  and  the  fact  that  det  (a~’a)  —  1,  it  follows  that 
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A  directed  circuit  basis  will  be  called  a  coordinate  system.  Each  a  relates  a 
canonical  coordinate  system  to  a  coordinate  system.  Let  Qi  take  C  into  Ci , 
0i  take  C  into  Cs  and  au  take  Ci  into  Ct ,  then 

(1:19)  Ou  =  0*0?^ 

is  also  a  matrix  of  integers  with  determinant  equal  to  ±1.  From  the  second 
equation  of  (1 : 14)  it  appears  that  the  determinant  of  any  a  may  be  made  equal 
to  1  by  a  change  in  sign  of  a  column  of  F*,  that  is,  by  a  reversal  of  the  sense  of 
a  circuit,  if  necessary.  Then,  by  (1 : 19),  all  a’s  wiU  have  a  determinant  equal 
to  1 .  The  matrices  S  define  a  group  of  neutral  bases  by  means  of  equations  (1:6). 
The  principal  results  of  these  calculations  are  summariaed  in  the  theorem 
(1:20)  Any  two  coordinate  systems  are  related  by  equations  like  (1:9)  with 
the  matrix  a  composed  of  integers  1,  —1,  0  and  such  that  its  determinant  is  equal 
to  dll. 

It  is  apparent  that  the  matrices  a  described  in  this  theorem  form  a  set  that  is 
a  multiple  isomorphism  of  the  group  ^  .  The  correspondence  is  given  by 
(1 : 15).  A  coordinate  system  c^ers  a  suitable  reference  system  for  a  description 
of  the  state  of  the  network.  Current,  e.m.f.  and  the  circuit  constants  are 
defined  in  this  directed  basis.  Transition  from  one  coordinate  system  to  another 
can  be  made  through  coordinate  frames.  All  coordinate  frames  are  given  by 
CiStf  .  The  associated  coordinate  systems  are  determined  by  the  sign-assigning 
process.  A  deviation  from  what  is  usual  is  to  be  noted  in  the  fact  that  the  set 
of  frames  may  contain  disjoint  circuits  and,  if  the  network  contains  at  least  two 
circuits  having  no  common  branch,  will  in  fact  contain  such  circuits. 

In  the  correspondence  (1:13),  the  circuits  may  be  so  directed  that  the  first 
N  rows  of  r*  also  form  a  unit  matrix.  Such  a  matrix  will  be  said  to  determine 
a  carumical  coordinate  system. 

2.  Generalization  of  the  circuital  flow  theorem.  The  Kirchhoff  equations  of 
constraint  on  the  currents  P  of  a  sagittal  graph  are 

(2:1)  n^Ik  =  0 

Since  the  matrix  n  is  of  rank  V  —  1,  this  number  of  the  branch  currents  may  be 
solved  for  the  remaining  N.  Let  this  be  done  in  any  manner  and  re-letter  the 
currents,  if  necessary,  so  that  the  parametric  branch  currents  are  I*  =  i*.  Then 
all  branch  currents  P  may  be  expressed  as  functions  of  the  i*  by  the  equations 

(2:2)  •  P  =  rti*. 

If  the  branches  containing  the  i"  are  cut,  that  is,  if  every  i*  =  0,  no  current  can 
flow  in  the  network  since  these  equations  show  that  every  P  =  0.  It  would 
seem  then  that  the  i"  are  the  chord  currents.  This  will  be  shown  to  be  in  fact 
the  case.  The  equations  (2:2)  are  solutions  of  (2:1)  for  arbitrary  values  of 
i“,  that  is,  from  nri  =  0  it  follows  that  IIT  =  0.  From  (1:3.4),  Ur*  =  0. 
These  two  matric  equations  lead  to  an  identifying  of  F  and  F*. 
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Consider  the  system  of  V  equations  in  B  unknowns 
(2:3)  njxk  *  0.  ,  ' 

These  will  be  written  in  the  form 

(2:4)  ntx“  +  Ha'X*'  =  0, 

where  a  takes  the  usual  range  1,  2,  •  •  •  ,  N,  but  a'  takes  the  range  N  +  1,  N  +  2, 
•  •  •  ,  B.  The  tree  matrix  n«*  has  the  rank  V  —  1.  If  the  set  of  x’s  for  a  * 
1,  2,  •  •  •  ,  N  are  arbitrarily  assigned,  there  will  be  a  unique  solution  if  the  V 
equations  are  satisfied.  This  condition  assures  consistency  for  there  is  one  more 
equation  than  the  rank  of  the  set.  Now  put  x*  =  *,  a  =  1,  2,  •  •  •  ,  N, 

fixed,  where  F*  determines  a  canonical  coordinate  system.  But  this  column 
of  the  matrix  F*  is  a  solution  of  (2:3)  as  is  expressed  by  (1:6).  This  proves 
that  the  matrix  F*  is  uniquely  determined  by  the  equation  IIF*  =  0  when  the 
first  N  rows  of  F*  are  taken  in  canonical  form.  But  the  first  N  rows  of  F  and 
F*  are  precisely  alike;  hence  IlF  =  0  implies 

(2:5)  F  =  F* 

for  a  canonical  coordinate  system. 

This  demonstrates  that. the  a***  column  of  F  gives  all  branches  through  which 
we  may  regard  the  current  i*  as  flowing  and  that  these  branches  form  the  closed 
circuit  of  Theorem  4,  Part  I.  That  is,  the  circuital  currents  are  measurable 
in  the  chords. 

The  proof  will  now  be  extended  to  any  other  circuit  choice  under  the  group 
•  We  may  now  consider  F  of  (2:2)  as  the  canonical  incidence  matrix  and 
the  i’s  as  the  loop  currents  of  the  corresponding  circuits  C.  Any  other  coordi¬ 
nate  system  C'  may  be  given  by  a  suitable  matrix  a  in  equation  (1:9).  Ac¬ 
cordingly- 

(2:6)  fI’'  =  FtfV. 

and  these  equations  may  be  solved  for  the  F’s.  Specifically, 

(2:7)  fJ:  =  F;^ai  a«  -  1. 

Then  (2:2)  yields  the  equations 

'(2:8)  Ik  -  r'y 

(2:9)  F*  -  31?  i" 

where  F'  is  for  any  coordinate  system  and  the  i'"  are  the  appropriate  circuital 
currents.  This  completes  the  generalization  of  the  circuital  flow  theorem.  The 
e.m.f’s  and  circuit  constants  w’ill  now  be  defined  for  the  general  coordinate 
system. 

When  the  equations  (5),  Part  I,  are  w-ritten  explicitly  they  take  the  form 
e«  =  la«q^  -f-  r^^  -h  s,^^ 
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and  r  has  been  shown  to  be  the  second  incidence  matrix  if  the  coordinates  are 
a  chord  system. 

We  shall  call  equations  (2:6)  a  transformation  of  coordinates.  Then  the 
circuital  currents  have  transformed  under  the  induced  transformation  (2:9), 
that  is,  the  q’s,  q’s  and  q’s  transform  like  the  i’s  in  (2:9).  For  the  new  coordi¬ 
nate  system, 

(2:11)  e,  =  ll^q  ^  -f-  rl^q^^  -h  sl^q^^, 

(2.12)  \ag  l#«fla  Off  I  tag  *  r^O«(Ifl  ,  Sag  *  flatty  , 

(2:13)  el-ole^. 

It  is  necessary  that  the  e’s  transform  by  equation  (2:13)  to  satisfy  the  physical 
requirement  that  the  activity 

(2:14)  A  =  e.i‘ 

be  invariant.  As  a  consequence  of  (2:9)  and  (2:12),  the  kinetic  energy  T, 
potential  energy  V  and  dissipative  function  F  are  all  invariant: 

(2:15)  T  -  }l 

V  - 

F  =  }r.,iV,“. 

A  consequence  of  the  second  e(]uations  of  (2:10),  (2: 13)  and  (2:7)  is  the  equation 
(2:16)  el  =  rl^Ek, 

that  is,  el  is  the  sum  of  all  applied  e.m.f.’s  in  the  circuit  for  any  coordinate 
system,  even  for  a  disjoint  circuit.  If  the  new  coordinate  system  is  a  chord 
system,  the  new  currents  may  be  measured  in  the  chords,  otherwise  it  is  expe¬ 
dient  to  use  (2:9)  as  a  dehnition  of  the  new  currents.  Similarly,  for  a  chord 
system,  the  e.m.f.’s  can  be  taken  to  be  in  the  chords,  as  in  Part  I.  In  a  general 
coordinate  system,  they  may  be  determined  intrinsically  by  (2:16)  or  inferred 
from  the  chord  system  by  (2:13). 

3.  Dependent  equations  on  independent  circuits.  The  general  graph  has  been 
seen  to  admit  a  selection  of  N  independent  topological  undirected  circuits  in 
ft  ways,  fi  given  by  (1:7.1).  By  the  process  of  assigning  sense,  a  coordinate 
system  may  be  associated  with  each  frame.  When  the  electrical  variables  and 
parameters  are  associated  with  a  coordinate  system,  the  equations  (2:10)  have 
signihcance.  The  question  of  the  dependence  of  these  differential  equations 
in  a  proper  N  dimensional  coordinate  system  is  the  subject  of  this  section. 

In  the  most  general  case,  the  differential  equations  (2:10)  determine  (geo¬ 
metrically  speaking)  a  curve  through  any  point  of  this  N  dimensional  space 
and  in  any  direction.  However,  the  system  of  differential  equations  may  be 

‘‘Maxwell,  Electricity  and  Magnetism,  3rd  Ed.,  Vol.  II,  p.  223;  Rayleigh,  Phil.  Mag.,  21, 
(1886),  p.  369.^ 
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dependent  and  the  curve  lie  in  a  space  of  lower  dimension.  If,  for  example, 
a  single  linear  relation  exists  among  the  differential  equations,  the  following 
relations  .will  exist  simultaneously: 

(3:1)  =  0,  k*r^  =  0,  k*8.(j  -  0,  k*e.  =  0. 

Let  us  assume  that  the  network  is  of  such  type  as  to  admit  a  set  of  chord  cir¬ 
cuits  (coordinate  system)  such  that  no  circuit  has  more  than  one  branch  in 
common  with  any  other  circuit.  Then 

(3:2)  2r..  >  2«|r^|,  a  =  1,  2,  ■  •  •  ,  N. 

If,  moreover,  equations  like  (3:2)  restrict  1  and  s  as  well  as  r,  the  network  will 
be  said  to  be  an  R-type  network,^*  That  there  is  indeed  a  limitation  here  may  be 
seen  from  the  following  simple  illustration  of  a  network  composed  of  two  vertices 
and  four  branches  joining  them.  The  two  matrices 
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determine  coordinate  frames  for  this  network.  The  first  satisfies  (3:2)  but 
is  not  a  chord  system.  The  second  is  a  chord  system  but  does  not  satisfy 
(3:2)  when  the  resistance  in  the  fourth  branch  (corresponding  to  the  fourth 
cohunn)  is  larger  than  the  resistance  of  any  other  branch. 

For  an  R-type  matrix  we  have  the  theorem: 

(3:3)  If  the  differential  equations  of  an  R-type  coordinate  system  are  linearly 
dependent,  then  (he  linear  relations  have  coefficients  1,  —1  and  0  in  the  defined 
coordinate  system  and  there  are  as  many  independent  simple  circuits  voith  aU  self 
and  mutual  1,  r  and  s  which  are  zero  as  there  are  independent  solutions  of  the  first 
three  sets  of  (3:1). 

This  theorem  says  that  if  the  number  of  independent  equations,  differential 
and  finite,  and  including  the  V  —  1  independent  Kirchhoff  equations  of  constraint, 
is  B  —  T,  then  there  are  r  topologically  independent  circuits  devoid  of  all  1,  r 
and  s,  self  or  mutual.  In  clarification,  attention  may  be  restricted  to  circuits 
containing  resistance  only.  From  the  hypotheses  of  (3:3),  we  have  in  this  case 

(3:4)  2r««  >  I  r«^  I ,  r«flX^  =  0. 

If  I  x"  I  is  a  maximum  among  the  absolute  values  of  the  x’s,  then 
(3:6)  2r«a  I  x“  1  >  I  r«^x^  | ,  o  not  summed,  summed. 

That  is,  if  the  term  raax“  dominates  the  sum  r«flX^,  then  ro^x^  ^  0,  contradicting 
the  hypothesis.  Hence  there  cannot  be  a  maximum  |  x"  | .  With  a  suitable 
notation,  the  alternatives  are 

(3:6.1)  |x‘|  =  |x*| - |x‘|>|x'|,  .-  =  *  +  1,  *  +  2,  ...,  N, 

x  -  2,  3,  • .  •  ,  N  -  1, 

(3:6.2)  Ix'l-lx*! - |x'|.  a  =  2,3,---,N. 

“Burington,  “R-Matricea  and  Equivalent  Networks,”  Journ.  Math,  and  Physics,  16 
(1937),  p.  86. 
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It  is  assumed  in  the  equations  of  (3:4)  that  not  all  x’s  vanish.  The  alternative 
(3:6.2)  leads  to  the  solution  in  whieh  every  |  |  =  1.  In  considering  the 

alternative  (3:6.1),  let  the  index  a  be  assumed  among  the  indices  1,  2,  •  •  •  ,  «. 
Then  (3:5)  will  hold  and  lead  to  an  inconsistency  unless  ro^  =  0,  /3  =  x  +  1, 

K  +  2,  •  •  •  ,  N.  The  matrix  r  is  now  reduced  to  two  square  matrices  r',  r"  of 
orders  k  and  N  —  x,  respectively,  and  the  form  to 

(3:7)  rii^“x^  =  rl^'*x'^  + 

The  matrices  t'  and  x"  are  also  semi-positive  definite  and  solutions  of  (3:4)  c^n 
only  be  found  by  finding  solutions  of  the  independent  sets  x'afii'^  —  0,  rl^x"^  =  0. 
The  arbitrary  factors  associated  with  the  respective  solutions  of  these  sets  of 
homogeneous  equations  are  independent.  Treating  these  sets  individually  in 
a  like  manner,  new  sets  of  semi-definite  forms  are  obtained  and  the  solution 
of  (3:4)  resolves  to  the  solution  of  the  independent  sets 

(3:8)  riVx'^"  =  0,  k  =  1,  2,  •  •  •  ,  K,  a,  /S  =  1,  2,  •  •  •  ,  SN‘“  =  N. 

That  is,  the  matrix  consists  of  K  blocks  along  the  diagonal.  For  a  non-singular 
block  (regarded  as  a  matrix  of  order  N^^)  all  of  the  associated  members 
of  a  solution  will  be  equal  to  zero.  A  singular  block  will  be  or  rank  —  1 
with  all  members  of  the  solution  having  the  same  absolute  value.  It  appears, 
then,  that  the  number  of  fundamental  solutions  equals  the  number  of  singular 
blocks  and  that  each  of  these  fundamental  solutions  may  be  selected  as  the 
solution  of  a  block  with  all  x’s  which  are  not  zero  conveniently  taken  with 
absolute  values  equal  to  1  and  all  other  x’s  not  associated  with  this  block  taken 
equal  to  zero. 

Consider  any  singular  block  of  r.  An  inequality  like  (3:4)  will  hold  and  it 
follows  that 

(3:9)  2r„|x'|  >  Ir.jllx'l,  |x*|  =  l. 

ft  summed  over  the  columns  of  the  block,  and  2r«.  |  x"  |  >  |  r^x^  | ,  or  r^^ 
has  the  same  sign  as  x”.  For  this  to  be  consistent  with  (3:8),  the  equality  sign  ^ 
must  be  selected  here  and  in  (3:9).  The  inequalities  (3:9)  then  take  the  form 

(3:10)  r„|x-|  =  |r.^||x^|,  ^  a, 

and  writing  (3:8)  in  the  form  —  ra«x"  =  r,^,  where  ^  a,  it  appears  by  com¬ 
parison  that  every  term  on  the  right  of  the  last  equation  must  have  the  same 
sign  as  the  left  member  and  that  if  >  0  then  x"  and  x^  must  differ  in  sign. 
If  r«^  <  0,  they  have  the  same  sign. 

We  now  have  a  solution  of  the  equations  (3:4)  in  which  the  x’s  which  are 
associated  with  this  singular  block  have  values  1  and  —1  and  the  remaining 
x’s  each  have  the  value  zero.  The  blocks  can  be  used  in  the  construction  of  a 
transformation  matrix.  For  convenience,  this  singular  block  will  be  considered 
to  be  in  the  first  position  of  the  matrix  r.  The  solution  x  will  be  used  to  deter¬ 
mine  the  first  column  of  a  non-singular  transformation  matrix  a  for  the  matrix 
r  of  (2:12)  and  the  remaining  columns  will  consist  of  I’s  cm  the  diagonal  and 
zeros  elsewhere.  The  transformation  coefficients  for  the  circuits  (2:6)  and  the 
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circuit  constants  (2:12)  are  the  same,  both  transforming  cogrediently.  On  the 
assumption  that  the  circuit  basis  is  a  chord  system  and  that  ra$  ^  0,  circuits 
Ca  and  .Cfl  are  opposed  or  in  agreement  in  sense  in  their  common  connected 
chain  (Theorem  1 :8)  according  as  ro^  <  0  or  ra,^  >  0,  but  x“  and  x^,  and  hence 
Oi  and  cti ,  have  like  or  unlike  signs  in  the  corresponding  cases.  The  second 
equation  of  (3:4)  now  becomes  Vaifili  =  0  an  equation  which,  from  (2:12),  implies 
that  ri«  =  0,  a  =  1,  2j  •  •  •  ,  N.  This  corresponds  to  a  transformation  Cl  = 
dfCa  ,  belonging  to  the  set  (1:9):  for  every  branch  that  appears  in  this  sum,  as 
in  (1:10),  appears  either  once  or  twice  (from  the  definition  of  an  R-type  net¬ 
work)  and  if  appearing  twice  will  appear  with  opposite  signs  and  cahcel.  The 
effect  is  the  same  as  if  the  addition  were  modulo  2.  Let  V  be  a  vertex  terminat¬ 
ing  a  branch  B  that  is  common  to  circuits  Ci  and  Ct .  Let  Bi  of  Ci  and  Bj  of 
Cj  be  two  other  branches  incident  at  V.  If  the  direction  of  OiCi  is  such  that  V 
is  a  sink  vertex  for  Bi ,  then  oJCt  will  be  directed  so  that  V  is  a  source  vertex 
for  Bj  and  both  branches  will  be  components  of  the  circuit  ttiCi  -f-  oJCi  with 
directions  in  agreement  with  the  sense  of  the  circuit. 

For  an  R-type  network,  the  two-parameter  matrix  m  =  1  -j-  \r  -f  may  be 
carried  through  the  proof  in  place  of  r.  Equations  such  as  (3:4)  will  give  three 
sets  of  ine<]ualities  and  the  x’s  will  be  simultaneous  solutions  of  three  sets  of 
equations.  The  final  step  will  lead  to  the  exhibition  of  a  circuit  Ci  such  that 
ml^  =  0,  that  is,  such  that  li^  =  rij  =  si^  =  0.  I^et  p  be  the  rank  of  m.  There 
are  then  r  =  N  —  p  singular  blocks  of  m  and  as  many  independent  circuits  with 
vanishing  circuital  electrical  constants.  Some  of  these  circuits  may  be  disjoint. 
Let  the  number  of  independent  simple  circuits  forming  a  set  equivalent  to  this 
set  of  T  circuits  be  a.  Adjoin  to  these  N  —  <r  other  circuits  to  form  a  basis.  But 
the  rank  of  m  is  invariant  under  a  change  of  basis  so  that  p  «  N  —  <r  and  there¬ 
fore  a  =  T.  This  concludes  the  proof  of  theorem  (3:3). 

A  distinction  will  be  made  between  an  R-type  and  a  resistance  type  network. 
The  latter  will  be  defined  to  be  a  network  in  which  all  mutual  elements  of  any 
two  circuits  reside  in  branches  common  to  these  circuits.  A  dependence  theorem 
'  for  this  type  will  now  be  established.  The  resistance  matrix  (Part  I,  eqn.  6) 
is  described  in  terms  of  the  directed  or  signed  matrix  F  by  the  equations 

(3:11)  r.p=R.inri. 

A  coordinate  frame  is  the  neutral  circuit  basis  of  a  coordinate  system.  In  a 
coordinate  frame,  these  equations  take  the  form 

(3:12)  P.P  =  R.tf.rp. 

As  a  consequence  of  the  diagonal  character  of  the  matrix  R  and  since  all 
branch  elements  are  distinct  indeterminates,  these  equations  give 

(3:13)  r  *  P'  modulo  2 

an  equation  taken  to  mean  that  all  diagonal  elements  of  r  and  P  are  exactly  alike 
in  the  self-resistances  and  that  the  off-diagonal  terms  of  P  are  obtained  from  r 
by  replacing  each  minus  sign  associated  with  a  branch  element  by  a  plus  sign. 
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Under  a  transformation  of  coordinate  frames  (1 :6),  the  matrix  f  is  transformed 
analogously  to  (2:12)  by  the  equations 

(3:14)  = 

If  f  is  singular  modulo  2,  there  exists  a  set  fit  equal  to  0  or  1  such  that  =  0, 
modulo  2.  To  this  set  may  be  adjoined  others  to  construct  a  non-singular  trans¬ 
formation  matrix  &. 

In  the  new  coordinate  frame,  fi^  =>  0  modulo  2  and  in  the  associate  coordinate 
system  r^  =  0,  jS  =  1,  2,  •  •  •  ,  N,  that  is 

(3:15)  The  necessary  and  sufficient  condition  that  a  resistance-type  network 
have  a  circuit  containing  only  zero  circuit  constants  is  that  the  matrix  A  =  I  -1-  XP  4- 
MS,  X,  p  arbitrary,  be  singular  modulo  2. 

It  is  now  possible  to  state  a  theorem  for  resistance-type  circuits  that  is  sim¬ 
ilar  to  theorem  (3:3): 

(3:16)  The  rank  of  a  system  of  differential  equations  of  a  network  is  equal  to 
the  total  number  of  independent  circuits  diminished  by  the  number  of  iruiependent 
circuits  in  which  all  circuital  electrical  constants  vanish. 

This  rank  can  be  calculated  by  counting  any  branch  containing  vanishing 
electrical  constants  as  a  vertex  in  the  construction  of  the  incidence  matrix  11. 
But  it  would  appear  that  no  branch  containing  an  e.m.f.  can  be  treated  in  this 
manner. 
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COEFFICIENTS  FOR  INTERPOLATION  WITHIN  A  SQUARE  GRID 
IN  THE  COMPLEX  PLANE 

Bt  Abnold  N.  Lowan  and  Herbebt  E.  Saueb* 

If  it  is  known  that  to  the  desired  degree  of  acc\iracy  the  Taylor  expansion 
of  an  analytic  function  f(z)  in  the  neighborhood  of  a  point  so  may  be  truncated 
after  n  +  1  terms,  this  means  that  in  the  neighborhood  of  zo  the  function  may  be 
approximated  by  an  n-d^ree  polynomial  in  Az  «  s  —  Zo  and  therefore  by  an 
n-d^;ree  polynomial  in  z.  An  approximating  polynomial  may  also  be  obtained 
from  the  general  Lagrange-Hermite  interpolation  formula: 

/(*)  “  L 

^»(*)  =  ri  (*  -  *<)  and 

z  —  z, 

D  _  ~  ^m+0  '  ■  *  (^  “  *»+•*)  /*  _ 

""  ^  2W  Jc  (<  -  O  •••  a  -  e^n)(t  -  s) 

where  the  points  z,  are  chosen  in  the  region  of  validity  of  the  tnmcated  Taylor 
expansion  and  the  contour  C  surrounds  the  points  z,  and  z. 

Making  use  of  the  integral  representation  of  the  (n  +  l)th  divided  difference 
and  of  a  theorem  due  to  Paul  Montel*,  the  remainder  may  be  written  in  the 
form 

(z  -  Zm)(z  -  z«+i)  •••  (z  -  z»+,)/‘"'^”(a)/(n  +  1)1 

where (a)  is  a  point  within  the  domain  of  convexity  corresponding  to  the 
domain  covered  by /^"‘‘’‘^(z)  when  z  covers  a  convex  region  containing  the  points 
z,  and  z.  In  practice  it  usually  suffices  to  take  for  any  z, ,  in  place  of 

/"■"“(a). 

In  the  case  where  the  z,’s  and  z  are  real  and  the  z,’s  are  equidistant,  the  ex¬ 
pressions  P,{z)/P,(z,)  reduce  to  the  well-known  interpolation  polynomials 
where  p  =  (x  —  Xo)/h  and  h  is  the  tabular  interval  of  the  function.*  More  gener¬ 
ally  when  the  z,  are  equidistant  points  along  any  straight  line  in  the  z-plane  the 
expressions  P,(z)/P,(z,)  reduce  to  polynomials  identical  with  the  Ai"’(p)  except 
that  p  denotes  the  ratio  (z  —  Zt)/H  where  //  is  the  complex  tabular  interval. 

When  /(z)  is  known  over  a  square  grid  in  the  z-plane  (for  equidistant  values 
of  X  and  y)  and  when  it  may  be  approximated  by  a  quadratic  or  cubic  polynomial, 
it  is  convenient  to  choose  the  points  z,  at  the  corners  of  a  square  whose  sides  are 
parallel  to  the  real  and  imaginary  axes  and  of  length  h.  The  complex  arguments 

>  Mathematical  Tables  Project,  National  Bureau  of  Standards,  New  York  City. 

*“Sur  quelques  propri^t^s  des  differences  divisecs.”  Journal  de  Mathematique  Pures 
et  Appliqu6es,  9  Serie,  16,  1937,  pp.  219-231. 

*  These  polynomials  have  been  extensively  tabulated  in  the  "Table  of  Liagrangian  In¬ 
terpolation  Coefficients,"  Columbia  Press,  1944. 
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associated  with  these  corners  will  be  denoted  by  2_i ,  zo ,  zi  and  Zs  where  z-i 
corresponds  to  the  upper  left  comer  and  the  other  arguments  are  associated  with 
the  remaining  three  comers  taken  in  counter-clockwise  order.  If  z  =  zo  +  ^ 
is  some  point  within  or  upon  the  side  of  the  square,  At  =  Ph  —  {p  +  iq)h  where 
0  <  p  <  1  and  0  <  g  <  1.  When  /(z)  may  be  approximated  by  a  quadratic 
polynomial  in  z,  we  shall  assume  that  /(z)  is  given  for  the  points  z_i ,  Zo  and  Zj ; 
when  /(z)  may  be  approximated  by  a  cubic  polynomial  we  shall  assume  that 
fit)  is  given  at  the  arguments  z_i ,  zb ,  Zi  and  zt .  The  approximating  polynomials 
are 

for  the  quadratic  case  and 

LlV(P)/<«-.)  +  +  l^\P)i(i,) 

for  the  cubic  case,  where 

LiV(P)  » I 

•  I  ^  /I  .-v  t  n  I  '\  •  ^ 


+ 


LiV(P) 


(1-0 

2 


(-3  +  0 


P*  +  P 


j:4»(P)  «  -ip* 


Z4*>(P)  -  p*  _  2tP*  -  p  +  1 

2  2 


+  (  i-\-i)p  +  i  ^  Li+^p*  +  _ iP 

/a  I  ‘X  2  2 


L{*>(P) 


(1  +  0 

2  ^ 

4.<LzLfip 


Li«(P)  «  1.  — ^  p*  -I-  ,p*  +  (i— P 

2  2 


With  P  *■  p  +  tg,  we  obtain  for  the  real  and  imaginary  parts  of  L<"^(P) 
in  terms  of  p  and  g,  the  following  expressions: 


QUADRATIC 


PLiV  *  i(-P*  -  2pg  +  g*  +  p  +  g),  /LiV  =  i(p*  -  g*  -  2pg  -  p  +  g) 

-  2pg  -  p  -  g  +  1  7X4"  »  -p*  +  g*  +  p  -  g 

RT/i*’  *  i(p*  -  g*  -  2pg  +  p  +  g)  7L{*’  =  J(p*  -  g’  +  2pg  -  p  +  g) 


PLiV  =  i(p*  -  g’  +  3p’g  -  3pg*  -  3p’  +  3g*  -  2pg  +  2p) 

7LiV  -  i(-P*  -  9*  +  3p*g  +  3pg*  +  p*  -  g*  -  6pg  +  2g) 

PLi*’  -  i(p*  +  g*  -  3p*g  -  3pg*  +  8pg  -  3p  -  3g  +  2) 

774”  -  §(P*  -  g*  +  3p*g  -  3pg*  -  4p’  +  4g*  +  3p  -  3g) 
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-  i(-p*  +  9*  -  3p*g  +  3pg*  +  3p*  -  -  2pq  +  2g) 

/Li*’  =  J(p*  +  9*  —  3p*g  —  3p9*  4*  p*  —  9*  +  6p9  —  2p) 
ftLi”  *  i(-p*  -  9*  +  3p*9  +  3p?*  -  4pg  +  P  +  9) 

/Li*’  =  i(-P*  +  9*  -  3p*9  +  3p9*  +  2p*  -  2?*  -  p  +  g) 

The  coefficients  of  the  interpolation  polynomials  satisfy  the  following  relations: 

QUADRATIC 

-  P)  +  i9)  »  -/LiV(p  +  iq),.  /l4*’((l  -  p)  +  iq)  «  /Lj«(p  +  tg), 

/Li*’(p  +  t(l  -  g))  =•  /Li*’(p  +  ig),  /fLi*’((l  -  p)  +  ig)  »  i  -  «Li*’(p  +  tg), 
/?Li*>(p  +  »(1  -  g))  -  J  -  «Li*’(p  +  iq),  RU'Hp  +  i(l  -  g))  -  /L{”(p  +  *9) 

CUBIC 

«Li*,’((l  -  p)  +  *9)  *  +  i9)  “  +  t'(l  -  9)) 

/Li*i’((l  -  p)  +  ig)  =  -/Li*’(p  +  ig)  =  /L{*’(p  +  i(l  -  g)) 

7?Li*,’(p  +  i(l  -  g))  -  ftLi*’(p  +  ig)  =  /iL{*’((l  -  p)  +  ig) 

/Li*,’(p  +  i(l  -  g))  =  -/Li‘’(p  +  ig)  =  /L{*’((1  -  p)  +  ig) 

The  accompanying. table  gives  the  exact  values  of  the  real  and  imaginary 
parts  of  the  3-point  and  4-point  coefficients  for  both  p  and  g  ranging  from  0  to  1 
at  intervals  of  0.1.  * 

As  a  consequence  of  the  relations  between  the  cubic  coefficients  it  would  be 
possible  to  read  the  values  of  Lo ,  Li  and  L|  from  a  table  of  L..i .  However  for 
the  sake  of  maximum  facility  in  use,  all  the  coefficients  are  tabulated  here. 

The  present  table  is  particularly  useful  when  interpolation  is  to  be  carried  out 
either  for  an  isolated  argument  or  for  a  large  number  of  arguments  which  are 
irregularly  scattered.  Thus  for  4-point  interpolation  for  a  single  argument,  the 
process  of  interpolation  based  on  the  present  table  requires  a  total  of  4  complex 
multiplications  (equivalent  to  16  ordinary  multiplications)  and  2  additions 
whereas  the  method  of  interpolation  in  the  real  and  imaginary  parts  each  con¬ 
sidered  as  a  function  of  x  and  y,  using  real  4-point  Lagrangian  interpolation 
coefficients  requires  40  multiplications  and  10  additions.  The  table  is  however 
not  an  efficient  tool  for  carrying  out  an  extensive  and  systematic  prooess  of 
subtabulation.  For  such  task  the  latter  method  involving  the  use  of  real  inter¬ 
polation  coefficients  is  almost  twice  as  efficient  from  the  standpoint  of  the  total 
number  of  multiplications  and  additions. 

It  is  of  interest  to  note  (and  it  can  be  readily  shown  with  the  aid  of  the  expres¬ 
sions  of  Lj"’(P)  that  the  value  of  a  complex  function  at  the  center  of  a  square 
in  the  x,  y  grid  (i.e.  P  =  0.5  i-  0.5t)  obtained  by  the  cubic  interpolation  is 
simply  the  average  of  the  values  at  the  comers  of  the  square. 
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NUMERICAL  ILLUSTRATIONS 

A,  Quadratic  Interpolation 

Example  1 :  From  a  5-place  table  of  tanh  z  at  intervals  of  0.05  in  x  and  y*, 
it  is  desired  to  obtain  the  value  of  tanh  (0.885  +  0.265t).  An  estimate  of  the 
error  in  the  quadratic  interpolation  formula  based  on  Taylor’s  theorem  is 
(Ax)*  tanh^*’  x/S!.  Evaluating  this  expression  at  any  of  the  tabular  arguments 
close  to  0.885  -f  0.265t  with  the  aid  of  tanh^*’  x  —  8(tanh  x)*  —  6(tanh  x)*  —  2 
and  using  |  Ax  |  0.04  we  get  approximately  one  unit  in  the  fifth  decimal  place. 

In  this  case  x_i  «  0.85  +  0.30i;  Xo  “  0.85  +  0.25t;  xi  *  0.90  -|-  0.25t;/(x_i)  = 
0.72411  -I-  0.154541 ; /(xo)  =  0.71390  +  0.12937»; /(xi)  =  0.73830  -|-  0.12031t. 
For  P  «  0.7  -h  0.3t,  the  accompanying  table  gives  L_i  =  0.090  —  0.210t; 
Lo  =  0.420  -f-  0»;  Li  *  0.490  -1-  0.210t.  We  ultimately  find  for  the  expression 
L_i/(x_i)  -}-  L(J{zo)  +  Ltfizi)  the  value  0.73396  +  0.13018t  which  agrees  exactly 
with  the  value  obtained  by  direct  calculation  of  the  function  from  its  expression 
in  terms  of  circular  and  hyperbolic  functions. 

B.  Cubic  Interpolation 

Example  S:  From  an  8-place  table  of  Log«  x  at  intervals  of  0.1  in  x  and  y* 
it  is  desired  to  find  Log,  (3.85  +  6.18t).  An  'estimate  of  the  error  in  the  cubic 
interpolation  formula  based  on  Taylor’s  theorem  is  (Ax)*  Logi*’  x/4l.  Evaluat¬ 
ing  this  expression  at  any  of  the  tabular  arguments  close  to  (3.85  -f-  6.18i) 
and  using  |  Ax  |  '^  0.09  we  obtain  approximately  one  unit  in  the  eighth  decimal 
place.  In  this  case  x_i  =  3.8  +  6.2i;  Xo  =  3.8  +  6.1t;  xi  =  3.9  +  6.1t;  and 
X,  =  3.9  +  6.2t.  Also  /(x_,)  =  1.98401260  -|-  1.02094314t;/(xo)  =  1.97224510  + 
1.01367 194t;/(xi)  =»  1.97964410  +  1.00194847*; /(x,)  =  1.99124074  -|-  1.0093- 
0266*.  For  P  =*  0.5  -f  0.8*  the  accompanying  table  gives  L_i  =  0.3115  — 
0.1335*;  Lo  »  0.1885  -  0.0435*’;  h  «  0.1885  +  0.0435*;  L,  =  0.3115  -|-  0.1335*’. 
We  ultimately  find  for  the  expression  L_i/(x_i)  -|-  LxJizo)  +  Lifizi)  +  Inf(Zi) 
the  value  1.98528650  4-  1.01365283*’;  which  agrees  exactly  with  the  value  ob¬ 
tained  by  direct  calculation. 

Example  S:  I^et  it  be  desired  to  calculate  Log,  (3.85  4-  6.15*’);  in  this  case 
P  =  0.5  4-  0.5*.  Accordingly,  by  the  “one-quarter”  rule  above  mentioned,  the 
real  and  imaginary  parts  of  Log,  (3.85  4-  6.15*’)  are  the  arithmetical  averages 
of  the  real  and  imaginary  parts  of  Log,  (x)  for  the  four  tabular  arguments  3.8  4- 
6.1*’;  3.9  4-  6.1*’;  3.8  4-  6.2*  and  3.9  4-  6.2*.  In  this  way  we  obtain  the  value 
1.98178563  4-  1.01146655*  which  agrees  exactly  with  the  value  found  by  direct 
calculation. 


*  Such  a  table  docs  not  actually  exist.  The  hyperbolic  tangents  tabulated  by  A.  E. 
Kennedy  in  “Tables  of  Complex  Hyperbolic  and  Circular  Functions”  are  not  those  of  the 

argument  z  —  x  +  iy  but  of  the  argument  x  + 

A 

*  Such  a  table  does  not  actually  exist. 
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TABLE  OF  COEFFICIENTS 
A.  Quadratic  (3>Point  Interpolation) 

/(ro  +  Ph)  -  Li»>(P)/(r-i)  +  +  L?>(P)/(*») 

where  P  —  p  +  ig 
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SURFACES  OF  MAXIMUM  SHEARING  STRESS 
By  T.  Y.  Thomas 


At  each  point  of  an  elastic  medium  in  a  state  of  equilibrium  under  the  action 
of  applied  forces  there  are  at  least  two  local  plane  elements  of  surface  having 
maximum  shearing  stress.  In  the  general  case  with  which  we  shall  primarily 
be  concerned  there  are  exactly  two  such  surface  elements  at  each  point  and  they 
are  perpendicular.  These  surface  elements  can  be  considered  to  form  two 
families  of  elements,  each  family  containing  a  single  element  at  any  point  of 
the  medium  and  such  that  the  unit  normals  to  the  elements  of  the  family  con¬ 
stitute  a  continuous  vector  field.  We  shall  derive  the  conditions  for  the  ele¬ 
ments  of  such  a  family  to  generate  a  system  of  surfaces  covering  the  medium, 
i.e.  for  the  existence  of  surfaces  such  that  the  plane  element  of  the  family  at  any 
point  is  tangent  to  the  surface  passing  through  that  point. 

We  assume  the  symmetric  components  <ra0  of  the  stress  tensor  to  be  continuous 
and  to  have  continuous  first  partial  derivatives  when  referred  to  a  system  of 
rectangular  coordinates  x“(a  =  1,  2,  3).  The  principal  directions  of  stress  at 
any  point  are  given  by  the  vector  solutions  y  of  the  equations 

(1)  (ffaff  -  T6ciff)t^  =  0, 

with  T  chosen  to  make  the  determinant  |  Caf  —  |  =  0.  This  equation  has 

three  real  roots  n,  t*  ,  t*  and  we  shall  treat  the  case  where  these  roots  are  dis¬ 
tinct  (general  case).  We  adopt  the  ordering  n  >  tj  >  ti  .  The  three  unit 
vectors  vi ,  vt ,  vg  which  give  the  principal  directions  corresponding  to  these 
three  values  of  r  are  mutually  perpendicular  and  are  uniquely  determined  to 
within  algebraic  sign.  Choosing  the  signs  of  the  vectors  i*! ,  at  an  arbi¬ 

trary  point  in  any  way  the  signs  of  these  vectors  will  be  determined  uniquely  at 
any  other  point  by  the  requirement  that  each  vector  v,  forms  a  continuous  field. 
Finally  we  mention  that  if  we  select  a  rectangular  coordinate  system  y  with 
origin  at  any  point  and  such  that  the  y\  y',  y*  axes  lie  along  the  vectors 
at  the  point,  then  relative  to  this  system  the  values  of  the  components  of  the 
stress  tensor  at  the  origin  will  be  given  by  .  These  facts  are  well  known. 

It  is  essential  for  our  problem  that  we  derive  a  formula  for  the  partial  deriva¬ 
tives  of  the  comfKjnents  y^ .  However,  in  order  that  our  formula  may  be 
of  a  generality  sufficient  for  possible  use  in  other  connections  let  us  replace  the 
above  equations  (1)  by  the  more  general  equations 

(2)  (ffafi  -  =  0 

and  allow  the  indices  to  have  the  range  1  ,  •  •  •  ,  n.  Both  the  <r’s  and  the  j/’s  will 
be  assumed  to  be  continuous  and  to  have  continuous  first  partial  derivatives  over 
the  space  under  consideration.  This  may  be  taken  to  be  the  Riemann  space 
having  as  its  metric  tensor.  The  requirement  that  the  are  the  coefficients 
of  a  positive  definite  quadratic  differential  form  at  each  point  insures  the  reality 
of  the  n  roots  t  of  the  determinant  equation  |  —  tS^  |  =  0  and  we  assume 
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these  roots  to  be  distinct  and  to  have  the  ordering  ti  >  •  •  •  >  r,  .  The  other 
facts  stated  with  reference  to  the  equations  (1)  extend  to  the  case  under  con¬ 
sideration  and  need  not  be  repeated. 

Since  the  r,  are  unit  vectors  and  mutually  perpendicular,  we  have 

(3)  ^  bit. 

The  scalars  n  are  continuous  and  have  continuous  partial  derivatives  n,^  since 
the  Ti  are  simple  roots  of  an  algebraic  equation  whose  coefficients  are  continuous 
and  have  continuous  first  partial  derivatives.  Let  us  now  assume  the  existence 
of  the  covariant  derivatives  of  the  vectors  Vi  where  the  covariant'  differentiation 
is  based  on  the  metric  g.  Then  from  (2)  and  (3)  we  obtain 

(4)  -  Tig^)/i^  =  (ri^^  -  <r^^)i/i, 

(5)  QifAv’*  +  =  0* 

Since  ]  —  r^g^  |  *  0  equations  (4)  do  not  suffice  for  the  determination  of  the 

quantities  .  But  there  will  be  at  most  one  determination  of  these  quantities 
at  any  point  P  when  equations  (5)  are  adjoined  to  (4).  To  show  this,  select  the 
special  coordinate  system  with  origin  at  P  with  respect  to  which  Oaf  ™ 
and  r*  »  at  P.  From  these  latter  conditions  and  (3)  we  also  have  g^fi  — 
at  the  origin  of  this  system.  Then  limiting  our  attention  to  those  equations 
(5)  for  which  i  *  j  we  have* 

~  ugmfi)l^i.^  —*  —  Ti5t^)l/i,^  , 

f 

at  the  origin  of  this  system.  Now  consider  the  matrix  of  the  coefficients  of  the 
quantities  in  the  above  transformed  expressions.  This  matrix  is 


(n  —  Ti) 

0 

0 

•  '  0 

0 

iu  —  Ti) 

0 

0 

0 

0 

(ti  -  Ti)' 

0 

0 

0 

0 

•(t»  -  Ti) 

A 

«* 

• 

For  any  value  of  %  the  matrix  has  rank  n.  For  example,  if  t  =  1  the  first  row 
consists  entirely  of  zeros  and  the  determinant  of  the  remaining  rows  is  the  product 
±(ti  —  Ti)  • '  •  (t»  —  Ti)  ^  0.  A  similar  conclusion  holds  when  t  ■=  2,  •  •  •  n. 
Hence  the  transformed  equations  (4)  and  (5)  have  at  most  one  solution 
and  since  these  equations  are  invariant  under  coordinate  transformations  it 

*  The  summation  sign  will  be  employed  whenever  there  is  a  summation  on  indices  not 
in  strict  accordance  with  the  convention  on  the  basis  of  which  a  summation  is  to  be  under¬ 
stood  when  the  same  letter  occurs  once  as  a  subscript  and  once  as  a  superscript. 
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follows  that  (4)  and  (5)  in  the  original  coordinate  system  can  have  at  most  one 
solution  at  any  point.  From  this  fact  we  infer  the  existence  of  the  covariant 
derivatives  of  the  vectors  and  hence  the  validity  of  equations  (4)  and  (5)  in 
which  the  are  the  components  of  these  covariant  derivatives.  Since  the 
ff’s  and  q’h  are  assumed  to  be  continuous  with  continuous  first  partial  derivatives 
we  deduce  the  continuity  of  the  components  from  the  above  determination 
of  these  quantities  as  algebraic  solutions  of  (4)  and  (5)  and  this  implies  the 
existence  and  continuity  of  the  first  partial  derivatives  of  the  vectors  Vi . 

There  remains  the  problem  of  deriving  an  explicit  formula  for  the  components 
.  For  this  purpose  let  us  put 

(6)  *  21  AfiLki^ 

h 

and  substitute  into  (5).  This  gives 

“b  ^  gmffAAflk»  *  0,  or  ay<^  +  —  0 

k  k 

when  use  is  made  of  (3).  Hence  the  must  be  skew  symmetric  in  the  first  two 
indices.  Now  substituting  the  above  expression  for  the  into  (4),  we  obtain 

23  —  ugmff)yUki^  - 

k 

-  S  TkgmfiAfiki^  —  23  ug^fiAoki^ 

'  k  k 

“  S  (t*  —  u)g^  Aflkifi . 

k 

Multiplying  through  by  vZ  and  summing  on  the  index  a  gives 
(t«  —  Ti)ami„  -  —  Omfi^yZA  - 

Hence, 

3. _ <rmfi^ykA 

dkiit  -  » 

Tk  —  U 

Substitution  of  these  values  of  ani^  into  (6)  now  gives 

(7) 

klpti)  Ti  —  T* 

where,  for  any  value  of  t,  the  summation  on  k  is  over  all  values  of  k  from  1,  •  •  •  ,  n 
with  the  exception  of  the  value  k  «  i. 

Formula  (7)  is  the  formula  for  the  components  Ai,,  which  we  set  out  to  find. 
To  show  that  this  is  a  correct  formula  and  that  in  fact  we  have  not  been  misled 
by  assuming  the  special  form  of  the  components  A^  given  by  (6),  we  have 
merely  to  substitute  the  expressicm  (7)  for  the  A^  into  (4)  and  (5).  Substitu¬ 
tion  into  the  left  member  of  (4)  gives 


(k  9^  *), 
(*  »  0. 
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(8) 


Z)  -  uom/i) 


*(»«) 


E  [ 

KMO  L 


Ti,g^<ryt.^ViykA  —  rtg^ayt^v^pi/k 


IHl*i)  L  Ti  —  Tk  j 

“  E  gt0<ry$.fpjnti 

t 

where  in  obtaining  the  last  expression  we  have  made  use  of  the  following  formula 
which  is  easily  derivable  from  (3),  namely 

E  O**  »S»’*  “  • 


We  have  now  to  show  that  the  last  expression  in  (8)  is  equal  to  the  right  member 
of  (4).  But  multiplying  (2),  with  reference  to  thei*^  solution,  by  r*  and  summing 
on  the  index  a  we  obtain  r<  »  <r^Pi  /{ .  Differentiating  this  relation  covariantly, 

A  +  . 

Now  p>ass  to  the  special  coordinate  system  for  which  at  the  origin  we  have 
Om»  =■  ,  v"  s  j?  and  g^t  ^  iafi  •  Making  this  transformation, 

(9)  VagPi  - * 

(10) 


^-0. 


where  in  the  last  equation  in  (10)  there  is  no  summation  on  the  index  t.  That 
the  expression  occurring  in  (10)  is  equal  to  lero  is  of  course  a  consequence  of 
(5)  with  i  *=  j.  It  follows  from  (10)  that  the  expression  in  (9)  vanishes  and  hence 
Ti,„  *  .  When  this  substitution  for  T,-,„is  made  in  the  last  expression 

in  (8),  this  reduces  to  the  right  member  of  (4).  Hence  (4)  is  satisfied  by  the 
!«?.„  given  by  (7). 

To  show  that  (7)  also  satisfies  (5)  substitute  into  the  left  member  of  (5)  to 
obtain  '  . 


^  gm0<ryt^ViPl^k 
H/ii)  Ti  —  Tk 


+  E 


.0*1  VkA 


T/  -  T* 

.r 


_  ^  9yt.0  *i  Vkfik)  *1  *k^lH 

klfti)  Ti  —  Tk  kl^n  Y/  —  Tk 

But  this  last  expression  is  immediately  seen  to  vanish  if  i 
example  if  t  **  1,  i  =  2,  it  becomes 


j.  If  t  j,  for 


J  I 

<ry».0PlPi 


Tt  —  Tt 


+ 


7  t 

<r7*.0*i*i 


Tk  —  Tt 


0. 
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Hence  (5)  is  also  satisfied  by  the  substitution  (7).  Then  since  the  quantities 
^  which  satisfy  (4)  and  (5)  have  been  shown  to  have  a  unique  determination, 
it  follows  thaf  (7)  is  the  correct  formula*  for  the  components  . 

We  now  return  to  our  original  problem  for  which  are  the  components  of 
the  stress  tensor  referred  to  rectangular  coordinates  x"  (a  1,  2,  3)  relative  to 
which  they  are  continuous  with  continuous  first  partial  derivatives.  Let  vt 
(t  «=  1,  2,  3)  be  the  components  of  a  vector  referred  to  the  orthogonal  triad 
,  K|  at  any  point  P  (i.e.  the  rectangular  coordinate  system  y  with  origin  at 
P  and  with  axes  i/‘,  y*,  y*  which  lie  along  the  vectors  vi ,  vt ,  viBl  P).  We  assume 
the  Vo’s  to  be  constants,  i.e.  the  vl  liave  the  same  values  relative  to  every  vector 
triad.  With  respect  to  the  fixed  rectangular  system  x  the  components  of  this 
vector  will  not  in  general  have  constant  values  over  the  medium  and  will  in  fact 
be  given  by  v“  —  rjr*  .  Hence  the  v“  are  continuous  and  have  continuous  first 
partial  derivatives  since  these  properties  are  enjoyed  by  the  components  . 
Since  rectangular  coordinates  x  are  employed  there  is  now  no  distinction  between 
covariant  and  contravariant  indices  and  so  these  components  v”  can  equally  well 
be  denoted  by  i>«  as  we  shall  do  in  certain  of  the  following  formulas. 

The  vector  field  v  will  admit  an  orthogonal  system  of  surfaces  if  t“^‘'vaVfi,y  =*  0 
where  is  defined  in  the  usual  manner,  i.e.  it  is  equal  to  +1  of  o,  /3,  7  is  an 
even  permutation  of  1,  2,  3,  it  is  equal  to  — lifa,  /3,  yisan  odd  permutation  of 
1,  2,  3,  and  it  is  equal  to  zero  otherwise.  This  condition  is  necessary  and  suffi¬ 
cient.  But  v$,y  *  vot^i,y  and  hence  from  (7)  we  have 


(11) 


t“^<Tt0,y  y*y>>*Si>*Po 

aj.y  Ti  —  T* 


(p-  -  vi,r). 


as  the  condition  for  the  orthogonal  family  of  surfaces.  In  particular  we  see 
that  this  family  of  surfaces  exists  when  <r^,y  »  0,  i.e.  when  the  components  of 
the  stress  tensor  are  constants  relative  to  a  rectangular  coordinate  system.  Also 
if  aa$  *  0  for  a  /3  we  shall  have  t,  =»  a.,  and  i>“  5*  .  Under  these  conditions 

(7)  becomes 


*^)  Ti  —  T* 


and  (11)  is  also  satisfied  identically.  Hence  whenever  <ra^  =  0  for  a  relative 
to  a  rectangular  coordinate  system  the  orthogonal  family  of  surfaces  exists. 

By  choosing  particular  values  of  the  constants  vi  the  relation  (11)  becomes  the 
condition  for  the  generation  of  the  surfaces  of  maximum  shearing  stress  by  the 
elements  of  one  of  the  above  families  of  elements  of  maximum  shearing  stress. 
When  Ti  >  Tt  >  Ti  the  two  plane  elements  of  maximum  shearing  stress  at  any 
point  are  those  perpendicular  planes  which  contain  the  vector  vt  and  bisect  the 
directions  determined  by  the  vectors  vi  and  vi  at  the  point.  Hence  to  within 
algebraic  sign  the  normals  to  these  planes  have  direction  components  relative 


*  It  would  be  expected  that  this  formula  for  the  r*  ^  would  enter  in  any  general  discussion 
of  differential  character  dealing  with  the  principal  directions  of  a  tensor. 
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to  the  triad  which  are  given  by 

and 

When  one  of  these  seta  of  values  of  v«  is  substituted  into  (11)  we  obtain  the  condition 
for  the  existence  of  one  of  the  families  of  surfaces  of  maximum  shearing  stress. 
Substitution  of  the  other  set  of  values  of  vl  gives  the  condition  for  the  other  family  of 
surfaces  of  maximum  shearing  stress.  With  reference  to  the  vector  triad  v\,vt,vi 
relative  to  which  v"  »  i"  the  explicit  conditions  for  these  families  of  surfaces  are 


and, 


ga.1  ~  gu,i 

Ti  —  T» 


2<ru.i 
Tl  —  T| 


+ 


gg.l  ~  VC,! 
Tf  —  T| 


0, 


gu4  +  gu.i  _  2<Tu,t  su,i  -f-  ^  Q 

Tl  —  Tt  Tl  —  r»  Tt  —  T» 

If  both  these  conditions  are  imposed  simultaneously  they  can  be  simplified  by 
linear  combination.  Thus  adding  and  subtracting  the  members  of  the  above 
equations  we  obtain 


<rii.i  _  2gu.«  <Tu,i  ^  <ru,i  g»«.i 

Tl  —  Tl  Tl  —  Tl  Tl  —  Tl  Tl  —  Tl  Tl  —  Tl 


as  the  conditions  relative  to  the  vector  triads  ti  ,  i>i ,  for  the  existence  of  the 
two  families  of  surfaces  of  maximum  shearing  stress. 

When  two  of  the  quantities  ti  ,  ti  ,  ti  have  equal  values  at  a  point,  all  planes 
tangent  to  a  certain  cone  with  vertex  at  the  point  will  be  planes  of  maximum 
shearing  stress.  We  shall  not  discuss  the  determination  of  surfaces  of  maximum 
shearing  stress  under  this  condition.  However,  when  the  values  of  all  of  the 
r’s  are  equad  at  each  point  of  the  medium,  any  plane  through  a  point  will  be  a 
plane  of  sero  shearing  stress  at  this  point,  and  hence  any  surface  (admitting  a 
tangent  plane  at  each  point)  will  be  a  surface  of  sero  shearing  stress. 
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ON  THE  ASYMPTOTIC  SOLUTION  OF  BOUNDARY  VALUE  PROBLEMS 

FOR  ORDINARY  DIFFERENTIAL  EQUATIONS  CONTAINING  A 

PARAMETER 

Bt  WOLrOANO  Wabow 
§1.  Introduction 

In  the  boundary  value  problems  of  mathematical  physics  the  differential 
equations  are  often  simplified  by  neglecting  terms  which  are  of  higher  order  of 
differentiation  than  those  taken  into  consideration.  The  best  known  example 
is  the  relationship  between  the  theories  of  the  flows  of  viscous  and  perfect  fluids. 
Other  examples  occur  in  the  theory  of  elasticity  [7],  [8]  and  in  the  study  of  non¬ 
linear  vibrations. 

In  order  to  understand  how  the  complete  and  the  simplified  problem  are 
related  one  has  to  answer  the  following  mathematical  questions: 

Given  a  differential  equation  involving  a  parameter  p  in  such  a  way  that  the 
“limiting”  differential  equation  obtained  by  letting  p  formally  tend  to  infinity 
is  of  lower  order, 

1)  Does  the  solution  of  a  boundary  value  problem  for  the  original  differential 
equation  converge  to  a  limit  as  p  tends  to  infinity,  and  if  so,  does  this  limit  satisfy 
the  limiting  differential  equation? 

2)  When  question  1)  can  be  answered  affirmatively,  which  of  the  boundary 
conditions  will  cease  to  be  satisfied  by  the  limiting  function? 

It  is  clear  that  the  limit,  being  a  solution  of  a  problem  of  lower  order  can  in 
general  not  be  expected  to  satisfy  all  the  original  boundary  conditions.  This 
loss  of  boundary  conditions  in  the  passage  to  the  limit  means  that  the  solution 
(or  a  certain  of  its  derivatives)  does  not  converge  uniformly  everj’where.  This 
non-uniformity  of  the  convergence  is  the  most  interesting  aspect  of  this  type  of 
problem  for  the  physicist.  In  fluid  dynamics  it  leads  to  the  formation  of  bound¬ 
ary  layers.  In  the  boundary  layer  theory  the  questions  1)  and  2)  formulated 
above  are  usually  answered  with  the  help  of  physical  considerations,  because  the 
differential  equations  are  mostly  so  complicated  that  a  purely  mathematical 
approach  is  at  present  out  of  the  question. 

The  chief  him  of  this  paper  is  to  show  that  for  homogeneous  linear  ordinary 
differential  equations  depending  linearly  on  the  parameter  the  questions  1)  and 
2)  can  be  answered  by  a  simple  and  easily  applicable  rule.  This  rule  will  be 
derived  from  an  asymptotic  representation  of  the  solution  which  is  of  interest 
in  itself  (formula  (31)). 

§2.  The  Asymptotic  Fundamental  System 

The  differential  equation  to  be  considered  is 

N{y)  +  pMiy)  =  0  (1) 

where  p  is  a  positive  parameter,  y  a  real  function  of  the  real  variable  x,  and 
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N{y)  m  Z  o,(a:)y‘-'>Cx)- 

iwO 

m) »  f: 

M-O 


At  the  endpoints  of  the  inten  al  a  <  x  <  $  the  n  boundary  conditions 

Liiy)  =  li  (t  =  1.2,...,n)  (3) 

(the  li  are  constants)  are  imposed,  where  the  expressions  L<(y)  are  of  the  form 


The  boundarj’  conditions  are  arranged  in  such  a  way  that 


fort  =  1,  r 

for  t  *=  r  -h  1,  r  +  2, 


n. 


(4) 


n  >  Xi  >  X,  >  •  •  •  >  X,  >  0,  n  >  t,+,  >  >  •  •  •  >  t,  >  0.  (6) 

The  functions  o,(x),  h^{x)  are  assumed  to  have  at  least  n  bounded  derivatives 
in  the  interval  a  <  x  <  /3.  If,  as  will  be  supposed,  n  >  tn,  the  limiting  differen¬ 
tial  equation  Miy)  =0  is  of  lower  order  than  the  differential  equation  (1).  The 
essential  assumptions 

ao(x)  =  1,  boix)  9^  0,  everywhere  in  the  interval  a  <  x  < 

exclude  singularities.  The  problem  thus  defined  will  be  denoted  by  (9). 

To  facilitate  the  formulation  of  asymptotic  equalities  the  notation  [/(x)] 
will  be  used  for  expressions  of  the  form 

LfW!“/W+%^ 


where  o  >  0,  and  E{x,  p)  is  uniformly  bounded  in  x  for  p  >  /?  >  0  (R  is  a  con¬ 
stant). 

To  the  differential  equation  (1)  the  methods  for  asymptotic  integration  de¬ 
veloped  by  Noaillon  [2]  and  Turrittin  [4]  can  be  applied.*  A  straightforward 
calculation,  omitted  here,  leads  to  the  following  theorem. 

Theorem.  The  differential  equation  (1)  has  n  linearly  independent  solutions 
of  the  form  t 


U,ix,  p) 


exp  (’/.  d^y^Cx)],  (v  =*  1,  2,  •  •  • ,  n  -  m)  (6) 

[ti_,+«(x)],  (i»  =  n  -  w»  -I-  1,  n  -  m  -b  2,  •  •  • ,  n)  (7) 


Here  tf^e  following  abbreviations  are  used: 

1)  (T  =  "~V^  value  of  the  root  is  meant.) 


d^y 

*  We  use  the  abbreviation  for  —  . 

ax* 

*  The  theories  of  BirkhofF  [1]  and  Tamarkin  [3]  cannot  be  applied  here  because  the  “char¬ 
acteristic  equation”  belonging  to  (1)  has  a  multiple  root. 
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2)  ^(x),  ^(x),  •  •  •  ,  ^»-*(x)  are  the  n  —  m  valves  of  (— bo(x))‘^‘"  arranged 
in  such  a  way  that 

Re  (^)  >  R«  W  >  •  •  •  >  He  *  (8) 


5)  The  functions  u^(x),  (ji  =  1, 2,  •  •  •,  m)  ar«  m  linearly  independent  solutions 
of  the  differential  equation  M{y)  =»  0. 

It  also  follows  from  Noaillon’s  theory  that  the  equalities  (6)  and  (7)  may  be 
formally  differentiated  at  least  n  —  1  times,  i.e., 


p) 


r  exp  U(x)  •ij(x)],  (i;  »  1,  2,  •  •  • ,  n  -  m), 


l[t4i\+«(x),  (»  =»  n  -  m  -I-  1,  •  •  • ,  n).  (10) 

Remarks:  The  functions  tp,{x)  are  the  (n  —  m)*^  roots  of  a  real  function 
and  are  therefore  proportional  to  the  (n  —  m)***  roots  of  unity.  More  precisely: 
Set 


k{x)  = 


if  &•  <  0 
if  bo  >  0 


and  let 


then  the  functions  <p,{x)  are — in  different  order — equal  to 
k,  kt,  ke\  •  •  •  ,  ifcf"'"*-*. 

Note  also  that  in  (8)  the  “  >  ”  and  “  =  ”  signs  alternate,  because  the  sequence  of 
the  ifi,{x)  consists  of  pairs  of  conjugate  numbers. 

§3.  Formulation  of  the  Main  Theorem  for  Odd  Values  of  n  —  m 

Let  us  at  first  assume  that  n  —  m  is  odd.  The  case  when  n  —  m  is  even  will 
be  discussed  in  §5.  For  the  formulation  of  our  Main  Theorem  it  is  convenient 
to  introduce  integers  p  and  q  defined  by  the  following  table. 

If  n  —  m  *  1  (mod  4),  bo>0\.,  n  —  m  +  1  n  —  m  —  1 

orn-m-3(mod4).h,<0/  « - 2 - ’  - 2 - 


n  —  m  +  1 
2 


n  —  m  —  1 
2 


If  n  —  m  *  1  (mod  4), 
or  n  —  m  *  3  (mod  4), 

If,  for  the  problem  (9*) 


4),  6o  <  0\ 
4),  6o  >  0/ 


then  q 


n  —  m  —  1 
2  ' 


n  —  m  +  1 
2 


p  <  r  and  q  <  n  —  r 


then  (f?)  will  be  called  regular.  Remember  that  r  and  n  —  r  are  the  numbers 
of  boundary  conditions  belonging  to  the  right  and  left  end-point,  respectively. 
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If  {9)  is  regular  we  denote  by  (p)  the  new  problem  characterized  by  the  dif¬ 
ferential  equation  M[y)  0  and  the  m  boundary  conditions  obtained  from  (^P) 
by  canceling  the  first  p  boundar>’  conditions  at  a;  =  /3  and  the  first  q  boundary 
conditions  at  z  a,  starting  from  those  containing  the  highest  derivatives. 
This  cancellation  rule  becomes  meaningless  if  (!?)  is  not  regular. 

Main  Theorem  for  Odd  Values  of  n  —  m:  Denote  by  U (z,  p)  the  solution  of  a 
regular  problem  (9)  and  by  u(z)  the  solution  of  the  corresponding  problem  (p). 
Then 

lim^_«  l/(z,  p)  =  «(z),  in  a  <  z  <  ^  *  (12) 

provided 

1°  the  homogeneous  problem  corresponding  to  (p)  has  only  the  solution  y{x) 

-0. 

2°  No  two  of  the  boundary  conditions  canceled  at  x  =  a  involve  orders  of  differ¬ 
entiation  that  are  congruent  modulo  n  —  m,  and  the  same  is  true  at  x  d. 
Remark:  If  (9)  is  not  regular,  or  if  one  of  the  conditions  1°  and  2°  is  not  satis¬ 
fied  it  can  be  shown  that  f/(z,  p)  will  “in  general’'  not  converge.  Here  we  shall 
content  ourselves  with  indicating  simple  examples  where  U{x,  p)  is  divergent, 
because  one  of  these  conditions  is  not  satisfied. 

Examples.  1.  Non-r^ular  problem:  +  py'  *  0, 

y"(0)  -  y'(0)  =  y(0)  =  0.  y(l)  =  1. 

2.  Condition  1®  not  satisfied:  y"  —  py'  »=  0, 

y’(0)  -  1,  y(l)  »  0. 

3.  Condition  2°  not  satisfied:  y'*^  —  py'  *  "O, 

y'"(0)  »  y(0)  -  0,  y'(l)  -  1,  y(l)  -  0. 


An  elementary  (though  somewhat  lengthy)  explicit  calculation  shows  that  the 
solutions  of  these  three  problems  diverge  as  p  — »  ® . 

§4.  Proof  of  the  Main  Theorem  for  Odd  Values  of  n  —  m 

For  all  values  of  p  that  are  not  eigen  values  of  problem  (9)  this  problem  has  a 
solution  f/(z,  p)  which  can  be  written  in  the  form 

U(x,i>)  (13) 

r*l 

where  the  functions  Cr(p)  are  solutions  of  the  system  of  linear  equations 


E  c.(p)L,m  -U,  (i  -  1.  2.  •  •  • .  n).  (14) 


For  LiiU,)  equations  (4)  and  (9)  yield,  when  v  =  l,2,--‘,n  —  m, 

exp  i<TWr)  •  I^t*C8)  •  (t  =  1, 2 ,  •  •  • ,  r) 

ff'*(^I‘(o)-n(a)l,  (i  «  r  -H  1, r  -h  2, •  •  •, n) 


um  = 


(15) 


*  The  endpoints  of  the  interval  can  be  included  except  when  the  last  boundary  condition 
canceled  at  that  endpoint  has  order  of  differentiation  sero. 
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t 


where  , 

to,  -  /  (16) 

while  for  p  =  n  —  m  +  1.  •  •  •  >  w  one  has,  on  account  of  (10), 

■  L,(Ur)  =  [L<(w_+«)].  (17) 

In  order  to  find  the  c,(p)  of  (13)  from  (14)  one  has  to  calculate  the  determinant 

,  A(p)  =  Det  ILmU  (»,  I'  =  1,2, •••,»»)  (18) 

and  the  determinants  A,(p),  (v  =  1, 2, •  •  •, n)  obtained  by  replacing  the  terms 
in  the  i»-th  column  of  A(p)  by  the  .  Then 

U(x,p) 

valid  for  all  values  of  p  for  which  A(p)  0. 

Observe  that  the  inequalities  (8)  imply  similar  inequaUties  for  the  numbers 
10,,  {v  ='  1,2, •••,!»  -  m),  i.e. 

'  Re  (loi)  >  Re  (lOi)  >  •  •  •  >  Re  (io,_«).  (20) 

If  the  values  (15)  and  (17)  for  the  L<(f/,)  are  substituted  into  (18)  it  is  seen 
that  the  matrix  formed  by  the  last  m  columns  of  this  determinant  can  be  written 
in  the  form 

All  the  minors  of  this  matrix  tend  to  finite  limits  as  p  — »  oo .  *  The  asymptotic 
value  of  A(p)  will  now  be  found  by  expanding  A(p)  in  terms  of  its  n  —  m  first 
columns  and  by  investigating  the  order  of  magnitude  of  the  minors  in  this 
expansion. 

Among  these  minors  the  one  of  highest  order  of  magnitude  is  obtained  by 
talcing  the  rows 


1,2,.. 

.,p,  r+l,r+2,. 

..,r  +  9. 

To  show  this  we  first  use  (15)  and  write  this  minor  in  the  form 

exp  (<rtPi).[v>i'(/S)]  ... 

exp  (<rti>,-H.)[iP^i— 09)1 

Dip)  -  n’’(/5)’>*(«)<^*' 

exp  (ffWi).  1^03)]  ... 

W"^‘(a)l 

exp  (fftP,_*)I^^rH.08)] 
yV^ict)] 

W'**(a) 

yviiia)] 

where 

p  r+f 

T  -  E  X,  +  52  u 

i^r+l 

(22) 
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From  (16)  and  the  definition  of  p  at  the  beginning  of  §3  it  is  readily  seen  that 
Re  (wi)  is  positive  for  i  <  p  and  negative  for  t  >  p.  Hence,  if  the  determinant 
in  (22)  is  expanded  with  respect  to  the  minors  of  its  first  p  rows,  the  exponential 
function  of  greatest  order  of  magnitude  is  the  one  occurring  in  the  minor  formed 
by  the  first  p  rows  and  columns.  This  shows  that 

D(J>)  =  [r,\0W(.a)KfK.y  exp  g  tr,) 

with 

\K(,\^  I  Det  (^^(^))  1 ,  {i,K  -  1,2, •••,?) 

I  if.  I  -  I  Det  (/;+V(a))  I ,  (t,«  -  1,2,. ..,9) 

provided  Kf  ^  0  and  if.  ^  0.  In  order  to  show  that  the  other  minors  of  the 
first  n  —  m  columns  of  A(p)  are  all  of  lower  order  of  magnitude,  consider  first 
the  minors  for  which  the  number  h  of  rows  taken  from  the  first  r  rows  of  A(p) 
is  different  from  p.  If  such  a  minor  is  expanded  in  terms  of  these  h  rows  it  is 
seen  that  the  highest  exponential  factor  of  every  term  has  a  smaller  real  part 
than  that  in  (23),  because  either  not  all  Wi  with  positive  real  parts  are  present 

{h  <  p),  or  some  to,-  with  n^ative  real  part  are  included  (ii  >  p).  U  h  —  p, 

but  the  p  rows  are  not  the  rows  1, 2,  •  •  •, p  of  A(p),  then  the  exponential  factor 
of  the  minor  will  be  the  same  as  in  (23),  but  the  exponent  of  will  be  less  than  T 

since  any  other  p  of  the  X,’s  have  a  sum  less  than  ^  X, .  The  same  reasoning 

V 

accounts  for  the  choice  of  the  remaining  n  —  m  —  p  rows  of  the  minor. 

To  prove  that  Kf  ^  0  note  that  by  the  remark  at  the  end  of  §2  and  the  defini¬ 
tion  of  p  the  numbers  ^09),  (fiiifi),  *  *  *  ,  are  those  determinations  of 

(  — which  lie  in  the  right  half-plane  and  are  therefore,  in  different  order, 
e(]ual  to  the  numbers 

where  t  is  a  certain  integer,  which  is  determinetl  modulo  n  —  m  only, 
tuting  the  expressions  (25)  into  (24)  the  relation 

Sx  ' 

I  K,  I  -  (fi) .  Det  (.“""'"«)  (i,  A  -  1,  2,  . . . ,  p) 

is  obtained.  Let  =  e^‘,  then  (26)  becomes 


(25) 
Substi- 

(26) 


(23) 

(24) 


K,\  -  |t--'''0S)-Det(O| 


rp)‘-^^(ri,fi,  •••,rp) I 


where  Fd"! ,  ,  •  •  •  ,  f p)  is  the  Vandermonde  determinant.  Hence,  Kf  is  zero 

if  and  only  if  some  of  the  numbers  f,  are  equal.  But  f,  =  fj  means  X,  »  Xj 
(mod  n  —  m),  which  contradicts  hypothesis  2°  of  the  Main  Theorem.  Thus, 
-  Kfi  ^  Q  is  proved.  The  proof  of  A'.  ^  0  is  strictly  analc^ous.  Hence  D{p) 
is  a(‘tually  the  minor  of  A(p)  of  highest  order  of  magnitude. 
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The  cofactor  of  the  minor  Dip)  in  A(p)  is — except  for  a  possible  minus  sign — 
that  minor  of  the  matrix  (21)  which  is  formed  by  the  rows  of  A(p)  not  contained 
in  Dip).  This  cofswjtor  can  be  written  in  the  form  [5]  where 


5  =  ±Det  (L,(m„)), 


I-  =  p  +  1,P  +  2, 
p  =  l,2,---,m 


r  +  9  +  1, 


(27) 


Observe  that  the  boundary  terms  occurring  in  the  determinant  in  (27)  are 
precisely  those  belonging  to  the  problem  (p)  defined  in  §3.  Assumption  1° 
of  the  Main  Theorem  implies  therefore  3  0. 

Hence  A(p)  =  Z)(p)[3],  or 


A(p)  *  (iir*3]«r*’  exp  ^ 


(28) 


where  A  is  a  non-vanishing  constant. 

The  method  used  for  the  calculation  of  A(p)  can  also  be  applied  to  the  de¬ 
terminants  A,(p).  For  V  >  n  —  m  the  determinant  A,(p)  is  distinguished  from 
A(p)  only  in  one  of  the  last  m  columns.  Therefore  all  the  considerations  used 
in  the  evaluation  of  A(p)  remain  valid  for  A,(p),  if  the  determinant  3  is  replaced 
by  the  determinant  3,  obtained  by  substituting  the  corresponding  i<’s  for  the 
elements  of  the  p  —  (n  —  m)“*  column  of  3.  Thus  it  follows  that 


A,(p)  »  [/C  ■  3,]<r’’  exp  ^  ,  for 


V  >  n  —  m, 


hence 


A>(p) 

A(p) 


for  y  >  n  —  m 


(29) 


For  V  <  n  —  m  the  p“  column  of  A,(p) — i.e.  the  one  consisting  of  the  f.’s — 
can  be  placed  behind  the  others  without  changing  the  absolute  value  of  A,(p). 
Then  the  method  used  for  the  asymptotic  evaluation  of  A(p)  can  be  applied  to 
A,(p),  when  m  is  replaced  by  m'  =•  m  -f  1  and  tp,  is  omitted  from  the  sequence 


,  tPn-«.  Instead  of  (29)  the  following  formula  is  obtained,  for 


<  n  —  m: 


A»(p) 

A(p) 


T  ^  exp  (— «tip,)[Q,1,  for 
for 


V  <  p 

p  <  y  <  n  —  m 


(30) 


The  Q,  are  constants.  To  prove  (30)  for  y  <  p,  observe  that  here  to, , — the  term 
to  be  omitted  from  the  sequence  «>!,«>»,•••,  tP»-« — has  a  positive  real  part. 
Hence  the  asymptotic  formula  (28)  can  be  applied  to  A,(p)  as  well  as  to  A(p), 
if  p  and  m  are  replaced  by  p'  =  p  —  1,  m'  =  m  -1-  1.  This  leads  to 

A,(p)  »  exp 


r+* 


where  T,  =  ^  + 


X,,  and  is  a  constant.  Division  of  this  formula 
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for  A,(j>)  by  (28)  proves  the  first  part  of  (30).  For  p  <  v  <  n  —  m  the  reasoning 
is  different  only  in  that  here  p'  p,  ^  ^  q  —  I  (and,  of  course,  m'  =  m  +  1). 

Substituting  into  (19)  the  values  of  A,(p)/A(p)  from  (29)  and  (30)  and  re* 
placing  U,{x,  p)  by  its  values  as  given  in  (6)  and  (7)  one  finds  the  asymptotic 
representation 

Uix,  p)  -  Itt(x)]  +  i  exp  (a  f  ^(^)  d{Y[Q,i»(x)l 

V  (31) 

+  X  expfff  f  ^(f)  d{)*[Q,n(x)], 

where  X  =  X,,  and  t  =  t,+^  are  the  lowest  orders  of  differentiation  occurring  in  the 
canceled  boundary  conditions,  and 

u(x) 

0-ml  0 

u(x)  is  obviously  the  solution  of  problem  (p),  because  of  the  definitions  of  S 
and  S, .  (31)  is  the  asymptotic  representation  referred  to  in  the  introduction. 
Now 


Re  ^({)  <0  in  a  <  x  <  0,  for 

Re  ^({)  <0  in  a  <  x  <  0,  for 


r  ^  p 
r  >  p 


on  account  of  the  definition  of  p.  Therefore  (12)  follows  from  (31).  This 
proves  the  Main  Theorem  for  odd  values  of  n  —  m. 


§6.  The  Main  Theorem  for  Even  Values  of  n  —  m 
If  n  —  m  is  even  the  numbers  p  and  q  have  to  be  defined  as  follows: 

If  n  —  m  »  0  (mod  4),  6#  >  0^  ,  n  —  m  n  —  m 

orn  —  w  ■  2  (mod 4),  bo  <  Oj  9  2  '  ^  2 

If  n  —  m  ■  0  (mod  4),  bo  <  O)  .  n  —  m  —  2  n  —  m  —  2 

orn  —  m  *  2  (mod  4),  bo  >  0/  9  2  ’  ^  2 


(32) 

(33) 


For  problems  (9*)  of  the  type  (32)  the  formulation  and  the  proof  of  the  Main 
Theorem  are  literally  the  same  as  in  §§3  and  4. 

For  problems  (9*)  of  the  type  (33),  which  may  be  called  the  exceptional  type, 
the  following  changes  in  the  statement  of  the  Main  Theorem  are  necessary: 

a)  In  order  to  obtain  problem  '  (p)  from  (^)  one  cancels  first  p  +  g 
(sB  n  —  m  —  2)  boundary  conditions  as  in  §3,  but,  in  addition,  also  the  two 
boundary  conditions  of  highest  order  of  differentiation  from  the  remaining  ones. 
Problem  (S’)  will  be  called  regular,  if  this  cancellation  rule  is  meaningful,  i.e., 
if  (11)  holds  and  the  last  two  boundary  conditions  to  be  canceled  are  uniquely 
defined. 
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b)  In  addition  to  assumptions  1°,  2°  of  §3  the  two  conditions  below  must  be 
satisfied: 

3**  The  last  two  boundary  conditions  canceled  in  accordance  with  a)  belong 
to  the  same  endpoint. 

4®  m  0.  , 

Then  (12)  holds,  as  in  §3. 

Remark:  The  conditions  3®  and  4®  are  necessary  in  the  sense  that  if  one  of 
them  is  not  satisfied  [/(x,  p)  may  diverge,  as  is  shown  by  the  following  simple 
examples. 

Example  1.  (3®  not  satisfied)  y'"  +  py'  =  0,  y'(0)  —  0,  y(0)  =  1,  y'(l)  =  0. 

Example  2.  (m  =  0)  y"  +  py  =  0,  y(0)  =  1,  y'(0)  =  0. 

Proof  of  the  main  theorem  for  problems  of  the  exceptional  type. 
The  modifications  of  the  theorem  in  this  case  are  made  necessary  by  the  fact 
that  the  real  parts  of  ^p+i(x)  and  <pp+t(x)  =  —(pp+i(x)  are  now  sero.  A  reasoning 
similar  to  that  used  for  odd  values  of  n  —  m  shows  that  in  this  case  the  minor 
D*(p)  of  greatest  order  of  magnitude  among  all  minors  of  the  first  n  —  m  columns 
of  A(p)  must  contain  the  n  —  m  —  2  rows 

1, 2,  •  •  •  ,  p,  r  +  1,  r  +  2,  •  •  •  ,  r  +  g  -  2.  (34) 

Since  Re  tp(p+i)  =  Re  (tp,+j)  =  0  the  remaining  two  rows  to  be  chosen  do  not 
influence  the  order  of  the  exponential  factor  in  D*(p)  but  only  the  exponent  T* 
of  the  power  of  a  occurring  as  a  factor  in  D*(p).  T*  is  the  sum  of  all  the 
and  Tp  occurring  in  the  rows  that  form  D*{p).  Hence  the  two  remaining  rows 
to  be  chosen  are  those  corresponding  to  the  boundary  conditions  containing 
the  highest  orders  of  differentiation,  excluding  the  rows  already  contained  in  the 
sequence  (34).  These  are  exactly  those  boundary  conditions  which  do  not 
belong  to  (p).  Thus  one  obtains,  instead  of  (23), 

Z)*(p)  -  lK*]<r'*  exp  g  tp,)  (35) 

where  K*  ^  0  and 

k  r+»-m—k 

r*  -  E  X,  +  E  rp,  (36) 

»— 1  »•— r+l 


h  being  equal  to  p  or  p  +  2  as  the  case  may  be.  The  possibility  A  =  p  +  1 
is  excluded  by  assumption  3®.  This  exclusion  is  necessary,  for  if  3®  does  not  hold 
then  the  expansion  of  the  determinant  D*(p)  with  respect  to  its  first  p  +  1  rows 
yields,  instead  of  (35)  the  more  complicated  expression 


(‘rEtP,)  +  [/C'lexp  (4.  to,  + 


which  is  composed  of  two  terms  of  the  same  order  of  magnitude.  It  may  then 
happen  that  D*(p)  and  hence  A(p)  vanish  for  an  unbounded  sequence  of  positive 
values  of  p  (as  in  example  1  of  §  3)  and  U (x,  p)  will  not  converge. 
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Proceeding  as  in  §4  one  obtains  finally 


A>(p) 

A(p) 


U.ix,  p)  = 


IQ*  n(aj)J  exp  jf  d^,  (i>  -  1,  2,  •  •  •  ,  p)  (36) 

^  (Qri»(x)]<r-'  exp  /V({)  (.  -  p  +  1,  p  +  2)  (37) 

igr  u(x)]  - *  exp  (c  MO  .  (38) 

(i»  «  p  +  3,  •  •  • ,  n  —  m) 


where  the  Q*  are  constants,  7  *  a  or  y  =  /3,  according  as/»  =  por/i==p  +  2, 
and  8  is  the  order  of  differentiation  of  the  last  boundary  condition  canceled  in 
accordance  with  the  cancellation  rule  formulated  at  the  b^inning  of  this  §. 
No  new  viewpoints  occur  in  the  proof  of  (36)  and  (38),  but  formula  (37)  requires 
a  special  discussion.  It  will  suffice  to  treat,  e.g.,  the  case  when  y  —  p  +  1, 
h  =  p  +  2.  First  A(p),+i  has  to  be  evaluated  asymptotically.  We  assume 
again  that  the  (p  +  1)**  column  of  A,4.i(p) — whose  elements  are  the  I, — has 
already  been  placed  behind  all  the  other  columns.  We  calculate  Ap4.i(p)  by 
expanding  it  with  respect  to  the  minors  of  its  first  n  —  m  —  1  columns.  The 
minor  of  greatest  order  of  magnitude  in  this  expansion  consists  of  the  n  —  m  —  1 
rows  l,2,---,p,  p  4-  l,r4-  l,--,r  +  m  —  n  —  p  —  2  and  its  asymptotic 
expression  is  therefore 


DUi(p)  “  exp  ((T  (S:  tr.  -  . 

Using  this  relation  together  with  (35)  and  (6)  and  noting  that  the  cofactors  of 
D*(p)  and  D*,+i{p)  are  bounded  functions  of  p,  we  obtain  (37)  for  y  =  p  +  1 
with  8  =  Xp+i ,  7  =  /3.  When  i<s=p  +  2orli=*p  the  proof  is  similar.  If  8  ^  0 
all  the  right  hand  members  of  (37)  tend  to  zero.  8  *  0  is  excluded  by  the 
conditions  3°  and  4°  and  the  assumption  that  (d*)  is  a  regular  problem. 

The  convergence  of  U{x,  p)  to  u(i)  follows  then  as  in  §4. 


§6.  ^ditional  Results 


1.  More  general  boundary  conditions.  Consider,  instead  of  the  boundary 
conditions  (3),  (4)  §2  the  more  general  ones  below. 


-u 

(t  -  1,  2,  •  •  •  ,  r) 

Liiy)  -  < 

\  ^  " 

(39) 

(t  -  r  -1-  1,  r  4-  2,  • . 

n), 

where  the  constants  a,-, ,  d<r  and  U  are  only  restricted  by  the  conditions  that  the 
n  boundary  conditons  are  to  be  independent  and  compatible. 

If  in  (39)  the  Ltiy)  and  the  U  are  subjected  to  the  same  linear  transformation 
with  ctmstant  coefficients  and  non-vanishing  determinant  then  the  resulting 
equations  constitute  a  set  of  boundary  conditions  equivalent  to  (39)  in  the  sense 
that  a  function  satisfying  (39)  satisfies  also  the  new  boundary  conditions,  and 
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vice  versa.  An  elementary  algebraic  consideration  shows  that  (39)  can,  in 
particular,  be  replaced  by  equivalent  boundary  conditions  of  the  form 


L*{y) 


-  tt, 

T  «.!('-"(«)  -  s. 

'  1^1 


(t  =  1,  2,  •  •  • ,  r) 

(»■  -  r  +  1,  r  +  2,  •  •  • ,  n) 


(40) 


where  the  X<  and  t<  are  numbers  satisfying  the  inequalities  (5)  of  §2,  and 

=“  1. 

The  asymptotic  equations  (15)  and  (17)  remain  obviously  valid  if  the  L,-  are 
replaced  by  the  L<  ,  and  hence  the  whole  asymptotic  calculation  is  applicable 
to  the  Li  without  any  change  whatsoever.  This  proves  the 
Theorem:  Denote  by  (£P*)  the  problem  defined  by  the  differential  equation  (1) 
and  the  boundary  conditions  (39).  Replace  these  boundary  conditions  by  the 
equivalent  ones  (40)  and  define  a  problem  (p*),  starting  from  these  boundary  condi¬ 
tions,  in  literal  analogy  with  the  definition  of  problem  (p)  in  §§3  and  5.  Then 
the  Main  Theorem  remains  literally  valid  for  problem  (9^). 


2.  The  non-homogeneous  differential  equation  N(y)  pM(y)  -  pif(x).  It 
may  be  mentioned  without  proof  that  the  statement  of  the  Main  Theorem  of  §3 
can  be  proved  to  remain  valid  for  the  corresponding  non-homogeneous  equation, 
when  n  —  m  ««  1,  provided  none  of  the  boundary  conditions  of  problem  (p) 
involves  an  order  of  differentiation  higher  than  m  —  1.  To  prove  this  statement 
one  expresses  the  solution  of  the  non-homogeneous  problem  in  the  usual  way  as 
an  integral  containing  Green’s  function  and  uses  the  asymptotic  fundamental 
system  (6)  and  (7)  for  an  asymptotic  evaluation  of  this  integral. 

Nbw  Yoke  Univbssitt 
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ON  THE  THEORY  OF  BENDING  OF  ELASTIC  PLATES 
Bt  Euc  Rbibsnsb 
Introduction 

In  this  paper  there  is  established  a  system  of  differential  equations  of  the  sixth 
order  for  the  linear  problem  of  bending  of  thin  plates.  The  form  of  these  equa¬ 
tions  is  such  that  results  obtained  by  their  application  coincide  with  the  results 
of  the  classical  theory  of  thin  plates  except  for  narrow  edge  zones.  On  the 
basis  of  the  present  equations  it  is  possible  and  necessary  to  satisfy  three  bound¬ 
ary  conditions  along  the  edges  of  a  plate  while,  as  is  well  known,  the  classical 
theory  leads  to  two  boundary  conditions  only.  The  history  and  significance 
of  the  problem  has  recently  been  discussed  by  J.  J.  Stoker.* 

Formulation  of  the  problem 

We  consider  an  elastic  body  bounded  by  two  parallel  planes  and  by  a  cylin¬ 
drical  surface  perpendicular  to  the  two  planes.  The  distance  h  between  the  two 
parallel  planes  is  assumed  to  be  small  compared  with  the  remaining  linear  di¬ 
mensions  of  the  body,  which  because  of  this  order  of  magnitude  relation  may  be 
called  a  “plate.”  A  coordinate  system  (x,  y,  z)  is  chosen  such  that  the  faces 
of  the  plate  are  the  planes  z  db/i/2.  The  cylindrical  boundary  of  the  plate  may 
be  given  by  equations  of  the  form  x  »  x(s),  y  =  ]/(«)  where  a  stands  for  the 
circumferential  arc  length.  It  is  assumed  that  the  two  faces  of  the  plate  are 
free  of  shear  stress  while  the  normal  traction  is  a  given  function  of  x  and  y. 
The  resultant  of  the  surface  stresses  <r,  is  balanced  by  stresses  distributed  over 
the  cylindrical  boundary  of  the  plate. 

We  b^n  by  assuming  that  the  bending  stresses  are  distributed  linearly  over 
the  thickness  of  the  plate, 

M,  z  My  z  H  z  . 

"  h'/%  k/2  ’  “  h*/6  h/2  ’  “  h*/6  h/2  ^ 

By  means  of  the  differential  equations  of  equilibrium  we  obtain  as  expressions 
for  the  transverse  shear  stresses 

^  “  (^)*)’  ”  (^)*) 

The  shear  stress  resultants  V  are  given  in  terms  of  the  stress  couples  M  and  H, 


r„ 


V  _  ^  “  -U  V 

For  the  remaining  normal  stress  component  there  results 


dH  ,  dMy 
dx  by 


Ot 


zJdV. 

4Vdx  dy)\h/2  Z\h/2j/ 


(3a,  b) 


(4) 


*  Mathematical  problemt  connected  with  the  bending  and  buckling  of  elastic  plates.  Bulle¬ 
tin  of  the  American  Mathematical  Society,  48,  pp.  247-261  (1942). 
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if  it  is  assumed  that  the  vertical  loads  p  are  distributed  over  both  faces  of  the 
plate  as  follows 


*  '•(*.»,  ±5) 

Comparison  of  equations  (5)  and  (4)  gives 

dx  dy 

Substituting  equations  (3)  in  equation  (6)  we  have 


*1 


“P 


d'M,  ,  2  ^ 
dx*  dxdy  dy* 


-P 


(5)’ 


(6) 


(7) 


To  obtain  further  relations  for  the  three  stress  couples  it  is  necessary  to  make 
use  of  the  stress  strain  relations.  This  can  be  done  in  various  ways.  For  the 
present  purpose  it  is  convenient  to  do  this  by  means  of  Castigliano’s  Theorem 
of  Least  Work.  For  simplicity’s  sake  it  may  be  assumed  that  there  are  pre¬ 
scribed  along  the  cylindrical  portion  of  the  boundary  either  the  values  of  v, , 
and  or  ,  &nd  or  t„  (in  such  a  way  that  equations  (1)  and  (2)  remain  saisfied) 
or  vanishing  ol  the  work  of  the  stresses  and  or  Tm  and  or  Tw  .  The  Theorem 
of  Least  Work  then  states  that  among  all  statically  correct  states  of  stress  the 
state  of  stress  which  also  satisfies  the  stress  strain  relations  and  the  displace¬ 
ment  boundary  conditions  is  characterized  by  the  condition  that  the  variation 
of  the  strain  energy  vanishes. 

Taking  isotropic  materials  the  strain  energy  is  given  by 
n  -  ^  ///  {<r\  +  vl  +  o\  —  2r(<r.(r«  +  v,<r,  + 

+  2(1  +  t\,  -f  tJ,)}  dxdydx  (8) 

Substituting  the  values  of  the  stresses  from  equations  (1),  (2)  and  (4)  the  integra¬ 
tion  with  respect  to  z  may  be  carried  out.  With 

h 
3’ 


r 4A 

Lkti  h/2  \h/2  3  \h/2j  /  15 


(9) 


there  results 


n  -  -f  M;  -  2yM.M,  -h  2(1  -f  r)H*] 


-  P(M.  +  M,)  -I- 


£^\ldzjdx 


dy  (10) 


*  The  difference  between  this  condition  and  the  condition  that  the  surface  loads  are 
applied  to  one  face  of  the  plate  only  is  not  important  for  the  present  purposes. 
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The  variation  of  n  according  to  equation  (10)  is  to  be  made  equal  to  isero  in 
such  a  way  that  the  equilibrium  equation  (7)  remains  satisfied.  Introducing 
according  -to  the  rules  of  the  calculus  of  variations  a  |jagrangian  multiplier 
u>(x,  y)  we  then  have 

8jfl^[Ml  +  Ml^  2vM.M,  4-  2(1  +  p)H'] 

12(1  +  v)  \(dM.  dHV  (dU, 

5h  i\ax  dy/  ^\dy  dx/j 

on  J-h/t 

+  +  +  +  (11) 

Equation  (11)  is  the  basic  relationship  from  which  every  other  result  will  be 
deduced.  It  may  be  remarked  that  the  results  of  the  classical  theory  of  plate 
bending  are  obtained  if  in  equation  (11)  one  neglects  the  strain  energy  of  the 
transverse  shear  and  normal  stresses.  The  main  point  of  the  present  work  is 
recognition  of  the  fact  that  application  of  the  variational  principle  without  this 
neglection  leads  to  a  system  of  equations  for  which  three  conditions  can  and 
have  to  be  satisfied  along  the  edges  of  the  plate.  This  is  due  to  the  fact  that 
retention  of  the  transverse  shear  stress  terms  increases  the  order  of  the  result¬ 
ant  system  of  differential  equations. 


The  differential  equations  and  boundary  conditions  of  the  theory 
Carrying  out  the  variations  in  equation  (11), 


//{ 


^  l(M,  -  pM,)8M.  -f-  (M,  -  pM,)iM,  2(1  -H  p)Hm 


+ 


12(1  -f  p)  [(BM.  ,  dH\  ,  (BM.  ^  BH\  ^  (BH  ^  BM,\  ,  (BH  ^  BM,\] 

-  m  '’'<"•  +  ^ ® 

Int^rating  by  parts  and  rearranging, 

12(1  4-  p)  BV. 


//{[«<“- 


.».)  -  ‘i’  -  »  >  »  «  S]  "■ 


bh 


Bx 


(M.  -  ,M.)  -  P  +  ®  0] 

[f  +  ’)«  -  +  **  &]  *"} 


^  I)  F.  -  .M.  +  F.  -  .H.. 

4-  d«  -  0  (13) 
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In  equation  (13)  the  line  integral  is  taken  along  the  cylindrical  boundary  of  the 
plate,  8  and  n  referring  to  the  tangential  and  normal  direction,  respectively. 
It  is  seen  that  the  variational  equation  (13)  implies  three  differential  equations 
and  three  boundary  conditions.  The  first  two  differential  equations  may  be 
solved  for  M,  and  ilL .  If  this  is  done  there  follow,  with  the  notation. 


Eh* 

12(1  -  ^) 


D 


(14) 


as  differential  equations, 

"  5(1  —  f)  \  dx  *  10(1  —  f)  ^ 


A*f 


M _ + 

*  5(1  “  f)  \  dy  bx )  10(1  —  f) 

and  as  boundary  conditions 


(15c) 


M, 

-  Mn 

or 

bw 

bn 

Hn, 

-Sn. 

or 

bw 

b8 

V, 

1 

a 

or 

w  «■ 

12(1  +  f) 

bhE 

12(1  +  f) 

5hE 


0 


(16a,  b,  c) 


In  addition  to  the  differential  equations  (15)  a  fourth  differential  equation 
is  the  equilibrium  condition  (7). 

Before  showing  that  the  system  of  equations  (15)  and  (7)  is  indeed  of  the 
sixth  order,  the  significance  of  the  three  displacement  boundary  conditions 
may  be  explained.  The  second  parts  of  equations  (16)  express  the  fact  that  the 
plate  is  supported  in  such  a  manner  that  the  edge  moments  and  forces  can  do 
no  work.  ^  For  this  to  be  so  it  is  necessary  that  the  linear  elements  perpendicular 
to  the  middle  surface  of  the  plate  do  not  change  direction  when  the  plate  is 
stressed.  Because  of  the  effect  of  shear  deformation  this  is  not  equivalent  to  the 
condition  of  no  change  of  slope  of  the  middle  surface  of  the  plate.  Equation 
(16a)  states  what  the  change  of  slope  of  middle  surface  has  to  be  in  order  that  Mn 
may  do  no  work.  Equation  (16b)  states  that  when  »  0  along  the  boundary 
the  distribution  of  edge  twisting  moments  has  to  be  such  that  V,  »  0. 


Trantformation  of  the  differential  equations  (7)  and  (16) 

Differentiating  equation  (15a)  twice  with  respect  to  x,  equation  (15b)  twice 
with  respect  to  y  and  equation  (15c)  twice  with  respect  to  x  and  y  there  follows 
by  addition,  because  of  equation  (7), 


-p  - 


h* 


6(1  -  f) 


\dx  by  / 


ph* 


10(1  -  f) 


Ap 


—DAAw 
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where 


Observing  equation  (6)  we  obtain  as  differential  equatio^for  the  deflection  to, 

DAAtr  -  p  -  h'Ap  (17) 

Clearly,  the  second  term  on  the  right  of  equation  (17)  is  insignificant  unless  p 
changes  appreciably  within  distances  of  the  order  of  the  plate  thickness. 

As  the  deflection  w  satisfies  a  fourth  order  equation  as  in  the  classical  theory 
the  additional  two  orders  must  be  contained  in  equations  (15).  Adding  equa¬ 
tions  (15a)  and  (15b)  there  follows,  in  view  of  equation  (6), 


With  the  help  of  equations  (18)  and  (7)  one  may  transform  equations  (15) 
into  three  equations  each  one  of  which  contains  only  one  of  the  three  quantities 
Mg ,  Mg  and  H.  Taking  first  equation  (15a)  in  the  form 

h*  (d'M,  ,  d'H  ,  d'Mg  ,  d'H\  vh' 


and  substituting 


from  equation  (7) 


Taking  now  Mg  from  equation  (18)  and  rearranging  there  results 


A  corresponding  equation  is  obtained  for  Mg . 

The  equation  involving  H  only  follows  from  equation  (15c)  which  may  be 
written 

w  _  j-  ^*(^»  +  ^»)~1  _ _ ^  ^ 
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Substituting  M,  +  My  from  equation  (18)  there  follows 


-  -(1  - 

10  dxdy 


h*  r  h*  d*  p  if,,  « 

10  [5(1  -  p>  dxdy  ^  dx^\  ^ 


The  three  equations  (19)  together  with  equations  (18),  (17)  and  (7)  may  for 
the  present  be  considered  as  the  final  form  of  the  system  of  differential  equa¬ 
tions  governing  the  problem. 


The  “edge  effect”  equations  of  plate  theory 

For  the  analysis  of  the  edge  effect  under  consideration  various  terms  in  the 
differential  equations  are  unessential.  Omitting  these  terms  there  remains  as 
the  relevant  system  of  equations 


DAAio  » 

V 

(20) 

My  -b  My  =«  —  (1  -f-  r)DA‘W 

(21) 

d'My  ,  „  d*H  , 

^My 

(7) 

*  4-  2  -1- 

dx*  dxdy 

-W-” 

-  -D 

/d*w  ,  d*w\ 

(22) 

M, -  -D 

fd*w  .  d*w\ 

\  ay*  *  dx?) 

(23) 

dxdy 

(24) 

The  edge  effect  terms  in  these  equations  are  those  having  A*  as  a  factor.  If 
they  are  omitted  the  customary  equations  of  plate  theory  remain. 

The  integration  of  the  above  system  of  equations  is  effected  by  first  finding 
to  from  (20),  by  substituting  the  result  in  (22)  to  (24)  whence  M, ,  My  and  H 
are  obtained  as  combinations  of  particular  solutions  and  complementary  func¬ 
tions,  My  =*  Mt,kym.  +  Mx,pmrt. ,  Rud  SO  on.  Equations  (20)  and  (7)  are  two 
equations  connecting  the  three  complementary  functions. 


Myjtyy,,  My.Um.  “  0 

►.  ,  n  d*Hk*m.  ,  d*  My, turn. 


As  an  illustration  consider  a  plate  of  the  shape  of  a  semi-infinite  rectangular 
strip  (0  <  y  <  a,  0  <  x).  Assume  that  the  edges  y  =  0,  a  are  simply  supported 
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and  that  the  edge  x  »  0  is  acted  upon  by  a  distribution  of  bending  and  twisting 
moments  and  of  vertical  shear  force  in  the  following  manner. 


0, 


M,  —  Mo  sin  —  y 
a 


H  -  Ha  cos  -  y 
a 

V,  -  Fa  sin  —  y 
a 


(27a,  b,  c) 


From  equation  (20)  there  is  obtained  as  a  suitable  expression  for  w, 
tc  -  sin  ^  y  B  ^ 

As  we  assume 

h  <!C.na 

we  deduce  from  equations  (22)  to  (24),  except  for  negligibly  small  terms. 

From  equation  (25)  follows 

Cl  +  Ci  *  0 


(28) 


(29) 


(30a,  b,  c) 


(31) 


From  equation  (26)  follows 

^^C,  +  3-^^C,-(^^yc,-0  (32) 

whence  in  view  of  equation  (29) 

C,--C,,  C,  (33a,b) 

Thus,  there  are  three  constants  of  integration  by  means  of  which  the  three 
boundary  conditions  (27)  may  be  satisfied. 

Connection  with  the  theory  of  moderately  thick  plates* 

Considering  in  equations  (19)  the  terms  with  h*  as  small  correction  terms  one 
might  iq>proximate  these  small  terms  by  substituting  in  them  the  relations  be- 

*  See  A.E.H.Love,  The  Mathematical  Theory  of  Cambridge,  1934,  pp.  466-487. 
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tween  M, ,  ,  H  and  w  which  hold  if  the  correction  terms  are  omitted.  If 

this  is  done  there  follows 


M. 

H 


j./d*w  .  d*  w\  ,  h?  Aw  1  —  2p  h*  ‘ 

+  5®li^  -T^To” 

r./d*w  ,  d*w\  ,  h'd*Aw  1  -  2r  A* 

dxdy  5  dxdy 


(31a,  b,  c) 


Corresponding  formulas  may  be  found  in  Love’s  Treatise  on  page  473  when  there 
is  no  surface  load  p.  The  only  difference  between  Love’s  formulas  and  the 


present  formulas  is  a  factor 


in  the  small  fourth  derivative  terms.* 


The  important  difference  between  equations  (31)  and  (19)  is  that  by  the 
simplification  of  equations  (19)  to  equations  (31)  the  sixth  order  problem  is 
reduced  to  a  fourth  order  problem  with  resultant  loss  of  the  possibility  to  satisfy 
the  three  boundary  conditions  of  the  problem. 

It  may  be  remarked  that  the  approach  to  the  theory  of  moderately  thick 
plates  and  to  more  general  problems  which  has  been  initiated  by  G.  D.  Birkhoff* 
and  which  consists  in  series  developments  of  the  solutions  in  terms  of  a  thickness 
parameter  does  not  appear  to  be  suitable  for  the  analysis  of  the  edge  effect* 
which  is  the  main  concern  of  the  present  paper.  It  may  be  of  considerable 
interest  to  determine  the  inner  reason  for  this  difference  between  the  variational 
approach  as  employed  here  and  the  approach  by  way  of  the  thickness-parameter 
series  solutions. 

In  conclusion  it  may  be  stated  that  it  is  entirely  possible  by  means  oi  the 
variational  method  to  obtain  more  accurate  solutions  than  the  one  here  obtained. 
One  may  for  instance  use  instead  of  equations  (1)  more  general  equations  of  the 
form 


(fa 


AV6  h/2  ^  ^  \k/2  3  \h/2)  J 


(32a) 


where  now  M,  and  n,  and  the  corresponding  quantities  occurring  in  ir^  and  r,, 
are  to  be  determined  by  application  of  Castigliano’s  theorem.  Instead  of  the 
two-term  expressions  of  equation  (32)  one  can,  in  principle,  also  use  suitable  n- 
term  expressions.  It  is  probable,  however,  that  the  calculations  necessary  for 
such  extensions  of  the  present  results  soon  become  quite  involved. 

MAsaACHCBKTTS  Inbtitdtb  ot  Tschnoloot 


*  Note  that  in  Love  the  plate  thickneea  is  2h  while  here  it  is  A. 

*  Circular  PlaU$  of  VariMU  Thicknem,  Phil.  Mag.  (Ser.  6),  43,  pp.  963-062  (1922). 

*  J.  N.  Goodier,  On  the  problema  of  the  beam  and  the  plate  in  the  theory  of  elaetieity.  Trans. 
Roy.  Soe.,  Canada,  33,  SMt.  3  (1938). 


NOTE  ON  THE  THEOREM  OF  THE  SYMMETRY  OF  THE 
STRESS  TENSOR* 

Bt  Eric  Rbibsncr 


It  is  known  in  the  Analysis  of  Stress  that  the  stress  tensor  is  not  symmetrical 
when  “body  moments”  (as  in  the  case  of  magneto  striction)  are  present.  The 
purpose  of  this  note  is  to  show,  that  the  absence  of  body  moments  in  itself  is  not 
sufficient  to  insure  symmetry  of  the  state  of  stress  at  a  ptnnt.  By  means  of  a 
simple  example  it  will  be  shown  that  the  proof  for  the  symmetry  of  the  stress  tensor 
{jt,  =“  T,,  ,  •  •  • )  irwolves  the  condition  that  the  rates  of  change  of  the  components  of 
stress  remain  finite. 

An  example  illustrating  this  statement  is  given  by  the  state  of  plane  strain 
in  a  rectangular  wedge  region,  with  one  edge  of  the  region  loaded  by  a  uniform 
surface  shear  stress  Tag  ro  and  the  other  edge  free  of  load  (Fig.  1).  Thus  a 
state  of  stress  is  produced  where  for  the  comer  element  Tag  ^  r,,  .  The  analysis 
will  show  that,  however  small  the  comer  element,  the  variation  of  the  stresses 
over  its  faces  remains  the  same  and  the  eccentricity  of  the  stress  resultants 
balances  the  moment  of  the  shear  stress  ro . 

The  explicit  stduticxi  of  this  problem  is  obtained  by  known  methods,  taking 
for  Airy's  stress  function  which  has  to  satisfy  the  equation  V  W  —  0  the  follow¬ 
ing  expression,  ^ 

F  -  <ror*  cos  20  -  i  sin  29  -  I  -I- 1  (1) 

This  satisfies  all  the  boundary  conditions,  namely 


8  ^  O’.o$  * 


dr* 


(2) 


0,  T  =  TO 

Writing  this  solution  in  cartesian  coordinates, 

F  =  (x*  -  -  xy  -  ^  (x*  +  y*)  +  (x*  +  y*)  tan"* 

the  stresses  in  the  x-  and  y-directions  have  the  values 


<r. 


9 

dy* 


Og 


*F  r  T 
»y*  “^"L  2 

d'F  r 

ax*  “ 


+ 


xy 


X*  +  y* 
xy 


+  tan-*(l' 

.X 


.  ,  +  tan  *  (^ 

X*  4-  y*  \x 


(3) 


(4) 


(5) 


(6) 


*  This  note  contains  the  result  of  a  discussion  between  Professor  H.  Reissner  and  the 
present  writer. 
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It  is  simple  to  verify  that  the  resultant  forces  and, the  resultant  couple  of  all 
the  normal  and  shear  stresses  acting  on  a  comer  element  are  zero,  however  small 
the  comer  element.  As  it  is  seen,  moment  equilibrium  for  the  element  is  ensured 
not  by  the  condition  that  (which  in  the  limit  does  not  hold  here)  but 

by  the  fact  that  the  rates  of  changes  of  all  the  stresses  acting  on  the  comer  ele¬ 
ment  tend  to  infinity  as  the  size  of  the  element  tends  to  zero. 

Massachubxtts  Institute  or  Tbchnologt 
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THE  WIENER  MEASURE  OF  HILBERT  NEIGHBORHOODS  IN  THE 
SPACE  OF  REAL  CONTINUOUS  FUNCTIONS 

Bt  R.  H.  Cameron  and  W.  T.  Martin 

Introduction.  Let  C  be  the  space  of  all  real-valued  functions  x{t)  defined 
and  continuous  on  0  <  f  <  1  and  vanishing  at  t  =  0.  In  his  paper  on  Gener¬ 
alized  Harmonic  Analysis  (in  which  references  to  his  earlier  work  are  given) 
N.  Wiener.  [1]  defines  a  measure  in  C  and  in  terms  of  this  measure  he  defines  an 
integral  over  C  which  has  many  of  the  usual  properties  of  the  Lebesgue  integral. 
In  the  consideration  of  the  space  C  one  frequently  encounters  the  expression 

x*(0  dt.  In  a  paper  on  non-linear  integral  equations  the  authors  [2]  have 

shown  that  for  every  positive  number  R  the  subset  of  C  for  which 

'  (0.1)  j[*  [xit)]*  dt<R' 

has  positive  (Wiener)  measure.  In  the  present  note  we  evaluate  the  measure 
of  this  set: 

Corollary  1  (to  Theorem  I).  Let  R  be  any  positive  number  and  denote  by 
Sm  the  subset  of  C  for  which  (0.1)  holds.  Then 


where  di(z,  q)  is  the  theta  furtction  of  the  first  kind, 

(0.3)  di(*,  9)  -  2  E  (-l)-9‘*^«*^‘  sin  (2n  +  1)*,  1  9 1  <  1, 

and 

(0.4)  tfi(*,9)  -  ?)• 

Moreover,  for  R  in  the  neighborhood  of  the  origin 

(0.6)  meas*5.'^  j/^e"‘'“**[2*R-2‘«*-|-l-3-2*«‘-  l-3-5-2“fl'+  ..-I. 

In  a  recent  paper  [8]  the  authors  have  shown  that 
(0.6)  f  d»x  »  \/8ecV — (”*  <  X  <  oo), 

Jc 

where  y/aec  ^  to  have  the  determination  which  is  positive  when  X  is 

purely  imaginary  and  contained  in  the  interval  (0,  ir/^).  By  use  of  (0.6) 
and  the  theory  of  Fourier  transforms  we  evaluate  the  expression 

[F[[A0d,]i.x 
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for  a  general  class  of  functions  F(u)  defined  on  0  <  m  <  « .  The  result  (0.2) 
will  be  obtained  by  specialising  F(u)  to  be  F(u)  =  1  on  0  <  u  <  fi*,  F(u)  »  0 
elsewhere. 

As  was  remarked  at  the  beginning  of  this  section,  all  the  fimctions  x(*)  of  C 
vanish  at  the  origin.  With  only  slight  modifications  we  can  handle  functionals  of 

‘  where  (  is  an  arbitrary  real  number.  If  {  has  Gaussian  distribution  with  vari¬ 
ance  unity  we  can  integrate  over  the  product  space  [x(-)  €  C,  —  «><{<  «] 

or,  for  example,  over  the  portion  of  the  product  space  for  which  jf  fx(0  ■+-  (fdi 

<  This  enables  us  to  obtain  in  particular  a  measure  for  the  set  of  continuous 
fimctions  i{t)  for  which 

where  it  is  no  longer  assumed  that  2(0)  «  0. 

In  the  next  section  we  state  the  main  results  and  in  succeeding  sections  we 
give  the  proofs. 

L  Statement  of  main  results. 

Theorem  1.  Let  F(u)  he  a  (real  or  complex)  measurable  function  defined  on 
0  <  u  <  CO.  Then  a  necessary  and  sufficient  condition  that 

(U) 

be  Wiener  summable  over  C  is  that 


be  of  doss  Li  on  0  <  u  <  w .  Moreover,  if  this  condition  is  satisfied. 


(In  (1.2)  and  (1.3)  ih(s,  q)  is  the  theta  function  of  the  first  kind  (see  (0.3))  and 
q)  M  the  partial  derivative  with  respect  to  z). 

Relation  (0.2)  of  Corollary  1  follows  at  once  from  this  result.  Relation  (0.5) 
will  be  derived  in  Section  9. 

Theorem  2.  Let  ihean  arbitrary  real  number  and  let  F(u)  be  a  (real  or  complex) 
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measurable  function  defined  on  0  <  u  <  « .  Then  a  necessary  and  sufficient 
condition  that 

(1.4)  f  [jJ' (ar(() +f|**] 

be  Wiener  summable  over  C  is  that  the  Junction 

Fiu)Hi-u,  0 

be  of  class  LionO  <  u  <  oo,  where  H(u,  is  the  Fourier  transform  of  the  function 

(1.6)  A(\,  {)  -  VsecV^  4'*''^'  “■ 

that  is,' 

(1.6)  Hiu  ^)  -  ^  £  A(X,  ().-“■  dX. 

Moreover,  if  F(u)H{—u,  ()  belongs  to  Li(0,  « ),  then 

(1.7)  /’  F  [j[‘  {x(0  +  f}*  ^  nu)H{-u,  i)  du. 

Remark.  In  Lemma  4  (below)  it  will  be  shown  that  the  function  h(\,  ()  of 

(1.5)  belongs  to  L(—  <x>  <  X  <  «)  and  hence  the  integral  in  (1.6)  exists  as  an 
absolutely  convergent  integral  and  not  just  as  a  limit  in  the  mean. 

The  proof  of  Theorem  2  will  be  based  upon  the  following  hve  lemmas,  the  first 
of  which  generalises  the  result  (0.6)  mentioned  in  the  introduction  and  the 
second  of  whieh  is  given  for  example  by  Titchmarsh  [4,  p.  54]. 

Lemma  1. 

e  o-x  -  Vsec  V-“»X«  > 

/— «  <  X  <  «\ 

\-«  <  (  <  «/* 

where  V^sec  — »X  and  \/ — tX  tan  \/ — fX  ore  to  have  determinations  which  are 
positive  when  X  is  purely  imaginary  and  contained  in  the  interval  (0,  ir'/4). 

Lemma  2.  Let  /(X)  and  h{\)  belong  to  L  {—<x>,  oo)  and  denote  by  F(u)  and 
H{u)  their  Fourier  transforms: 

(1.9)  F(u)  -  £/(X)e-^.  dX.  H(u)  -  KX)*-""  dX. 

If  H{u)  belongs  to  L{—<x>,  oo )  then  ParsevaVs  rdation  holds;  namely, 

^  /(X)X(X)  dX  -  ^  FiuW-u)  du. 


(1.10) 
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Lemma  3.  Let  q(z)  be  a  real-valtted  Wiener  measurable  functional  of  x(*)  and 
assume  that  the  function 

\ 

(1.11)  A(X)  - 

Jc 

as  well  as  its  Fourier  transform  H{u),  belong  to  Li(  —  «,  <»).  Let  F{u)  be  any 
(real  or  complex)  measurable  function  defined  on  —  «  <  u  <  « .  Then  a  neces¬ 
sary  and  sufficient  condition  that 


be  Wiener  summable  over  C  is  that 

(1.12)  F(u)H(-u)  €  Li(-oo,  00 ) 

Moreover,  if  this  condition  is  satisfied, 

1  r 


(1.13) 


£  /^[^(x))  rf*x  -  F(u)H(-u)  du. 

Lemma  4.  For  each  real  value  of  ^  the  function  h(K,  ()  in  (1.5)  belongs  to  L\ 
(—00  <  X  <  00 ),  and  its  Fourier  transform  H(u,  {)  belongs  to  Li(—  oo  <  u  <  oo ). 

Lemma  5.  The  Fourier  transform  H(u,  {)  of  the  function  h{\,  {)  of  (1.6)  vanishes 
for  u  >  0: 

Lemma  1  will  be  proved  in  the  next  section.  As  mentioned  earlier,  Lemma  2 
is  known,  [4],  Lemma  3  will  be  proved  in  Section  3;  its  proof  will  use  Lemma  2 
and  a  familiar  type  of  smoothing  argument.  The  proofs  of  Lenunas  4  and  5 
will  be  given  in  Sections  4  and  5  respectively.  On  applying  Lemmas  4  and  5, 

togetiier  with  Lemma  3  for  ^(x)  »  {x(0  +  ^\*dt,  we  obtain  Theorem  2.  In 

Section  6  we  specialise  the  function  F  of  Theorem  2  and  integrate  over  the 
product  space  [x(. ),  (]  to  obtain  a  measure  for  sets  in  the  product  space  for  which 

{x(0  +  <  ft*.  In  Section  7  we  evaluate  the  Fourier  transform  of  X(X,  0) 

in  terms  of  the  theta-function  and  derive  Theorem  1  from  Theorem  2.  In  the 
final  section  we  derive  Corollary  1  as  well  as  the  following  corollary  to  Theorem  1 : 

Corollary  2.  Relation  (1.3)  of  Theorem  1  may  be  written  in  the  following  alter¬ 
native  form  , 


(1.14) 


dwX 


F(i)  t  (-!)•  *  (4n  + 


2.4 


(2n) 


ds. 


2.  Proof  of  Lemma  L  In  an  eaiiier  paper  [5]  on  the  evaluation  of  Wiener 
integrals,  the  authors  have  obtained  the  following  result: 

Result  1.  Let  g{t)  be  a  real-valued  Lebesgue  measurable  function  belonging 
toLtonO  <  t  <  1,  and  let  ft  be  real  and  on  the  interval 


0 

0 


(2.1) 
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(2.2)  /I 

Jc 

where  Git,  n)  is  defined  by 

(2.3)  Git,  I*)  ^  »(«)  cos  fi(s  —  1)  ds. 


On  choosing  g(t)  b  where  (  is  a  real  constant,  we  obtain 
fi*  ^sec  nit  —  1)  j  ^  cos  m(*  “  1)  <i«J*  +  m* 

1.4)  »  sec*  nit  —  1)  sin*  nit  —  1)  dt  +  nf 

-  nf  [tan*  m(<  -  1)  +  U  <i<  -  ii{*  tan  m, 


and  hence  we  have 

Result  2.  Let  ^  be  an  arbitrary  real  number.  Then 

(2.8)  -i<'‘<v 

It  is  now  a  simple  matter  to  obtain  Lemma  1.  We  consider  (2.5)  for  n  complex 
and  show  easily  by  analytic  continuation  that  the  relation  (2.5)  persists  when 
n  *  — *X  with  X  real,  —»  <  X  <  <x>.  The  argument  follows  almost  word  for 
word  that  given  in  the  final  paragraph  of  [3].  With  n  “  (2.5)  yields 

Lemma  1. 


3.  Proof  of  Lemma  3.  First  assume  that  F(u)  is  the  Fourier  transform  of  a 
function  /(X)  belonging  toLi(— «'<X<'»), 

Then 

/;  F\m  [£/(x).^“  <»]  4.* 

(by  Fubini*8  theorem)  ■  y/^  X  d.xj  (iX 

(by  (1.11))  -  £/(X)h(X)  dX 


(by  Lemma  2) 
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Thus  the  result  (1.13)  of  Lemma  3  holds  for  every  function  F(u)  whose  Fourier 
transform  belongs  to  Li(— «o,  «).  By  use  of  a  familiar  argument  we  shall 
carry  through  the  remainder  of  the  proof  of  Lemma  3  in  successive  stages. 

Step  1.  We  establish  (1.13)  when  F{u)  is  a  real  bounded  measurable  func¬ 
tion  vanishing  outside  a  finite  interval.  For  5  >  0  we  form  the  function 

F,(u)  -  I  F(v)  dv. 

Then  F|(u)  is  absolutely  continuous,  it  vanishes  outside  a  finite  interval,  and 
it  has  an  essentially  bounded  derivative.  Hence  the  Fourier  transform  of  Fi(m) 
belongs  to  L(— «,  «),  and  hence  (1.13)  holds  for  Ft(u).  By  bounded  con¬ 
vergence  it  holds  for  F(u). 

Step  2.  We  next  establish  Lemma  3  for  real  non-negative  F(u).  This  is 
established  in  the  customary  way  by  use  of  the  principle  of  monotone  con¬ 
vergence.  The  existence  of  one  side  of  (1.13)  proves  the  existence  of  the  other, 
and  hence,  we  obtain  the  desired  necessaiy'  and  sufficient  condition  of  Wiener 
summability. 

Step  3.  The  case  of  general  complex- valued  functions  is  established  by 
combining  the  four  parts,  real  p>ositive,  real  negative,  pure  imaginary  positive, 
and  pure  imaginary  negative. 

This  establishes  Lemma  3  in  its  general  form,  including' summability  of  the 
integral. 


4.  Proof  of  Lemma  4. 

In  order  to  show  that  the  Fourier  transform  of  (1.5)  belongs  to  L(—  0)  we 

apply  a  theorem  of  Paley  and  Wiener  (6,  Theorem  IV,  p.  7]  which  states  that: 
Let  pit)  m  pia  is)  be  analytic  over  m  <  o  <  tn,  and  let 

(4.1)  jf  1  p(<r  -h  iX)  I*  dX  <  const.  (mi  ^  ^  mJ- 

Then  there  exiete  a  measurdble  fundion  P(u),  such  that 

(4.2)  I  Piu)  du  <  00  j  -  1,  2, 

and  that  over  the  closed  interval  <  e  <  m  , 


(4.3)  pie  +  tX) 

We  take  (for  fixed  real  () 

(4.4)  Pie  +  tX) 


du. 


y/ cosy/ e  +  tX 


and  we  note  that  p  is  analytic  in  the  half  plane  e  <  (We  choose  the 

branches  of  the  square  roots  which  are  positive  for  0  <  a  <  t*/4,  X  =  0).  More¬ 
over,  if 

0  <  ff  <  ^ 

4 


(4.5) 
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we  have 

(4.6)  -  £lp(«r  +  tX)rdX 

g«l*  R«  UB  V5+iX) 

•  1  cos  +  iX  I 

/•  e*l*  R«  {\/5+<S  Ua  VS+iX) 

-  [cosh*  (Im  Vv  +  tX)  —  sin*  (Re  \/v  +  tX)]‘^* 
where  we  have  used  the  simple  relation 

I  coe(x  +  iy)  |  »=  [  cos  x  cosh  p  —  t  sin  x  sinh  y  | 

=  [co8*x  C08h*p  +  8in*x  sinh*!/]* 

«=  [coe*x  cosh*!/  +  8in*x  (coeh*i/  —  1)]* 
»  [coeh*p  —  8in*x]*. 

Denoting  by  u  and  v  the  real  and  imaginary  parts  of  \^<r  +  tX, 

(4,7)  M  »  Re  +  tX,  V  ■=  Im  \/v  +  iX 


we  have 


(4.8)  Re  (\/ff  -f-  tX  tan  y/ff  -f  iX)  -  Re  { («  4*  w)  tan  (n  +  w) ) 

-  ReL  +  «.)  + 

\'  '  1  —  »  tan  u  tanh  vf 

u  tan  ti(l  —  tanh*  v)  —  t>  tanh  v  (1  •  tan*  u) 

1  4-  tan*  u  tanh*  t» 

u  tan  u  sech*  v  —  v  tanh  v  sec*  u 
1  4-  tan*  u  tanh*  v 

u  sin  u  cos  a  ->  V  sinh  v  cosh  v 
cos*  u  cosh*  V  +  sin*  u  sinh*  v  ' 

By  (4.7)  we  also  have 

u*  —  v*  4"  2iui;  »  <r  4-  tX,  or  a-  *  w*  —  t>*,  X  '  ui> 


so  that 

tt  -  V»*  4*  <r, 

Hence  if  we  apply  the  transformation 
(4.9)  X  -  2vV^~^, 


2»\/ p*  4-  V. 

2(2p*  +  a)  dv 
V»*  4-T~ 


to  the  final  integral  in  (4.6),  with  a  as  before  in  (4.5),  we  obtain 
f  2(2v*  4-  <r)  exp  {2i*A(v,  <r))  ^ 


^-1 


'c*  4-  a  [cosh*  V  —  sin*  \/i;*  4*  vj* 
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where 


(4.11)  Aiv,  a) 


\/t;»  +  <r  sin  -|-  o  cos  \/i;*  +  v  —  v  sinh  v  cosh  v 


cos*  v^D*  +  a  cosh*  t;  +  sin*  +  «r  sinh*  v 
We  shall  show  that  A(v,  a)  is  bounded  above  in 

(4.12) 


4 


(Since  it  is  an  even  function  of  v,  this  will  mean  that  it  is  bounded  above  in  0  ^ 
V  <  oof  —  ^  <  V  <  00 ).  First  we  look  at  the  numerator 

V^i;*  -f  a  sin  +  a  cos  %/»*  +  <r  —  v  sinh  v  cosh  u 


^  —  V 


e  —  e 


^v+l-v 


for  (v,  a)  in  (4.12).  Since 


,  T  e  —  e 

•’  +  2-“— r- 


—  00  as  V 


and  since  it  is  continuous  and  independent  of  a,  it  follows  that  there  exists  a 
positive  constant  Mo  such  that  the  numerator  of  ^(v,  <r)  is  less  than  Mo  , 

(4.13)  "v/p*  +  sin  Vw*  +  »  cos  \/t^  +  a  —  v  sinh  v  cosh  v  ^  Mo 

for  if),  a)  in  (4.12).  Next  we  look  at  the  denominator  of  il(v,  tr).  It  is  easily 
seen  that  the  denominator  does  not  vanish  in 

t 

(4.14)  0<  <r^oo<^,  0<v<l, 

4 

and  since  it  is  continuous  there  it  has  a  positive  lower  bound  there.  Also  for 
0<ff’<o’o,l<P<  «we  have 

cosh  V  >  1,  sinh  v  >  1 

and  hence 

cos*  \/i^  +  <r  cosh*  V  +  sin*  \/p*  +  «■  sinh*  v 

>  COB*  \/i^  +  V  +  sin*  V?T~^  -  1 

for  0  <  <r  <  ffc ,  1  <  p  <  ao .  Hence  there  exists  a  positive  constant  co  such 
that  the  denominator  of  A{v,  <r)  is  greater  than  to  throughout  (4.12).  Hence 


(4.16)  Aiv,  o)  <^mM 

<■ 

for  (p,  <r)  in  (4.12)  and  hence  by  (4.10) 

ttij,  r* _ 1  2(2p*  +  <r)  dp 


(4.16) 


I,  <  c 


£ 


+  tr  [cosh*  p  —  sin*  \/^  +  <r]* 
2p*  -f*  <r 

V»*  +  V  [cosh*  p  —  sin*  v^p*  -|-  a] 


)  dp 
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for 


(4.17) 


s 


0  ^  O’  <  ^ . 

4 


Now  since  <r  is  non-negative 

2t>*  +  g  ^  2p*  +  2<r 


2  t;*  ■f“~g 


and  hence 


(4.18)  /.  S  Se"’'  r  ; - 5_V^+4_-, 

•4  [cosh*  V  —  Bin*  \/e*  4-  <rj* 


dv 


^8« 


f*  ViT 
•4  [cosh*  t>  —  si 


4"  g 


sin*  Vv*  +  gJ* 


+  8e* 


j|*v  P*  p*  -[-  gp  dr 

[cosh*  v  —  1]* 


Now  coeh*t;  —  8in*v^p*  a  is  continuous  and  non- vanishing  in  the  rectangle  0  < 
v  ^  li  0  <  a  ffo  >  since  it  can  vanish  only  when  both  terms  equal  unity,  and 
this  does  not  occur  simultaneously  in  the  rectangle.  Thus  the  first  integrand  is 
bounded  in  v,  <r  in  the  rectangle  and  the  first  integral  is  bounded  in  (r  in  (4.17). 
Moreover  the  second  integral  converges  since  its  denominator  is  sinh  v  which  be¬ 
haves  like  e*  at  «> ,  and  this  term  is  independent  of  a-  and  hence  is  bounded  in  <r. 
Hence  the  hypotheses  of  the  theorem  of  Paley  and  Wiener  quoted  at  the  begin¬ 
ning  of  this  section  are  satisfied  with  mi  »  0,  mi  go ,  Rnd  hence  there  exists  a 
measurable  function  P(u)  such  that 

(4.19)  I  P(u)  1*  dM  <  00 ,  jT  I  P(u)  l*e*'»’‘  du  <  00 , 


and  (4.3)  holds  on  (4.17).  Also  by  the  second  of  the  relations  in  (4.19)  and 
Schwars’s  inequality  we  have 


(4.20)  I  P(u)  Mw  <  [j[  I  ^(m)  !*«*'•“  dtt]* 


<  00 


so  that  P(u)  <  L(0,  00 ). 

For  the  proof  of  Lemma  4  it  remains  to  show  that  (1.5)  belongs  to  L(—  oo 
X  <  oo)  and  to  identify  P(u)  with  H{—u,  ().  To  show  that  (1.6)  belongs 
L(—  00,  oo)  we  find  as  in  (4.6),  (4.10),  and  (4.18)  for  <t  =«  0: 


I.  I  coe  VOl  I*  “  1  (cosh*  B  —  sin’  rj*  ^  J,  [co»h  »  —  IJ* ' 


Hence  (1.5)  belongs  to  L(  —  oo,  oo).  Next  applying  (4.3)  for  <r  —  0  and 


V  5 
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we  see  that 


(4.21) 


UB  V'^ 

y/coBy/ — tX 


l.i.m.  -j=  f  P(u)e~*^*  du 
A-»m  v2t  J-a 


for  —  00  <  X  <  X .  Thus  P(— m)  is  the  ordinary  L*  Fourier  transform  of  ft(X;  {) 
and  hence 


(4.22) 


P(-u)  =  /f(M,  a) 


almost  everywhere  in  u.  Since  we  have  shown  (in  4.20))  that  P(m)  c  L(0,  x)  it 
follows  that  H{u,  ()  t  L(—  x  <  u  <  0).  In  Lemma  5  we  show  ff(u,  {)  *  0 
if  «  >  0.  This  concludes  the  proof  of  Lemma  4. 


6.  Proof  of  Lemma  5. 

We  have  shown  that  the  function 

V^sec  tX 


belongs  to  L(  —  x,  «)  for  every  real  value  of  (.  In  this  section  we  want  to 
show  that  its  Fourier  transmrm 


(5.1) 


ff(u,  f) 


1  f" 

-Lm  y/ coe  y/^^ 


is  0  for  u  >  0.  For  this  purpose  let  z*  *  —  iX,  and  let  Ci  be  a  contour  coming 
from  X  in  the  first  quadrant  along  the  line  arg  z  »  t/4  to  the  origin,  and  then 
out  along  the  line  arg  z  —  —t/4  to  x  in  the  fourth  quadrant.  Then  clearly 


(6.2) 


m-u,  {) 


.  *•  r  e-"*2zc****“* 

y/2T  hi  \/c08Z 


Now  from  (6.2)  we  see  at  once  that 

(5.3)  H{—u,  {)  —  0  if  u  <  0, 

for  in  that  case  we  can  deform  the  contour  into  the  imaginary  axis,  and  since  the 
int^rand  is  odd,  the  upper  half  is  the  negative  of  the  lower  half,  and  they  cancel. 
This  yields  Lemma  5.  Theorem  2  follows  at  once  from  Lemmas  1,  3,  4,  and  5, 

with  q(x)  »  {x(0  +  f  in  Lemma  3. 

6.  A  measure  for  f  {x(f)  +  {}*  df  <  R*  in  the  product-space  [x(*)>  (]• 
•^0 

Theorem  2  enables  us  to  obtain  very  easily  a  measure  in  the  product  space 
[x(  *)>(].  Let  P  be  a  positive  number.  First  consider  (  a  fixed  real  number  and 
denote  by  S(R,  {)  the  set  of  functions  x(‘)  of  C  for  which 

(6.1)  j[‘[x(0  +  {J*df  <P*. 


0 
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Then  by  Theorem  2  with  F{u)  *  1  for  0  <  u  <  i?*  and  zero  elsewhere  we  have 

(6.2)  ‘  measw  S{R,  {)  =*  H(—u,  {)  du 

where  H(—u,  {)  is  defined  by  (1.6). 

We  now  let  ^  vary  with  a  Gaussian  distribution  of  variance  unity  and  we  con¬ 
sider  the  product  space  (x(')f  i]-  In  this  product  space  we  consider  the  set 
^(R)  for  which  (6.1)  holds.  We  define  the  measure  of  ^(R)  to  be  the  double 
integral 

(6.3) 

taken  over  the  portion  of  the  product  space  [x(-),  fl  for  which  (6.1)  holds.  By 
treating  (6.3)  as  a  repeated  integral  we  can  write  it  as 

(6.4)  meas  (iZ)  -  H{—Uf  Q  du 

with  H(—u,  ()  defined  in  (1.6).  This  gives  the  measure  of  ^(R)  in  terms  of 
ordinary  Lebesgue  integrals. 


7.  Proof  of  Theorem  1. 


With  (  =  0,  relation  (1.7)  of  Theorem  2  becomes 

(7.1)  fj  x*(0  dtj  Fiu)H(-u)  du 

where 

(7.2)  H(u) 


VsecV  — »X 


By  {b.2)H{u)  can  also  be  written  in  the  form 


(7.3) 


H{-u) 


-L/’ 

/2ir  Jc 


2u' 


V^2ir  Jci  y/ cos  Z 


dz 


where  Ci  is  a  contour  coming  from  oo  in  the  first  quadrant  along  the  line  arg 
z  “  t/4  to  the  origin,  and  then  going  out  along  the  line  arg  z  —  —  ir/4  to  <»  in 
the  fourth  quadrant.  In  order  to  express  H(—u)  for  u  >  0  in  terms  of  the  theta 
function  we  deform  the  contour  Ci  into  the  contour  defined  as  follows:  We  come 
in  from  <x>  along  the  positive  real  axis  to  the  origin,  by-passing  each  of  the  points 
t/2  -h  nir,  n  «  0,  1,  2,  •  •  •  by  going  in  a  counterclockwise  direction  along  the 
upper  half  of  a  circle  of  radius  <  with  center  at  z  *  t/2  nx.  After  reaching 
the  origin  we  return  to  oo  along  the  positive  real  axis  again  by-passing  the  points 
t/2  -H  nx,  this  time  by  going  along  the  lower  halves  of  the  same  circles.  Now 
y/ con  z  will  be  real  and  have  the  same  value  on  the  upper  and  lower  branches  on 
the  real  axis  for 


0<x<|, 


3t  ^  ^ 

T- 


<  — 
^  2  ’ 
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but  will  be  purely  imaginary  and  have  opposite  signs  on  the  upper  and  lower 
branches  when 

»•  .  '  3t  Sir  ^  ^  7t 

Hence  the  upper  and  lower  contours  cancel  on  half  the  intervals  but  double 
up  on  the  other  half  and  hence  we  have  on  taking  the  limit  as  <  — »  0'*', 


A  ae  ptwIt+tAW  -r*"*** 

«(-«)  -77^1,]  (-1)’  f 

V  n— 0  •  w/tA-tnw  V/  finS  X 


M  >  0. 


Putting  t  =  X  —  (2n  +  1)t,  we  have 

•exp j  — u(<  +  (2n  +  l)x]*}  dt 
4  •?^  r'\  ..,<+(2n+l)T 


4  r\_,.-<+(2w+i 

'  Vcosf 


•exp{— i4f  +  (2n  +  1)»]*}  dt,  u  >  0. 


Now  consider  the  sum 


(7.6)  Z  (-1)"  exp{-u{<  +  (2n  +  1)t]*) 


^-•1*  ^ 


(7.8) 

.Then  (7.6)  becomes 


z  »  2irtuf 


Now  the  standard  definition  of  the  theta  function  of  the  first  kind  is 
Mz\r)  -  tfi(*,g)  -  2  Z  (-l)-g<*^"*'‘8in(2n  +  1)« 


1  22 


where 

(7.11) 


q  ■«  and  Im  r  >  0. 
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Hence  (7.6)  is  equal  to 

(7.12)  tc"“‘Vi(2irtM^,  e""'‘“). 

On  differentiating  (7.6)  and  (7.12)  with  respect  to  t  and  dividing  by  —2m  we  find 
E  (-!)"(<  +  (2n  +  l)ir]-e"““+‘**'*-”'’* 


(7.13)  -  -A  I  «-“■•)) 

the  term-by-term  differentiation  being  easily  justified  fw  m  >  0.  On  the  basis 
of  Jacobi’s  imaginary  transformation  the  theta  function  is  known  to  satisfy  the 
relation 

(7.14)  tf.(*  I  r)  -  -  e-’'"'*,  ( -t  1  . 

“V  —tT  \  Tl  T/ 

for  Re  T  =0,  Imr  >  0;  see  for  example  [7,  p.  475]. 
z  =  2iriul  and  t  =*  4irtM,  (u  >  0) 


where  — tV  is  positive 

Using  (7.14)  with 

we  have 

(7.16)  t)i(2irtM< 

and  hence  (7.13)  yields 


V  E  (-1)"U  +  (2n  +  l)x]«-*“+""+"'’* 

ai6)  4V«.3<  ■(  2I4W 

where  we  have  used  among  other  things  the  fact  that  th(s  |  r)  is  an  odd  function 
of  2. 

Inserting  (7.16)  into  (7.5)  and  performing  a  justifiable  interchange  of  order  of 
summation  and  integration  we  find  that  H{—u)  has  the  form 

1  f (2  ’  * 

2*rM*  X 


(7.17)  H(-m) 

This  yields  Theorem  1. 


y/coBt 


dt,  . 


tt  >  0. 


208 


R.  H.  CAMERON  AND  W.  T.  MARTIN 


8.  Derivation  of  Corollaries  1  and  2. 

We  obtain  relation  (0,2)  of  Corollary  1  by  inserting  in  equation  (1.3)  the  func¬ 
tion  F(u)  =  1  for  0  <  u  <  f?*  and  =  0  elsewhere.  To  obtain  Corollary  2  and  the 
asymptotic  development  (0.5)  of  Corollary  1  we  proceed  as  follows. 

Using  (7.17)  and  the  series  development  (7.10)  for  the  theta  function  we  see 
that 


(8.1) 


>  1  j 

- 


\/cos  t 


dt 


2  rWi  E  (*-l)"(2»  +  1)  cos  (2n  +  i)* . «-<*-+»)*/“- 


for  M  >  0,  Now  Mehler’s  simplified  form  of  Dirichlet’s  int^ral  for  Legendre 
functions  states  that  , 


(8.2) 


P,(coe  a) 


2  r  cos  (n  -i-  ^)t  , 

r  Jt  {2(co8  i  —  cos  a)}* 


where  P»(r)  is  the  Legendre  function  of  d^ree  n,  see  [7,  p.  315).  For  a  »* 
this  yields 


(8.3) 


cos  (n  +  i)<  ^ 
V^cos  f 


Also  it  is  known  that 


(8.4) 


PM 


1  if  n  -  0 

0  if  n  is  an  odd  positive  integer 

(_!)*/•  i_?__ — if  n  is  an  even  positive  int^er, 
2*4  •  • •  n 


see,  for  example  [7|  p.  302].  Using  (8.3)  and  (8.4)  and  integrating  the  series  in 
(8.1)  term  by  terrik  we  find'  . 


(8.5) 


Hi-u)  -  t  (-1)’.— '■-(4.  + 1) 


where  for  i'  =  0  we  understand  the  quotient 

f8  6r  '  ’  l-3-.-(2r-l) 

2.4...  (2v) 

to  be  unity.  Hence  returning  to  relation  (1.3)  we  find 

/;  F  [{  x-«)  ■«]  -t.x  -  j(*  F(U)H(-U)  iu 


Ml  ^ 
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(-•iri-3---(2. -1) 


2.4 


(20 


(4»-  +  l)e 


-(4r+l)/Uit 


du 


«  -hC'-ft 

This  yields  Corollary  2. 

To  obtain  the  asymptotic  development  (0.2)  of  Corollary  1  we  again  choose 
F{u)  =»  1  for  0  <  M  <  i?*  and  *  0  elsewhere.  Then  after  ah  interchange  of 
order  of  integration  and  summation  (8.7)  becomes 


(8.8) 


m 


_i_  Y  /I/  1‘3 


(2-  -  1) 


2.4  ...  (20 

where  Erfe{u)  is  the  well-known  error  function  of  the  theory  of  probability; 
namely, 


(8.9)  Erfciu)  ~  j^e-*dv  (w  real), 

Now  it  is  known  [7,  p.  152]  that 

(8.10)  Erfciu)  ~  ic-‘  i  {l  +  f  (-1)'  1-3 

for  large  positive  values  of  u.  Inserting  this  into  (8.8)  and  noting  that  later 
terms  are  asymptotic  to  zero  in  comparison  with  the  first  term,  we  find  that 
meas»iS«  has  the  asymptotic  development  given  in  (0.6). 
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TABLE  OF  COEFFICENTS  FOR  DIFFERENCES  IN  TERMS  OF  THE 

DERIVATIVES 

Bt  Hebbkbt  E.  Salibb* 

The  following  table  lists  the  exact  values  of  the  coefficients  B„,t  for  m  = 
1,  2,  •  •  •  20  and  a  ^  m,  ”  •  20,  in  the  formula  of  Markoff  expressing  the  mth 
advancing  difference  in  terms  of  the  derivatives  according  to  the  equation 

Ar/(o)  -  Z  B^,,h*iyf(a)  + 

(Here  h  represents  the  tabular  interval.)  Expressed  in  the  notation  of  Milne- 
Thomson,  B«.,  =  BilZ^/{8  —  m)I  where  Bi^^  is  the  («  —  m)th  Bernoulli  num¬ 
ber  of  order  —  m.  In  the  notation  of  Jordan,  B„,,  =  ml  @r/«I  where  07  denotes 
the  “Stirling  number  of  the  second  kind”  or  •  Jordan's  definition 

is  more  convenient  from  the  standpoint  of  computation. 

The  coefficients  Bm,$  were  calculated  as  follows.  The  Stirling  numbers  of  the 
second  kind  07  were  obtained  from  the  recursion  formula  07+i  =“  ®7~*  +  »n®7 
beginning  with  0i  =  1  and  07  “  0  for  m  >  «,  up  to  «  *  20.  (The  numbers 
07  are  given  correctly  up  to  «  »»  12  in  Jordan,  p.  170  and  in  H.  T.  Davis, “Tables 
of  the  Higher  Mathematical  Functions,”  vol.  II,  p.  212.)  Then  all  the  quanti¬ 
ties  07  were  checked  by  the  formula  in  Jordan,  p.  188,  equation  (15)  which  reads 
(with  a  slight  alteration  in  Jordan’s  unusual  notation  for  summation) : 

E  @:+i  -  S  (1  +  ”*)®" 

Then  Bm.i  was  obtained  from  07  through  multiplication  by  ml/«!  The  multi¬ 
plication  was  checked  by  division.  All  values  of  Bm.,  are  believed  to  be  in 
lowest  terms. 
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